GRAVITATION PC4771 2003 : Dr R.A. Battye MANIFOLDS, METRIC AND TENSORS IN A NUTSHELL Manifold : a set of ‘pieces’ which ‘looklike’ open subsets of R^n such that they can be ‘sewn’ together smoothly.

Hypersurface : a surface of dimension (n − 1) in an n-manifold. Coordinate transformations : x^μ → x^{′μ} dx^{′μ} = J^{′μ}_ν dx^ν , dx^μ = J^μ_ν dx^{′ν} , J^{′μ}_ν = ∂x^{′μ} ∂x^ν , J^μ_ν = ∂x^μ ∂x^{′ν} , J^μ_ν J^{′ν}_ρ = δ^μ_ρ (1)

Metrics : A way of measuring distances on a manifold ds^2 = g_{μν} dx^μdx^ν , g^′_{αβ} = J^μ_αJ^ν_β g_{μν} , g_{μν} g^{νρ} = δ_μ^ρ (2)

Tangent vectors : For a curve x^μ(u) T^μ = dx^μ du , T^{′μ} = J^{′μ}_ν T^ν (3)

Vectors and co-vectors : A vector is an array, defined at a point in a manifold which transforms like a tangent vector. A co-vector transforms under the inverse. A^{′μ} = J^{′μ}_ν A^ν , A^μ = J^μ_ν A^{′ν} , A^′_μ = J^α_μ A_α , A_μ = J^{′ν}_μ A^′_ν (4) A_μ = g_{μν} A^ν , A^μ = g^{μν} A_ν (5)

Tensors : An ( a b ) tensor transforms like A^{′μ1..μa}_{ν1..νb} = J^{′μ1}_{α1} ..J^{′μa}_{αa} J^{β1}_{ν1} ..J^{βb}_{νb} A^{α1..αa}_{β1..βb} (6)

Inner product :

d(S, T ) = S_μT^μ = g_{μν} T^μS^ν , ||T || = d(T, T )^{1/2} , cos θ = d(S, T ) ||T || ||S|| (7)

Conformal metrics :

G_{μν} = Ω^2g_{μν} (8)