PC10372, Mathematics 2
Example Sheet 10 Solutions

1) a) Brute force method: Use = rsin 6 cos ¢ thenG = 3asin 6 cos ¢i on the surface
r = a anddA = a’sin 6 df dér using the fact that = a on the surface. Alsd -t =
(i-r)/r =x/r =sin6 cos ¢. Therefore

[.G-dA = 3a3/02”d¢cos2¢/”de sin? 0
But /027Td¢ cos?p = 2/ 1+cos2¢)d¢_—[¢+—sm2¢]o —r
and/oﬁdﬁ sin®f = /0 df sin O(1 — cos® 9):[—COSQ+%COS 9]3:%
~[G-aa = 3a3ﬂ§:4m3

ii) More elegantly, one can exploit the spherical symmetearly the fluxes ofri, vj
andzk out of the sphere are all equal, so the flux@&f= zi + yj + zk out of the sphere
will be the same as fo. On the surfac&’ = ar soG’ - dA = adA asdA = t dA for
a spherex(is the normal to the surface).

/Sg’ .dA = a x surface area of sphete 47a’
b) Use divergence theorew. - G =
4
/Q-M = / V-QZB/ dv = 3 x volume of sphere= 3 x —7a® = 47a’
S 1% 1% 3
2)V -F =32 + 22 + 22, so the flux out of the box is
a b c
/SE-@ = /VolumeV'EdV:/ dx/ dy/ dz(z® + 2 + %)
1. | 1
= [5a™sllblels + Gy R lelslels + 52 T lelglult
1
= g(a?’bc +blac+ clab) = gabc(a2 + 0%+ ¢?)

3) Use cylindrical polar coordinates.
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Alternatively note that’t = rr

V-FE = V.(rr)+22
andV-(rr) = rV-r+r-Vr=2r+r-r=3r

So the flux out of the quarter cylinder is
R /2 h
JE-dA = [ V-EdV = ["rdr ["d0 [ dz(3r+22)
7“3 R?T 7“2 R?T 22 h
3], 2 2],2[2],
T 53 T H272
= —R’h+—R"h
QR +4R
4) Divergence theorem gives

%/Sg-@ = %/V(V-g)dv

For any volumé’ enclosed by the surface ButV - r = 3, so

1 3
g/sg-@ = §/V dV = volume enclosed by surface



