PC10372, Mathematics 2
Example Sheet 9 Solutions

1) Use spherical polar coordinates. For the curved surfacefiich the radius is fixed
with value R andz = R sin 6 cos ¢,

dA = R’sinfdfdot

v = R%*sin’@cos’ pk
So,v-dA = R'sin®@cos’ ot -kdbdo
noting thatr - k = cos#
[ v-dA = R'["do cos%/omde $in? 0 cos 0
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and/o/ df sin® @ cos = Z[sin4«9]0/2 =1
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gives v-dA = R'n-
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Now for the flat surface. But notice here that the radius isade,0 < r < R, but of
course is a constant and equal 10’2 andx = r cos 6

dA = —rdrdok
v = rlcos’ ok
So,v-dA = —7“30082¢d7“d¢
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Adding these to get the total flux gives
/ v-dA = 0
S

This result could have been obtained in one line using thergence theorem &s-v = 0.



2) Calculate the flux through each face of the box:

ZA

/y

> X

left face:x = 0dA = —dydzi —r-dA = —zdydz|,—o =0
frontface:y =0dA = —drdzj —r-dA = —ydxdz|y—o =0

bottom facez = 0dA = —drdyk —r-dA = —zdrdy|.—.o =0

rightface:x = LdA =dydzi —r-dA =xdydz|,— = Ldydz
back facey = LdA =dvdzj —r-dA =ydrdz|,— = Ldx dz
top face:z = LdA =dxdyk — r-dA = zdydz|,— = Ldydx

Giving a total flux out of the cube
_ _ 713 3 3 __ 3
/SLM = L/rightdydz+L/backda:dz—kL/topda:dy_L + LA+ [P =3L

3) Use cylindrical polar coordinates
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Consider curved and the two flat surfaces separately.
Bottomsurface: The vector lies in this surface and so the normal to the surface, —k,
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is perpendicular to this and $0 dA = 0.
Top Surface: dA =rdrdik,z=R,0<r < R,0<60<2ms0

r-dA = zrdrdf|,—.r = Rrdrdd
B R 27 B 3
/topg-ﬂ = R/O rdr/o dd = TR

Curved Surface: For the fieldr = zi + yj + 2k, thek component is parallel to the curved
surface i.e. perpendicular to the normal to the curved sarfand so does not contribute
to the flux. The remaining parti + yj is normal to the surface, so writing4d = r dA.
The length of the radius vector (82 + 32)'/? = R on the surface, sp-t = R and

/C r-dA = R dA = R2TRR = 27 R3

urved — curved

where2r R? is the area of the curved surface. Therefore the total fluxobtite cylinder
isTR? 4+ 21 R = 31 R3

4) For a sphere in spherical polar coordinatkd,= R?sin 6 df d¢r, SO

r-dA = r’sinfdfder - t|,—r
= R3sin 6 df d¢p where we have usea ¢

R on the surface of the sphere.

B 3 2w T
/S;-d_ - R/O d¢/0 sin 6 df
= R*21[—cost|] =2
Flux = 47 R®

So looking at the results of parts 2, 3 and 4 we can see thatnase the flux is equal
to three times the volume of the region, so

1
Volume of shape = g/sg-@



