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Example Sheet 8 Solutions
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a)
∫

1

0
dy

∫

2

1
dx xy2 =

∫
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0
dy y2

∫
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1
dx x =





y3
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1

=
1

3
(2 −

1

2
) =

1
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b)
∫ π/2

0
dx

∫ π/2

0
dy cos(x + y) =

∫ π/2

0
dx [sin(x + y)]y=π/2

y=0

=
∫ π/2

0
dx (sin(x + π/2) − sinx) =

∫ π/2

0
dx (cos x − sinx)

= [sinx + cos x]π/2

0
= 1 + 0 − 0 − 1 = 0

c)
∫

1

0
dy

∫

1

0
dx

x

y
=

∫

2

1

dy

y

∫

1

0
dx x = [ln y]21[

x2

2
]10 =

1

2
ln 2

2)

V =
∫ ∫ ∫

R

dx dy dz =
∫

dx
∫

dy
∫ z=2x−y+3

0

=
∫

1

0
dx

∫

2

0
dy(2x − y + 3) =

∫

1

0





2x[y]20 −




y2

2





2

0

+ 3[y]20







=
∫

1

0
dx(4x − 2 + 6) =

∫

1

0
dx(4x + 4) = [2x2 + 4x]10 = 6

3)

y

x1

1

y=x

a)A =
∫

1

0
dy

∫ y

0
dx =

∫

1

0
dy y =

1

2
[y2]10 =

1

2

Reverse the order of integration
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y

x1

1

y=x

A =
∫

1

0
dx

∫

1

x
dy =

∫

1

0
dx[y]1x =

∫

1

0
dx (1− x)

=



x −
x2

2





1

0

= 1 −
1

2
=

1

2

b)

y

x

1

1

x=(1−y^2)^0.5

A =
∫

1

0
dy

∫

√
1−y2

0
dx =

∫

1

0
dy[x]

√
1−y2

0 =
∫

1

0
dy
√

1 − y2

Substitute y = sin θ, dy = cos θ dθ
∫ π/2

0
dθ cos2 θ =

1

2

∫ π/2

0
dθ (1 + cos 2θ) =

1

2

[

θ +
1

2
sin 2θ

]π/2

0

=
π

4

b)

y

x

1

1

y=(1−x^2)^0.5

A =
∫

1
0 dx

∫

√
1−x2

0 dy which is clearly the same integral but with
thex andy swapped.

4)

a) I =
∫

R
xyz dx dy dz =

∫

2

0
dx x

∫

4

0
dy y

∫

4

2
dz z =





x2

2









y2

2









z2

2





4

2

= 2 × 2 × (8 − 2) = 24
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b) Since the the volume of integration is a sphere, withr ≤ 2, use spherical polarcoordi-
nates

dx dy dz = r2 sin θ dr dθ dφ

r = cos θ, x2 + y2 + z2 = r2

So

I =
∫

R
z4 dx dy dz =

∫

2

0
dr

∫ π

0
dθ

∫

2π

0
dφ r2 sin θ (cos θ)4 =

∫

2

0
r6 dr

∫ π

0
dθ sin θ cos4 θ

∫

2π

0
dφ

=





r7

7





[

−
1

5
cos5 θ

]π

0

[φ]2π
0

=
128

7

(

1

5
+

1

5

)

2π =
512

35
π

3


