PC10372, Mathematics 2
Example Sheet 7
Solutions

1) f(r)r is a radially directed field with the field lines pointing owss if f(r) > 0 or
inwards (towards the origin) if (r) < 0.

Use the identityy x (¢v) = ¢V X v — v x Vo with ¢ = f(r) andv = r. Then

Vx(f(r)r) = f(r)Vxe—rxVf(r)
= —rx Vf(r)

sinceV x r = 0.

Vfr) = g—{,g so it is parallek, pointing in the radial direction. Remember that the cross
product of two parallel vectors is zero so

rx Vf(r) = 0, andso
Vo (f(r)r) = 0

2)
i)k
g(rkxr = g(r)|| 0 0 1| =g(r)(~yi+ zj)
Ty z
The field lines are given by
dy _ g(r)z -y
dx —qg(r)y X
/ydy = /:z:d:z:
y? + 22 = constant

So the field lines are circles.
Letg(r)k = v andr = w and use

Vi(xxw) = (Vxy) - w—(Vxw)-
— V- (g(rkxr) = (Vxg(rk) r—(Vxr



but the last term is zero &8 x r = (0. Now use
V(pv) = ¢V-v+v- Vo
— V- (g(r)k xr) —(kx Vg(r))-r
= r-(k xVg(r))

- as required. Now/ ¢(r) is parallel tor, soVg(r) x k is normal tor, sor- (kx Vg(r)) =
0, so

V- (g9(rkxr) = 0

3) Using Cartesian coordinates
a) V2(2? — 3zy% + i) = 62 — 62 + 6y = 6y
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In cylindrical polars:
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In spherical polars:
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In spherical polars:

2 2
Vinr? = 2V?Inr = %% <T2%(1n7“)> = —gr =

Notice that b), d) and e) are all much simpler in polar cocatbs.



