EARLY UNIVERSE PHYS40772 2009 : Dr R.A. Battye CMB IN A NUTSHELL

Temperature fluctuations : ΔT T (θ, ϕ) = ∞∑ ℓ=2 ℓ∑ m=−ℓ

a_{ℓm}Y_{ℓm}(θ, ϕ) (1)

C_ℓ = 1 2ℓ + 1 ℓ∑ m=−ℓ

|a_{ℓm}|^2 (2)

T^2_{CMB} ℓ(ℓ + 1)C_ℓ 2π = ⟨T^2_ℓ ⟩ ≈ ⟨T^2_k ⟩ ≈ k^3 2π^2

(ΔT_k)^2 (3)

where ℓ ≈ kη_0.

Dynamics of tight coupling regime :

δ^{′′}_r + 1 3 k^2δ_r = 4 3 δ^{′′}_m θ_r = δ^′_m − 3 4 δ^′_r (4)

Super-horizon : δ_r = 4δ_m/3 = 4A(k)k^2η^2/3 Sub-horizon : δ_m ∝ η^2 in mat era, δ_m ∝ 1 in rad era For radiation domination and η > η_H = 2π/k

δ^{′′}_r + 1 3 k^2δ_r = 0 → δ_r = (16π^2/3)A(k) cos[k(η − η_H)/ √ 3] (5)

θ_r = −(4π^2/ √ 3)k sin[k(η − η_H) √ 3] (6) Density induced anisotropies :

ΔT_k T = 1 4 δ_r(k, η_{dec}) (7)

⟨T^2_k ⟩ T^2_{CMB} = 8π^2 9 k^3|A(k)|^2 cos^2 [ 2π √ 3 ( k k_{dec} − 1 )] (8) for k > k_{dec}.

Velocity induced anisotropies :

ΔT_k T = n̂ · v(k, η_{dec}) (9)

⟨T^2_k ⟩ T^2_{CMB} = 8π^2 9 k^3|A(k)|^2 sin^2 [ 2π √ 3 ( k k_{dec} − 1 )] (10)

Acoustic peaks : Peaks at ℓ = 2π η_0 η_{dec} [ 1 + √ 3 2 (n − 1) ] (11)

for n = 1, 2, 3, .. If Ω_m = 1 and h = 0.65 then η_0/η_{dec} ≈ 45 and hence

ℓ ≈ 280 ( 1 + √ 3 2 (n − 1) ) (12)

Angular diameter degeneracy :

ℓ_{peak} = πd_A(z_{dec}) a_{dec}r_s(z_{dec})

(13)

d_A(z_{dec}) = a_{dec}H^{−1}_0

∫_1

a_{dec} da √ Ω_ka^2 + Ω_ma + Ω_r

(14)

Photon diffusion damping :

δ^{′′}_r + 2k^2η_⋆δ^′_r + 1 3 k^2δ_r = 0 (15)

δ_r(η_{dec}) = e^{−k2/k2D} δ^{tc}_r (η_{dec}) (16) where k^{−2}_D = η_⋆η_{dec}.

Integrated Sachs-Wolfe Effect :

ΔT_x T = 1 2 ∫_{η0}

η_{dec}

n̂_in̂_j h^′_{ij} (x, η)dη (17)