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Convolution

Definition: The convolution of two functions f;(x) and f(x) is
defined as

o0

F(x) :/ fi(x — u)h(u)du

—00

Symmetric in f; and f.
Example:



Convolution Example

y

Calculate the convolution

C(7)

where f(t)
g(?)

and both zero elsewhere.

/ g(r — D)f(t) at
sintfor0 <t <2r
1for0 <t <27

ft)




Convolution Example 1

ft)

g(t)

g(t—1)




Convolution Example 1 - 4 parts
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Convolution Example 1 - 4 parts
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P1: No overlap, so contribute zero to convolution

P2: Overlap for 0 < 7 < 27. Integration limits O to 7.

P3: Overlap for 2 < 7 < 4. Integration limits 7 — 27 to 2.
P4: No overlap, 7 > 4.



Convolution Example 1 - 4 parts

P2: C(r) = /OTg(Tt)f(t)dt

= [—cost]
= —[cosT—cos0]=1—-cosT
2m
P3: C(r) = / sint dt
T—27
= [~costlT,,

= —|[cos2r —cosT —2n] =cosT — 1



Convolution Example 1 - Result

0, 7<0
1—cosm, O0<rt<2nm
cosT—1, 2r <7 <4r
0, T>4r



Convolution Example 2
Convolution of two truncated exponentials

flx) = e, x>0
gx) = e x>0

) = [ fe0gly - x) ox

—00

= /y efaxefﬁ(yfx) dX
0

- e‘ﬁy/ye‘x(a‘ﬂ) dx
0

_ e—ﬁya_jﬁ [e—X(a—B)]Z
= j_ﬂ; [1 — e—Y(a—ﬂ)}

e—ﬁy — e vy

a—pj
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FT of a convolution

G(K)

Change variable from
w=x-—-uU

G(K)

Convolution theorem

/ dxe—'kX/ du fy(x — u)h(u)

— du/ dx e ™ (x — u)f(u)

27r

Xtow

aw = dx

1

5 | du/ dw e KWHI £ (w) o (u)
1

5 du/ dw e~ e~ kit (W) (u)

27r/ dwe"kwﬁ(w)/ due " (u)
91(k) 27ga(k)



Convolution Theorem

The Fourier transform of a convolution of two functions is (27
times) the product of their Fourier transforms

G(k) = 27mgi(k)ga2(k)



