GRAVITATION PC4771 2003 : Dr R.A. Battye CONNECTION AND TENSOR CALCULUS IN A NUTSHELL Partial differentiation of a vector is not a tensor : ∂^0_μA^0_ν = J^α_μJ^β_ν ∂_αA_β + J^α_μA^β∂_αJ^β_ν , ∂^0_μA^{0ν} = J^α_μJ^{0ν}_β ∂_αA^β + J^α_μA^β∂_αJ^{0ν}_β . (1) Parallel transport via connection : δ̄A^ν = −Γ^ν_{αβ}δx^αA^β. Covariant differentiation :

∇_μA^ν = ∂_μA^ν + Γ^ν_{μβ}A^β , ∇_μA_ν = ∂_μA_ν − Γ^α_{μν} A_α , (2)

∇_μA^α1^{..αa}_β1_{..βb} = ∂_μA^α1^{..αa}_β1_{..βb} + a∑ c=1 Γ^{αc}_{μγ}A^α1^{..αc}�1^{γαc}+1^{..αa}_β1_{..βb} − b∑ c=1 Γ^γ_{μβc} A^α1^{..αa}_β1_{..βc}�1_{γβc}+1_{..βb} , (3)

∇_μA_{αβ} = ∂_μA_{αβ} − Γ^γ_{μα}A_{γβ} − Γ^γ_{μβ}A_{αγ} , ∇_μA^{αβ} = ∂_μA^{αβ} + Γ^α_{μγ} A^{γβ} + Γ^β_{μγ} A^{αγ} , ∇_μA^α_β = ∂_μA^α_β + Γ^α_{μγ} A^γ_β − Γ^γ_{μβ}A^α_γ . (4) Transformation law for an affine connection : Γ^{0ρ}_{μν} = J^{0ρ}_γJ^α_μJ^β_ν Γ^γ_{αβ} + J^{0ρ}_γJ^α_μ∂_αJ^γ_ν . (5) Torsion : T^μ_{αβ} = Γ^μ_{[αβ]}.

Equivalent equations for an affine geodesic : dT^μ du + Γ^μ_{αβ}T^αT^β = λT^μ , T^ν∇_νT^μ = λT^μ , (6) d^2x^μ du^2 + Γ^μ_{αβ} dx^α du dx^β du = λ dx^μ du . (7) The geodesic is affinely parameterized if λ = 0.

Parallel Transport :

A vector A^μ parallel transported along a curve is the solution of

T^ν∇_νA^μ = 0 , dA^μ du + Γ^μ_{ρσ}T^ρA^σ = 0 . (8)

Metric geodesics :

S = ∫ dτ ( g_{αβ} dx^α dτ dx^β dτ )_1/_2 dτ , (9) δS = 0 → d^2x^μ du^2 + { μ αβ } dx^α dτ dx^β dτ = 0 , (10) { μ αβ } = 1 2 g^{μν} (−∂_νg_{αβ} + ∂_αg_{νβ} + ∂_βg_{αν}) . (11)

Metric connection :

If ∇_αg_{μν} = 0 and T^μ_{αβ} = 0 then Γ^μ_{αβ} = { ν αβ } . (12)

Locally inertial coordinates :

By making the coordinate transformation x^{0ν} = x^μ+^1_2 Γ^μ_{αβ}x^αx^β one can set the transformed connection to zero at x^μ = 0. Killings equation :

An infinitesimal isometry satisfies ∇_αξ_β + ∇_βξ_α = 0 . (13) T^μξ_μ is conserved along an affinely parameterized geodesic, that is T^ν∇_ν (T^μξ_μ) = 0 . (14)