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Abstract

Studying the cosmic microwave background (CMB) has proven to be an immensely rich source
of information about the Universe we live in. Many groups were and are intensely working
on the interpretation of the large amount of CMB data, which has become available during
the last decades and will be obtained with many new projects already observing at present or
planned for the near future.

The observations by Cobe in the 90’s have shown that the CMB is extremely uniform,
with angular fluctuations of the temperature on the level of one part in 105 on angular scales
larger than 7 degree. On the other hand on these scales no deviations of the CMB energy
spectrum from a perfect blackbody were found. But today we do know that there exist spectral
distortions of the CMB on arcminute1 scales due to the scattering of CMB photons off the hot
electrons residing inside the deep potential well of clusters of galaxies, which leads to the so
called thermal-SZ effect (th-SZ). The th-SZ effect has already been measured for several big
cluster and within the next 5 years, many CMB experiments like Acbar, Sza, Planck, Spt,
Act, Apex, Ami and Quiet will perform deep searches for clusters with very high sensitivity.
Many tens of thousands of clusters will be detected allowing us to carry out detailed studies of
cluster physics and to place constraints on parameters of the Universe.

Due to this great advance in technology one can expect that small deviations from the main
SZ cluster signal, e.g. related to relativistic corrections to Compton scattering for high electron
temperature, will become observable. Motivated by this promising perspective here we studied
the influence of the motion of the Solar System with respect to the CMB rest frame on the SZ
cluster signature. This kind of contribution to the SZ signal has been neglected in the literature
so far, but as we show here it is of the same order as other corrections under discussion. We
found that this motion-induced SZ signal has a very strong spectral and spatial dependence and
due to the great knowledge about the motion-induced CMB dipole it can be predicted with
high precision, which makes it easy to account for it in the analysis of future SZ studies.

Here one big problem naturally arises: any experiment trying to observe tiny frequency-
dependent signals needs a cross calibration of the different frequency channels. Several different
standard methods for calibration issues are known, e.g. based on the annual modulation of the
CMB dipole, the microwave flux from planets like Jupiter or the comparison with CMB sky
maps obtained by well calibrated experiments like Wmap, each with their own problems and
drawbacks. However the achieved level of cross calibration is limited by the knowledge of the
calibrator. Today scientists are already speaking about extremely small frequency-dependent
features in the CMB temperature power spectrum resulting from the scattering of CMB photons
in the fine structure lines of different atomic species during the dark ages. Obtaining these
signals can in principle be used to answer some of the interesting questions about the history of
chemical enrichment and reionization, but it is likely that the necessary level of cross calibration
cannot be reached with the standard methods.

In this context we considered the fact that the superposition of blackbodies with different
temperatures is not again a blackbody. We show that in the limit of small temperature difference
the superposition leads to a y-type spectral distortion. This kind of distortion arises whenever
one in observing the CMB sky with finite angular resolution. We discuss the spectral distortions

11 arcmin=1′ = 1◦/60; 1 arcsec=1′′ = 1′/60 = 1◦/3600



x Abstract

due to the primordial CMB temperature fluctuations and the motion-induced CMB dipole.
Furthermore we considered possible applications for calibration issues. We show that within
this context also clusters of galaxies, especially for experiments observing only small parts of
the sky, in the future may become standard sources for calibration issues.

Although the observations with Cobe/Firas have proven that the CMB energy spectrum
on large angular scales is extremely close to a pure blackbody one may still expect some devia-
tions due to processes like the damping of acoustic waves, turbulent motion of the matter, the
decay of unstable particles or annihilation of matter in the early Universe. Especially possible
distortions from very early epochs (redshifts z ≥ few × 105) lead to deviations of the CMB
brightness temperature at frequencies (1− few×10GHz) well below the range of Cobe/Firas.
Currently people in the USA and especially at the NASA Goddard Space Flight Center are
intensely working on experiments to measure the CMB temperature at these frequencies, where
the largest distortions could be expected. One can therefore hope that in the near future also
new constraints on the CMB energy spectrum will become available.

Therefore in this thesis we also reexamined the thermalization of spectral distortions of
the CMB in the early Universe. Due to the large entropy here one of the most important
processes is the production of low frequency photons by double Compton scattering. Until now
people were only using a description of this emission in the limit of cold electrons and soft
initial photons, but especially for the thermalization of large distortions at very high redshifts
(z ≥ 106) the inclusion of relativistic corrections to the main processes at work may become
necessary. Here we provide two steps towards a solution of this problem. First we discuss in
detail the full kinetic equation for the time evolution of the photon field under double Compton
scattering in a hot, isotropic thermal plasma, both numerically and analytically. We obtained
accurate approximations for the effective double Compton Gaunt factor, which are applicable in
a very broad range of physical situations. We then provide a reformulation of the thermalization
problem with respect to relativistic corrections and discuss its solution in the limit of small
chemical potential distortions at high redshifts. Our results indicate that due to relativistic
corrections the thermalization at high redshifts slows down notably and therefore makes the
CMB more vulnerable for distortions at epochs z ≥ 106. Here we also report some of our
attempts to solve the full problem numerically.



Chapter 1

Introduction

1.1 General introduction on CMB

Since the serendipitous detection of the cosmic microwave background (CMB1) by Penzias and
Wilson [96] in 1965 and the interpretation of this signal as the leftover from the hot ‘fireball’
by Dicke et al. [43] many decades have past. Today the CMB is one of the most important
pillars of modern Cosmology and studying its characteristics has proven to be an incredibly rich
source of information about the parameters describing our Universe (for reviews see [135, 64])
and particle physics (for review see [71] and references therein). Brave astrophysists may even
talk about entering an era of precision cosmology, which certainly is strongly motivated by our
growing understanding of the CMB, both observationally and theoretically.

The CMB photons detected today originated from the last scattering surface (LSS), when
the Universe was roughly 380 000 years2 old and due to its expansion had cooled down suf-
ficiently (∼ 3000K) to allow the formation of neutral atoms. Since then these photons have
traveled across the whole visible Universe and hardly undergone any interactions with the mat-
ter. Still on their way from the LSS they witnessed a huge diversity of astrophysical processes,
such as the formation of the first structures by gravitational collapse and the ignition of the
first sources, which ended the dark ages by reionizing and heating the intergalactic medium
and polluting the Universe with the first heavy elements. All these processes and the interac-
tions with the matter before recombination and within the LSS left imprints in both the spatial

(e.g. the acoustic peaks) and the energy (e.g. the thermal SZ-effect) distribution of the CMB,
mainly due to gravitational effects [109] and the Doppler-effect due to scattering off moving
(not necessarily free) electrons [125]. In this context one usually distinguishes between pri-

mordial temperature fluctuations (e.g. Sachs-Wolfe effect at large angular scales), which were
imprinted onto the LSS already at the end of recombination, and secondary anisotropies, which
have arisen afterwards and lead to the generation of new anisotropies (e.g. integrated Sachs-
Wolfe effect and lensing) or the damping of primordial anisotropies (e.g. scattering by moving
electrons after reionization at z ∼< 10 − 30) [for reviews see 135, 64]. Observing these imprints
help understanding the global parameters of the Universe, such as the total energy density and
the Hubble parameter, baryonic matter, dark matter and dark energy content.

However, in the standard picture the CMB photons were born at much earlier epochs, very
close to the big bang, and therefore represent the oldest detectable electromagnetic relics in
the Universe, with roughly 410 photons per cm3 today. Before the end of recombination these
photons strongly interacted with the matter in the Universe, which by that time was much
hotter and denser than today. Just shortly after the end of inflation, the Universe is thought to
be extremely isotropic with only tiny fluctuations in the matter density. Conversely, due to the
strong coupling between matter and radiation, also the photons were isotropic and at redshifts

1A list of acronyms used in this thesis is given at the end.
2Corresponding to redshift of z ∼ 1100.
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Figure 1.1: Uniform CMB spectrum as measured by Cobe/Firas: the CMB spectrum is extremely
close to a perfect black body of temperature T0 = 2.725 ± 0.001K. Until now no spectral distortions
have been detected. The existing limits are |µ| < 9 · 10−5 and |y| ≤ 1.5 × 10−5 on possible chemical
potential and Compton y-distortions [84, 50, 51]. These put severe constraints on possible mechanisms
of energy release in the high redshift universe. The Figure was taken from [62].

well before the end of the era of electron-positron annihilation3 (z ∼> 108−109) extremely close
to a thermal blackbody [43]. The expansion of the Universe, gravitational redshifting and the
scattering off slowly moving electrons in the Thomson limit leave the spectrum of the CMB
unaltered (all these effects are achromatic and affect photons independent of their energy). But
still observable distortions of the CMB energy spectrum may have emerged after significant
release of energy, depending on the exact epoch and by which mechanism this possibly occurred.
Studying the details of the (full sky) CMB energy spectrum therefore principally opens a way
to investigate the thermal history of the Universe far beyond the LSS.

The observations by the Cobe satellite have revealed that the energy spectrum of the CMB
is extremely close to a perfect blackbody of temperature T0 = 2.725 ± 0.001K, with spectral

deviations of no more than 10−4 [84, 50, 51] (see Fig. 1.1), and fluctuations of the radiation
temperature (after extracting the large CMB dipole [119, 131, 50]) at a level of ∆T/T ∼ 10−5

on angular scales smaller than 7◦ [120, 10]. Nowadays the Wmap spacecraft [11] measured
the amplitude of these angular fluctuations of the CMB temperature with extremely high
precision on a very broad range of angular scales, from θ ∼ 12′ up to the whole sky. The
temperature anisotropies and the existence of the acoustic peaks were predicted already long
ago [95, 125], but only now after Boomerang, Maxima, Archeops, Wmap and many ground
based experiments like Cbi, Acbar, Vsa, etc. we do know their precise characteristics, with a
precision of better than 1% down to degree angular scales (see Fig. 1.2 and 1.3).

From all this observational evidence, in combinations with other pieces of information about
the Universe we live in (e.g. the Hubble Space Telescope Key Project [52] and the matter

3Like in the case of recombination the freeze-out of e+e−-pairs is delayed because of the large entropy of the
Universe: CMB photons outnumber the residual baryons by at factor of ∼ 6 × 1010.
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Figure 1.2: CMB sky as observed by Wmap: presented is the Wmap Internal Linear Combination
CMB temperature map. The temperature fluctuations are consistent with a Gaussian-random field.
Slight residuals from foregrounds and our Galaxy may explain some of the irregular features (quadrupole
and octupole) close to the galactic plane. The Figure was taken from Wmap homepage.

power spectra as seen in the Lyman-α forest [40]) today a cosmological concordance model has
emerged and the main parameters have been determined with unprecedented accuracy. Today
cosmologists believe that the Universe is ∼ 14 billion years old and very close to spatially flat.
It is composed of ∼ 4.4% baryon, ∼ 22% dark matter and ∼ 73% dark energy and currently
expanding at a rate of ∼ 1.2×10−18 s−1 or equivalently has a present-day Hubble parameter of
H0 = 71 km s−1 Mpc−1 (a more complete list of parameters including error bars can be found
in Bennett et al. [11]).

However, with respect to the temperature anisotropies scientists have gone an additional
step ahead since Cobe: today also E-mode (curl-free) polarization has been observed, which
naturally follows from Thomson scattering of photons by moving electrons inside the LLS and
is of the order of ∼ 10% of the temperature anisotropies at a given scale (for reviews on CMB
polarization see [139, 64] and references therein). The first detection was made by Dasi on
1.3 − 0.2◦ angular scales at frequencies in the range 26 − 36GHz [79, 78], and later Wmap
obtained remarkable results for the temperature-polarization (TE) cross-power spectrum at
multipoles l ∼< 400 [73] (see Fig. 1.3).

Except for the surprising fact that the Wmap results on polarization indicate a very early
time for reionization, E-mode polarization can be regarded as complementary information to
the TT power spectrum (of course on small scales also interesting contributions due to lensing
arise [see 63, and references therein]). On the other hand people are also talking about B-mode
(divergence-free) polarization, which unlike E-mode polarization (in lowest order) cannot be
produced by scattering off moving electrons but only by tensor-perturbations (e.g. gravitational
waves). Although it is not clear on which level, if at all, B-mode polarization can be expected,
their detection would qualitatively push CMB science forward into new areas of physics, very
close to inflation. Such an observation especially due to foregrounds will be extremely difficult,
but scientists are very optimistic and are eagerly waiting for Planck to be launched.

As this short and definitely not comprehensive summary of CMB observations shows, after
the Cobe results on the CMB spectrum scientists have focused a lot on the further investigation
of the CMB temperature anisotropies, beyond doubt with great success. In this thesis we are
mainly concerned with the spectral distortions of the CMB due to the interaction with the
matter in the Universe. In this context an important effect on the list of secondary anisotropies
is the SZ-effect [127, 128], which we will discuss in more detail below (Sect. 1.2.1). It is an
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Figure 1.3: Wmap TT and TE power spectra: a great consistency of the CMB data with previous
CMB observation for the TT power spectrum is found. The position of the first acoustic peak is very
sensitive to the geometry of the Universe, which is mainly determined by the total energy density (at
least in cases close to spatial flatness). The ratio of the height of the first and second peak is mostly
depending on the baryon density. The gray areas indicate the uncertainties due to cosmic variance. The
Figure was taken from Wmap homepage.
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example, where a significant spectral distortion is associated with an anisotropic distribution
on the sky. In contrast to this, for spectral distortions resulting from heating of the CMB
photons in the early Universe one can expect that any anisotropy would be of second order.

1.2 Spectral distortions of the CMB

The limits on spectral distortion of the CMB obtained with Cobe place severe constraints on
possible heating of the photons at high redshifts (z > 103). But before turning to the very early
Universe we give a short introduction on the SZ effect (For reviews see [130, 104, 15, 32]), since
we will encounter it many times in the work presented in this thesis.

1.2.1 The SZ effect

Considering a beam of electrons moving with velocity β = v/c relative to the isotropic CMB,
in first order of β � 1 only a change of the thermodynamic temperature (independent of
frequency) of the CMB photons is introduced due to the Doppler effect (at low redshifts recoil

is negligible for CMB photons). As mentioned above this is one of the sources for the observed
temperature anisotropies of the CMB. Here it is most important that the electron velocity field
is anisotropic. For isotropic electron distributions (with no global bulk motion relative to the
CMB rest frame) in first order of β the Doppler boosts average out and no net effect remains
(if the photons have no significant quadrupole anisotropy). On the other hand, if the electrons
move sufficiently fast (v ∼ 0.1c) even in the isotropic case a net effect remains in second order
of β. In this situation the change of the brightness temperature strongly depends on frequency.

The thermal SZ effect

Electrons with sufficiently large thermal velocities for example reside in the deep potential wells
of clusters of galaxies. The Comptonization of CMB photons by these hot electrons is usually
referred to as the thermal SZ effect (th-SZ) [141, 127, 128]. Using the Kompaneets equation
[75] one can obtain

∆Ith(ν, ~n) = y
x ex

ex − 1

[

x
ex + 1

ex − 1
− 4

]

I0(ν) (1.1)

for the change of the CMB brightness due to a cluster of galaxies centered in the direction ~n
as seen by an observer resting with respect to the CMB. Here x = hν/k T0 is the dimensionless

frequency, where T0 is the CMB temperature, and I0(ν) = 2h
c2

ν3

ex−1 denotes the CMB monopole
intensity. The Compton y-parameter is given by the line of sight integral over the electron
pressure

y =

∫

k Te

mec2
Ne σT dl , (1.2)

where σT is the Thomson cross section, Ne the electron number density and Te the electron
temperature. Clusters of galaxies typically have temperatures of a few keV, θe = k Te/mec

2 ∼
0.01 and Thomson optical depths τ =

∫

Ne σT dl ∼ 0.01. Therefore a typical value of the
y-parameter for clusters is y ∼ 10−4.

Figure 1.4 shows the spectral dependence of the change in the CMB brightness introduced
by the th-SZ as given by equation (1.1). In the Rayleigh-Jeans (RJ) part of the CMB spectrum
the th-SZ effect leads to a decrement, in the Wien part to an increment of the intensity.
The change of the intensity vanishes close to the cross-over frequency at ν ∼ 217GHz. In
terms of brightness temperature the th-SZ lead to a temperature decrement ∆T/T0 = −2 y
in the RJ region of the spectrum. As this approximation shows the th-SZ typically is one
or two orders of magnitude larger than the primordial temperature fluctuations. This implies
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Figure 1.4: Change of the CMB brightness due to the thermal and kinetic SZ effect in the non-
relativistic limit: the solid line shows the th-SZ for a cluster with electron temperature k Te = 10 keV,
the dotted line represents the k-SZ for a cluster moving with line of sight velocity βc,‖ = 0.01 towards
the observer and the dashed line shows the superposition of both effects. For typical clusters the value
of the peculiar velocity is a factor of ∼ 10 smaller, which reduces the importance of the k-SZ to less than
∼ 10% of the th-SZ. The vertical line indicates the location of the cross-over frequency of the th-SZE.

that due to the th-SZ effect clusters of galaxies are (after our own Galaxy) one of the most
important and brightest foreground sources for CMB experiments devoted to studying the
primordial temperature anisotropies at arcminute angular scales. Given the strong and very
peculiar frequency-dependence of the SZ signature, it is possible to extract the contributions due
to SZ clusters and thereby open the way for deeper investigations of the primordial temperature
anisotropies, which for multipoles l ∼> 3000 are expected to be weaker than the fluctuations
due to clusters of galaxies.

The kinematic SZ effect

If the cluster of galaxies is moving with bulk velocity ~βc relative to the CMB rest frame, then
similar to the generation of primordial temperature anisotropies a change in the brightness
temperature due to the Doppler effect arises. This change is proportional to the line of sight
component βc,‖ of the clusters bulk velocity and is usually referred to as the kinetic or kinematic

SZ effect (k-SZ) [129]. The associated change in the CMB brightness as seen by an observer at
rest in the CMB rest frame is given by

∆Ik(ν, ~n) = τ βc,‖
x ex

ex − 1
I0(ν) . (1.3)

Depending on the sign of βc,‖ (positive when the cluster moving towards the observer) the k-SZ
effect leads to a decrease or increase of the CMB temperature signal in the direction of the
cluster. A typical value for the amplitude of this effect is τ βc ∼ 10−5. This implies that the
k-SZ effect usually is at least one order of magnitude smaller than the th-SZ. Although single
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Figure 1.5: Change of the CMB brightness due to the thermal SZ effect for hot clusters: the solid
curves shows the non-relativistic result for different values of the electron temperature as indicated. The
dotted and dashed curves were obtained with the generalized Kompaneets equation including first and
second order corrections in the electron temperature θe, respectively. At frequencies below the cross-
over frequency the first order correction is sufficiently accurate, but at high frequencies the second order
corrections lead to significant differences already in the case k Te = 10 keV.

observations of the th-SZ effect have already been performed for several clusters [32, 103], an
accurate measurement of the k-SZ effect is still an experimental challenge.

Figure 1.4 also shows the spectral dependence of the k-SZ (for illustration purposes we
chose a rather large value of the peculiar velocity). Here it is most important that unlike the
th-SZ effect the k-SZ effect does not vanish at the cross-over frequency. Observing close to this
frequency the k-SZ effect will dominate the cluster-induced change in the CMB intensity and
therefore in principle offers a way to determine the clusters line of sight peculiar velocity.

Cosmology with the SZ effect

Once imprinted onto the CMB the temperature change caused by the SZ effect remains unaf-
fected by cosmological dimming. This is due to the fact that at larger redshift the temperature
of the CMB monopole is higher by a factor of (1 + z). On the other hand a photon emitted
at frequency ν will reach the observer at z = 0 redshifted by (1 + z), implying that the ratio
ν(z)/T (z) does not change with redshift. Therefore one can expect to find clusters up to very
high redshifts (z ≥ 1), where X-ray observations may already be extremely difficult. This offers
a powerful tool to probe the formation of large scale structure at early times [76].

Furthermore combining SZ with X-ray observations and knowlegde about the redshift of
the cluster one can determine the Hubble constant independent of the usual cosmic distance
ladder. This is possible due to the different scalings of the X-ray luminosity (∝ N 2

e

√
Te) and the

SZ effect (∝ Ne Te) with the electron temperature and number density, which allows a direct
measurement of the angular diameter distance. This kind of determination has been performed
for several clusters yielding values of the Hubble constant comparable with those from other
methods [14, 32, 103].
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Relativistic corrections to the SZ effect

If the temperature or peculiar velocity of the SZ cluster are large, higher order corrections
to the kinetic equation for Compton scattering have to be taken into account. Starting from
the Boltzmann collision integral for Compton scattering one can perform Fokker-Planck type
expansions in the dimensionless electron temperature θe = k Te/mec

2 and velocity ~βc. These
expansions lead to a generalized form of the Kompaneets equation and have been performed
by several groups [105, 30, 67, 91, 111] in different orders of θe and ~βc. Using the generalized
Kompaneets equation one can easily obtain analytic expression for the relativistic corrections
to the SZ effect.

It is important to note that these corrections usually have a strong frequency dependence.
Therefore even for temperatures θe ∼ 0.01 corrections of the order of ∼ 10% arise. Furthermore,
the convergence of these expansions is very slow. At large frequencies x ∼> 1 one usually has
to take many correction orders into account to obtain an accurate description of the SZ effect.
Figure 1.5 illustrates this behaviour. Due to this feature one may even try to detemine the
cluster temperature independent of X-ray observations [3], given sufficiently accurate multi-
frequency observations of the th-SZ effect.

Other sources of SZ like contributions

Many groups have worked on the extensions of the SZ effect. Whenever one encounters moving
electrons at low redshifts the scattering of CMB photons leads to a SZ like change of the
temperature. One obvious possiblity is the motion of the gas inside clusters. Every cluster has
grown by mergers of smaller groups and clusters of galaxies. These mergers should induce some
large scale motion of the gas inside the cluster, which then will decay in a turbulent cascade
to smaller and smaller scales. Indications of turbulent motion of the intracluster gas where
found recently in X-ray observations of the Coma cluster [116]. After a recent major merger
one simple possiblity is a coherent rotation of the intracluster gas as has been discussed by
Chluba & Mannheim [33]. This kind of large scale rotation leads to a small dipolar contribution
to the k-SZ effect.

Other interesting possiblities are the SZ by ultra-relativistic electrons [49] in radio bubble
inside clusters [99] and the SZ effect for anisotropic electron distributions due to magnetic
fields [57]. All the processes mentioned here usually should lead to a change of the CMB
temperature which is at least one or two order of magnitude smaller than the main SZ effect as
discussed above. Observing these signature is potentially very interesting, but requires a very
good understanding of systematics and foregrounds.

1.2.2 Spectral distortion due to energy release in the early Universe

In the past, the time evolution of spectral distortions in the non-relativistic case has been
discussed in great detail, both numerically and analytically by several people [126, 65, 46, 25,
59]. In this Section we shall give a short overview about the thermalization of CMB spectral
distortions after energy release at early epochs.

Kinetic equilibrium with respect to Compton scattering

Our Universe is characterized by an extremely large entropy: CMB photons outnumber baryons
and electrons by at factor of ∼ 6× 1010. This fact makes it exceedingly difficult to distort the
CMB spectrum at high redshifts. In the previous Section we have discussed the th-SZ effect
associated with the hot electrons inside clusters of galaxies. Here one encounters a situation,
in which the electrons due to gravitational collapse were heated up to high temperatures,
exceeding the CMB temperature typically by more than eigth orders of magnitude. Due to
this huge temperature difference the CMB photons gain energy from the electrons by inverse

Compton scattering. Using equation (1.1) one can easily show that the change of the photon
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Figure 1.6: Limits on the lifetimes of decaying relict particles: here mX is the mass of particle and nγ

and nX are the number density of the photons and the particle of species X at the begining of heating,
respectively. f is the fraction of the released energy that eventually leads to heating. The solid line
shows the numerical result, whereas the other two lines show the analytical estimates of thermalization
including double Compton (dc) and Bremsstrahlung (br). The Figure was taken from Hu & Silk [59].

energy density is given by δργ/ργ = 4 y. Since the y-parameter is y � 1 the photons and
electrons could not reach kinetic equilibrium: the effects due to Compton scattering vanish when
the temperatures of the electrons and photons are equal, i.e. Te = Tγ , and the photons follow
a Bose-Einstein distribution with photon occupation number, nBE = 1/[ex+µ − 1], where µ is
the constant dimensionless chemical potential. Typically y ∼> 0.25 is needed to acheive kinetic
equilibrium between the electrons and photons. Going to redshifts beyond recombination the
integrated Compton y-parameter strongly increases and will at some point exceed this value.
Heating the electrons (or photons) at higher redshifts by some process will therefore lead to a
Bose-Einstein distribution at z = 0.

Inclusion of photon production due to double Compton and Bremsstrahlung

Until now we have not included any process, that can change the number of photons, but
without any such process the CMB spectrum cannot be thermalized to a pure blackbody. Since
Compton scattering conserves the number of photons, heating only changes the energy density
of the photons and in kinetic equilibrium with resect to Compton scattering results in a Bose-
Einstein distribution with µ > 0 due to the deficit of photons with respect to a blackbody
of the same energy density. In the cosmological context two processes are most important:
Bremsstrahlung (BS) and double Compton scattering (DC). In this context it is very important
that BS fails to compeat with DC emission at redshifts larger than zdc,bs ∼ few×105. This again
is due to the large entropy of the Universe. Including these processes into the calculation one
can distinguish between the following four regimes for the residual CMB spectral distortions
arising from a single energy injection, δργ/ργ , at heating redshift zh [25, 62]:

(a) zh < zy ∼ 6.3 × 103: Compton scattering is not able to establish kinetic equilibrium
with the electrons. Photon producing effects (mainly BS) can only restore a Planckian
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spectrum at very low frequencies. Heating results in a Compton y-distortion at high
frequencies like in the case of the th-SZ effect, with y-parameter y ∼ 1

4 δργ/ργ .

(b) zy < zh < zch ∼ 2.9 × 105: Compton scattering can establish partial kinetic equilibrium
with the electrons. Photon produced at low frequencies (mainly BS) upscatter and dimin-
ish the spectral distortion at high frequencies. The deviations from a blackbody represent
a mixture between a y-distortion and a chemical potential distortion.

(c) zch < zh < zth ∼ 2 × 106: Compton scattering can establish full kinetic equilibrium
with the electrons at high redshifts. Low frequency photons (mainly due to DC emission)
upscatter and efficiently reduce the spectral distortion at high frequencies. The devia-
tions from a blackbody can be described as a Bose-Einstein distribution with frequency-
dependent chemical potential, which is constant at high and vanishes at low frequencies.

(d) zth < zh: Both Compton scattering and photon production processes are extremely effi-
cient and restore any spectral distortion arising after heating.

In general one has to solve the thermalization problem numerically, especially for large
injections of energy close to the thermalization redshift zth and in the redshift regime (b). For
the cases (a) and (c) simple analytic approximations were obtained [see e.g. 25, 59] in the limit
of small spectral distortions. The Cobe/Firas instrument placed strict upper limits [50, 51]
on a possible chemical potential, |µ| < 9 × 10−5, and y-type, |y| < 1.5 × 10−5, CMB spectral
distortions. Nevertheless, the great spectral sensitivity of future CMB experiments like Arcade
[74] and Dimes [72] will tighten these limits even more and therefore tiny deviations from the
blackbody spectrum might become measurable.

Possible sources for energy release

Using these observational limits one can constrain the amount of energy which could have
been injected at a given heating redshift. Possible mechanisms of heating include the decay of
unstable relict particles [59], particle annihilation [86], heating due to turbulent motion or the
dissipation of acoustic waves [126, 45, 60]. In Figure 1.6 as an example we present the limits on
the lifetimes of unstable relict particles in the low density universe [59]. For decaying particles
with liftimes tX ≥ 107 s the CMB provides tight contraints on the possible mass and number
density of these particles, whereas for shorter lifetimes the CMB does not give strong limits,
since in this case energy release is taking place at redshifts beyond the thermalization redshift
for DC scattering. Note that the thermalization redshift for BS is much larger.

It is obvious, that the residual CMB spectral distortions depend on the detailed history
of heating. The simplest modification from single heating is to assume two periods of energy
release. As Burigana & Salvaterra [26] show, observationally it is quite demanding to distinguish
between single or double injection.

1.3 In this Thesis

In the previous Sections we have sketched the important parts of the framework for the main
subjects of this thesis. We were studying three new ideas within the context of CMB spectral
distortions. Due to the different nature of the effects discussed in this thesis we decided that it
is better to give a separate short motivation at the beginning of each Chapter, but for overview
let us mention some of the underlying ideas.

In Chapter 2 we discuss another relativistic correction to the SZ effect, which has been
neglected in the literature so far. This correction is related to the motion of the Solar System
with respect to the CMB rest frame. Due to the Doppler effect the motion of the Solar System
introduces a spectral distortion of the main CMB cluster signal, which is similar to the first
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order temperature correction of the k-SZ. This signal can be easily taken into account in future
SZ analysis, since it can be prediced with high accuracy.

The results presented in Chapter 3 are based on the simple idea that the superpostion of
blackbodies with different temperatures is not again a blackbody. Therefore any observation
of the CMB sky with finite angular resolution will lead to an unavoidable spectral distortion.
We show here that in the limit of small fluctuations of the temperature the deviations from a
blackbody are given by a y-type distortion. We also discuss the possibility to utilize the spectral
distortions due to the superposition of blackbodies for calibration purposes, which is one of the
most important issues for the future extraction of any small frequency-dependent signal.

Until now the thermalization of CMB spectral distortions in the early Universe has only been
discussed using a non-relativistic formulation of the problem. Especially at high redshifts, i.e.
for the evolution of chemical potential distortions, relativistic corrections to the main processes
at work may start to play an important role. Here we want to provide two important steps
towards a solution of this problem.

In Chapter 4 we therefore first study the full kinetic equation for the time evolution of the
photon phase space density in hot, isotropic plasma under double Compton scattering, both
numerically and analytically. In the context of spectral distortions, until now DC emission
was only used in the limit of cold electrons and soft incident photons. Here we derive ana-
lytic approximations for the DC Gaunt factor, which are applicable in a very broad range of
parameters.

Finally in Chapter 5 we reexamine the formulation of the thermalization problem in a hot
thermal plasma (see Sect. 5.1). We then make use of the analytic approximations obtained in
Chapter 4 and solve the problem for the thermalization of small chemical potential distortions
at high redshifts analytically. These analytic results clearly show, that due to relativistic correc-
tions the thermalization of chemical potential distortions slows down notably. Unfortuneately,
although potentially very interesting, a numerical solution of the full thermalization problem
turns out to be very difficult and so far our attempts have not lead to conclusive results.
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Chapter 2

SZ clusters of galaxies: influence of

the motion of the Solar System

Within the next 5 years, several CMB experiments like Acbar, Sza, Planck, Spt, Act,
Apex, Ami and Quiet will perform deep searches for clusters with sensitivity limits at the
level of 1− 10mJy and in the future CMB missions such as Cmbpol should reach sensitivities
20-100 times better than those of Planck by using currently existing technology [37]. Many
tens of thousands of clusters will be detected allowing us to carry out detailed studies of cluster
physics and to place constraints on parameters of the Universe like the Hubble parameter and
the baryonic matter, dark matter and dark energy content [for reviews see 130, 104, 15, 32].

Motivated by the rapid developments in CMB technology, the purpose of this Chapter is
to take into account the changes in the SZ signal that are induced by the motion of the Solar
System relative to the CMB rest frame. These changes are connected to the Doppler effect and
aberration and exhibit a strong spectral and spatial dependence.

Assuming that the observed CMB dipole is fully motion-induced, its amplitude implies that
the Solar System is moving with a velocity of βo = vo/c = 1.241 · 10−3 towards the direction
(l, b) = (264.14◦±0.15◦, 48.26◦±0.15◦) [119, 131, 50]. As will be shown here, in the lowest order
of βo the motion-induced correction to the thermal SZ effect (th-SZ) exhibits an amplitude and
spectral dependence, which is similar to the first order βc correction to the th-SZ, i.e. the
SZ signal ∝ τ βc k Te/mec

2, where τ is the Thomson optical depth. On the other hand the
observer’s frame transformation of the kinetic SZ effect (k-SZ) leads to a much smaller y-type
spectral distortion with effective y-parameter ∝ τ βc βo. Since both the amplitude and direction
of the motion of the Solar System are well known the corrections we are discussing here are
fully determined and can be easily taken into account in the process of estimation of the key
cluster parameters.

Future CMB experiments like Planck, Spt and Act will only partially resolve the central
regions for a large fraction of the detected clusters. Below we will consider two cases (i) when
future multi-frequency CMB experiments will be able to resolve clusters of galaxies and (ii)
when their angular resolution will not allow to study the clusters structures in detail. Therefore
here we are not only discussing the change in the brightness of the CMB in the direction of
a cluster but also the corrections to the flux as measured for unresolved clusters due to both
the motion-induced change of surface brightness and the apparent change of their angular

dimension. All these changes are connected to the Doppler effect and aberration, which also
influence the primordial temperature fluctuations and polarization as discussed by Challinor
& van Leeuwen [31].

Another important consequence of the motion of the Solar System with respect to the CMB
rest frame is a dipolar anisotropy induced in the deep number counts of sources. This effect
was discussed earlier in connection with the distribution of γ-ray bursts [82, 115] – identical
to the Compton-Getting effect [39] for cosmic rays – and radio and IR sources [48, 8, 17]. The
motion-induced change in the source number counts strongly depends on the slope of the log N -
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log F curve and the spectral index of the source [48], which makes it possible to distinguish
the signals arising from different astrophysical populations. Here we show that a similar effect
arises for the number counts of SZ clusters. Due to the very peculiar frequency-dependence of
the th-SZ, the number of observed clusters in a direction of the sky can be either decreased or
increased depending on the frequency band. The work presented in the Chapter was accepted
for publication in Astronomy and Astrophysics and was done in collaboration with Gert Hütsi
and Rashid Sunyaev [35].

2.1 General transformation laws

A photon of frequency ν propagating along the direction n = (φ, θ) in the CMB rest frame S
due to Doppler boosting and aberration is received at a frequency ν ′ in the direction n′ = (φ, θ′)
by an observer moving with the velocity βo = vo/c along the z-axis:

ν = γν ′(1− βoµ
′) µ =

µ′ − βo

1− βo µ′
. (2.1)

Here γ = 1/
√

1− β2
o is the Lorentz factor, µ = cos θ and all the primed quantities1 denote

the corresponding variables in the observer’s frame S ′. It was also assumed that the z ′-axis
is aligned with the direction of the motion. For a given spatial and spectral distribution of
photons in S, in lowest order of βo the Doppler effect leads to spectral distortions, whereas due
to aberration the signal on the sky is only redistributed.

Transformation of the spectral intensity

The transformation of the spectral intensity (or equivalently the surface brightness) I(ν, ~n) at
frequency ν and in the direction ~n on the sky into the frame S ′ can be performed using the
invariance properties of the occupation number, n(ν, ~n) = I(ν, ~n)/ν 3:

I ′(ν ′, ~n′) =
ν ′3

ν3
I(ν, ~n) . (2.2)

Here I ′(ν ′, ~n′) is the spectral intensity at frequency ν ′ in the direction ~n′ as given in the rest
frame of the observer. In the lowest order of βo it is possible to separate the effects of Doppler
boosting and aberration:

I ′(ν ′, ~n′) ≈ I(ν ′, ~n′) + ∆ID(ν ′, ~n′) + ∆IA(ν ′, ~n′) . (2.3a)

with the Doppler and aberration correction

∆I ′D(ν ′, ~n′) ≈ βo µ′
[

3− ν ′∂ν′

]

I(ν ′, ~n′) (2.3b)

∆I ′A(ν ′, ~n′) ≈ βo

√

1− µ′2 ∂θ′I(ν ′, ~n′) . (2.3c)

Equation (2.3b) only includes the effects due to Doppler boosting, whereas (2.3c) arises solely
due to aberration.

With (2.3) it becomes clear that in the first order of βo any maximum or minimum of the
intensity distribution on the sky will suffer only from Doppler boosting. This implies that due
to aberration the positions of the central regions of clusters of galaxies will only be redistributed
on the sky: in the direction of the motion clusters will appear to be closer to each other while
in the opposite direction their angular separation will seem to be bigger.

Another consequence of the observer’s motion is that a cluster with angular extension ∆� 1
in S will appear to have a size ∆′ = ∆[1 − βo,‖] in the observer’s frame S ′. Here βo,‖ = βo µ′

1In the following, prime denotes that the corresponding quantity is given in the rest frame of the moving
observer.



2.1 General transformation laws 15

1 10
x

20 40 100 200 400 1000
 ν [GHz]

-4

-2

0

2

4

6
I /

 y
   

[2
 (k

T 0)3 /(
hc

)2 ]

1 10
x

20 40 100 200 400 1000
 ν [GHz]

-4

-2

0

2

4

6

I /
 τ

 β
c  [

2 
(k

T 0)3 /(
hc

)2 ]

th-SZ
k-SZ

maximal βo correction
to the th-SZ times 100

maximal βo correction
to the k-SZ times 100

1. order βc correction
to the th-SZ times 100

maximal βo correction
to the th-SZ times 10

Figure 2.1: Frequency dependence of the SZ brightness due to the non-relativistic th- and k-SZ and
the corresponding corrections induced by the motion of the Solar System relative to the CMB rest frame
for a cluster with electron temperature k Te = 5.1 keV, which is moving with βc = 10−3 towards the
observer and is located at the maximum of the CMB dipole, i.e. βo,‖ = 1.241 · 10−3. The first order βc

correction to the th-SZ (dash-dotted line in the left panel) is shown. Note that for convenience all the
velocity corrections are multiplied by a factor as given in the labels.

is the line of sight component of the Solar System’s peculiar velocity. Therefore in S ′ a cluster
will look smaller by a factor of 1−βo in the direction of the motion and bigger by 1+βo in the
opposite direction. This implies that in the direction of the observer’s motion, cluster profiles
will seem to be a little steeper and more concentrated.

Transformation of the measured flux

The spectral flux F (ν,n0) from a solid angle area A in the direction n0 on the sky in S is given
by the integral F (ν,n0) =

∫

A I(ν,n)µ0 dΩ, where we defined µ0 = n ·n0. If one assumes that
the angular dimension of A is small, then using (2.3) in the observer’s frame S ′ the change of
the flux due to Doppler boosting and aberration is given by

∆F ′
D(ν ′,n′

0) ≈ βo,‖

[

3− ν ′∂ν′

]

F (ν ′,n′
0) (2.4a)

∆F ′
A(ν ′,n′

0) ≈ βo,‖

∫

A
θ′2 ∂θ′I(ν ′,n′) dθ′ dφ′ , (2.4b)

respectively. Assuming that the area A contains an unresolved object, that contributes most
of the total flux and vanishes at the boundaries of the region, then the term arising due to
aberration only can be rewritten as

∆F ′
A(ν ′,n′

0) = −2βo,‖ F (ν ′,n′
0) . (2.5)

This can be understood considering that in the direction of the motion the solid angle covered
by an object is smaller by a factor [1− βo,‖]

2 ≈ 1− 2βo,‖. In this case the total change in the
spectral flux F ′(ν ′,n′

0) is

∆F

F
=

F ′(ν ′,n′
0)− F (ν ′,n′

0)

F (ν ′,n′
0)

= βo,‖

[

1− ∂ lnF

∂ ln ν ′

]

. (2.6)

For a pure blackbody source of temperature T this leads to ∆F/F = βo,‖

[

x′ex′

ex′−1
− 2

]

, with

dimensionless frequency x′ = hν ′/k T . In the RJ region of the CMB spectrum it therefore
follows: ∆F/F = −βo,‖.
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Integrating the flux F ′(ν ′,n′
0) over frequency ν ′ it is straightforward to obtain the change

of the total bolometric flux F ′
bol(n

′
0) =

∫

F ′(ν ′,n′
0) dν ′ in the observer’s frame S ′:

∆Fbol

Fbol
=

F ′
bol(n

′
0)− Fbol(n

′
0)

Fbol(n
′
0)

= 2βo,‖ . (2.7)

This result can also be easily understood considering the transformation law for the total
bolometric intensity Ibol =

∫

I(ν) dν, i.e.

I ′bol =
Ibol

[γ(1 − βoµ′)]4
, (2.8)

and the transformation of the solid angle dΩ′ = [γ(1− βoµ
′)]2 dΩ.

Transformation of the number counts

Defining dN
dΩ (F, ~n) as the number of objects per solid angle dΩ above a given flux F at some

fixed frequency ν and in some direction ~n on the sky in the CMB rest frame S, the corresponding
quantity in the observer’s frame S ′ may be written as

dN ′

dΩ′
(F ′, ~n′) =

dN

dΩ
(F, ~n)

dΩ

dΩ′
, (2.9)

where F and n are functions of F ′ and n′. Now, assuming isotropy in S, in the first order of
βo,‖ one may write

dN ′

dΩ′
(F ′, ~n′) ≈ dN

dΩ
(F ′)×

[

1 + 2βo,‖ −
∆F

F

∂ ln dN
dΩ (F ′)

∂ lnF ′

]

, (2.10)

with ∆F = F ′ − F . For unresolved objects ∆F/F is given by equation (2.6). Here we made
use of the transformation law for the solid angles and performed a series expansion of dN

dΩ (F )
around F ′.

If one assumes dN
dΩ (F ) ∝ F−λ and F (ν) ∝ ν−α, it is straightforward to show that for

unresolved sources

dN ′

dΩ′
(F ′, ~n′) ≈ dN

dΩ
(F ′)

[

1 + βo,‖(2 + λ[1 + α])
]

. (2.11)

This result was obtained earlier by Ellis & Baldwin [48] for the change of the radio source
number counts due to the motion of the observer. Depending on the sign of the quantity
Σ = 2 + λ[1 + α] there is an increase or decrease in the number counts in a given direction.
However, in the case of clusters, α is a strong function of frequency, which makes the situation
more complicated.

2.2 Transformation of the cluster signal

For an observer at rest in the frame S defined by the CMB the change of the surface brightness

in the direction ~n towards a cluster of galaxies is given by the sum of the signals due to the
th-SZ, I th(ν, ~n) and the k-SZ, I k(ν, ~n):

I SZ(ν, ~n) = I th(ν, ~n) + I k(ν, ~n) . (2.12)

In the non-relativistic case these contributions are by equations (1.1) and (1.3), respectively.
Here we are only interested in the correction to the intensity in the central region of the cluster,
where the spatial derivative of y is small and the effects of aberration may be neglected. In the
outer parts of the cluster also changes due to aberration arise.
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Change of the SZ cluster brightness

Using equations (2.3b) and (1.1) and (1.3) one may find

∆I ′D,th(ν
′, ~n′) = y I0(ν

′)
x′ex′

ex′ − 1
Cth(x′) · βo µ′ (2.13a)

∆I ′D,k(ν
′, ~n′) = τ βc,‖ I0(ν

′)
x′ex′

ex′ − 1
Ck(x′) · βo µ′ (2.13b)

for motion-induced change of the cluster brightness. Here the functions Cth(x̂) and Ck(x̂) are
defined by

Cth(x̂) = 4− 6X + X 2 +
1

2
S2 (2.14a)

Ck(x̂) = X − 1 , (2.14b)

with the notations X = x coth( x
2 ) and S = x/ sinh(x

2 ).
In Fig. 2.1 the spectral dependence of ∆I ′

D,th and ∆I ′D,k is illustrated. The transformation
of the th-SZ leads to a spectral distortion which is very similar to the first order βc correction
to the th-SZ. In the Rayleigh-Jeans limit Cth(x̂)→ −2 and therefore is 5 times bigger than the
βc correction to the th-SZ. The maximum/minimum of ∆I ′

D,th is at x = 7.97 / 3.31 and ∆I ′D,th

vanishes at x = 5.10 (x = 1 corresponds to ν = 56.8GHz). In the direction of the dipole max-
imum, due to the strong frequency-dependence of Cth the motion-induced correction, ∆I ′

D,th,
reaches percent level with respect to the th-SZ signal close to the crossover frequency xc = 3.83
and at frequencies above x ≥ 10.7. The maximum/minimum of ∆I ′

D,th is at x = 7.97 / 3.31. On
the other hand the transformation of the k-SZ leads to a y-type spectral distortion with the
corresponding y-parameter ykin = τ βc,‖ βo µ′ ∼ 10−8 µ′. In the Rayleigh-Jeans limit Ck(x̂)→ 1
instead of −2 for a pure y-distortion. Again due to the strong frequency-dependence for a clus-
ter located in the dipole maximum the motion-induced correction ∆I ′

D,k reaches percent level
with respect to the k-SZ signal at frequencies x ≥ 9.1. The maximum of ∆I ′

D,k is at x = 5.10.
Fig. 2.1 clearly shows that the motion-induced correction to the th-SZ easily reaches the level
of a few percent in comparison to the k-SZ (e.g. at ν = 400GHz it contributes ∼ 14% to the
k-SZ signal for a cluster with k Te = 5.1 keV and βc = 10−3).

Change of the SZ cluster flux

In order to obtain the motion-induced change of the flux for unresolved clusters one has to
integrate the surface brightness over the surface of the cluster. In the following we neglect the
k-SZ, since its contribution only becomes important close to the crossover frequency. Then
it follows that ∆F (ν, ~n) ∝ ∆I(ν, ~n), implying that d lnF/d ln ν ′ = d ln I/d lnx′. Comparing
equations (2.3b) and (2.13) one can define the effective spectral index of the SZ signal by

α = − d lnF (x′)

d lnx′
=
Cth(x′)

Y0(x′)
− 3 , (2.15)

with Y0(x) = X − 4. Using equation (2.15) one can write the CMB central brightness, flux and
number count for unresolved clusters as

I ′SZ(ν ′, ~n′) = I SZ(ν ′, ~n′)
[

1 + βo µ′(3 + α)
]

(2.16a)

∆F ′
SZ(ν ′, ~n′) = ∆F SZ(ν ′, ~n′)

[

1 + βo µ′(1 + α)
]

(2.16b)

dN ′
SZ

dΩ′
(F ′, ~n′) =

dNSZ

dΩ
(F ′)

[

1 + βo µ′Σ
]

, (2.16c)

with Σ = 2+λ(1+α) and λ = − ∂ ln dN
dΩ

(F ′)

∂ lnF ′ . Fig. 2.2 shows the change of the central brightness
and the flux for an unresolved cluster. It is obvious that only in the RJ region of the CMB
spectrum the SZ brightness and flux do follow a power-law. The change of the number counts
will be discussed below (see Sect. 2.3.1).
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Figure 2.2: Motion-induced change of the CMB spectral brightness ∆I and flux ∆F for a cluster
of galaxies at rest with respect to the CMB. Left panel: Absolute change of the cluster brightness
(solid line) with X0 = 2.70 × 1011 y mJy/sr and the flux for an unresolved cluster (dashed line) with
X0 = 7.17

〈

y/10−4 r2
c

〉

cl
(rc/30′′)2 mJy, where rc is the core radius and where 〈u〉cl =

∫

cl
u dΩ/4π denotes

the cluster average of the quantity u. Right panel: Relative change of the brightness (solid line) and
flux for an unresolved cluster (dashed line). Here ∆I/I = βo µ′ (3 + α) and ∆F/F = βo µ′ (1 + α).

2.3 Multi-frequency observations of clusters

The observed CMB signal in the direction of a cluster consists of the sum of all the contribu-
tions mentioned above, including the relativistic correction to the SZ effect. Given a sufficient
frequency coverage and spectral sensitivity one may in principle model the full signal for even
one single cluster, but obviously there will be degeneracies which have to be treated, especially
if noise and foregrounds are involved. Therefore it is important to make use of the special
properties of each contribution to the total signal, such as their spectral features and spatial
dependencies.

One obstacle for any multi-frequency observation of clusters is the cross-calibration of dif-
ferent frequency channels. Some method to solve this problem was discussed in Chluba &
Sunyaev [34] using the spectral distortions induced by the superposition of blackbodies with
different temperatures. In the following we assume that the achieved level of cross-calibration
is sufficient. For more information on observational issues in the detection and analysis of the
SZ effect see Birkinshaw & Lancaster [16].

The largest CMB signal in the direction of a cluster (after elimination of the CMB dipole)
is due to the th-SZ. In order to handle this signal one can make use of the zeros of the spectral
functions describing the relativistic corrections. In addition, future X-ray spectroscopy will
allow us to accurately determine the mean temperature of the electrons inside clusters. This
additional information will place useful constraints on the parameters describing the th-SZ and
therefore may allow us to extract the effects connected to the peculiar velocities of the cluster
and the observer.

The temperature difference related to the non-relativistic k-SZ is frequency-independent
and therefore may be eliminated by multi-frequency observations. As mentioned above (see
Fig. 2.1) the motion-induced spectral distortion to the th-SZ has an amplitude and spectral
dependence, which is very similar to the effect related to the first order βc correction to the
th-SZ. Therefore it will be difficult to distinguish these two contributions to the SZ signal for
one single cluster without prior knowledge about its peculiar velocity. For many clusters on the
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other hand one can expect that the signals proportional to βc,‖ average out. This implies that
for large cluster samples (∼ 103 − 104) only the signals related to the th-SZ are important.

2.3.1 Dipolar asymmetry in the number of observed clusters

Integrating (2.16c) over solid angles leads to the observed number of clusters in a given region
of the sky. If one assumes that the observed region is circular with radius θ ′

r centered on the
direction n′

0 = (φ′
0, θ

′
0) then the total observed number of clusters is given by

N ′
SZ(F ′) = NSZ,eff(F ′)

[

1 + βo µ′
0

1 + µ′
r

2
Σ

]

, (2.17)

where NSZ,eff(F ′) = 4π dNSZ

dΩ
1−µ′

r

2 is the effective number of clusters inside the observed patch
with fluxes above F ′, µ′

r = cos θ′r and µ′
0 = cos θ′0. For two equally sized patches in separate

directions on the sky the difference in the number of observed clusters will then be

∆N ′ = βo NSZ,eff ∆µ′
0

1 + µ′
r

2
Σ , (2.18)

with ∆µ′
0 = µ′

0,1 − µ′
0,2, where µ′

0,i = cos θ′0,i for patch i. Centering the first patch on the
maximum and the second on the minimum of the CMB dipole leads to the maximal change in
the number of observed clusters at a given frequency (∆µ′

0 = 2). To estimate the significance
of this difference we compare ∆N ′ to the Poissonian noise in the number of clusters for both

patches, which is given by [N ′
SZ,1 + N ′

SZ,2]
1/2 ≈

√
2N

1/2
SZ,eff . To obtain a certain signal to noise

level q the inequality

βo |Σ|∆µ′
0 [1 + µ′

r]
√

1− µ′
r ≥

4 q
√

NSZ,f

(2.19)

has to be fulfilled. We defined NSZ,f = 4π dNSZ

dΩ as the number of clusters on the whole sky above
a given flux level F ′. Here two effects are competing: the smaller the radius of each patch, the
smaller the number of observed clusters above a given flux but the larger the effective

〈

βo,‖

〉

.
The optimal radius is θr ∼ 70◦ but for a given q and sensitivity the size in principle can be
smaller.

2.3.2 Estimates for the dipolar asymmetry in the cluster number counts

In this section we present results for the SZ cluster number counts using a simple Press-
Schechter [98] prescription for the mass function of halos as modified by Sheth et al. [117] to
include the effects of ellipsoidal collapse. For simplicity we assume that all the clusters remain
unresolved.

Since here we are interested in unresolved objects we only need to specify the cluster mass-
temperature relation and baryonic fraction. For the former we apply the frequently used scaling
relation and normalization as given by Bryan & Norman [24], whereas for the latter we simply
assume a universal value of Ωb/Ωm, which is rather close to the local values as derived from X-
ray data [e.g. 88] independent of cluster mass and redshift. We note that these two assumptions
are the biggest source of uncertainty in our calculations and the use of them is only justified
given the lack of current knowledge about the detailed evolution of the baryonic component in
the Universe. In spite of these gross simplifications our results on cluster number counts agree
very well with those obtained in state-of-the-art hydrodynamical simulations by Springel et al.
[123] and White et al. [136] as demonstrated in Fig. 2.3. Here the counts are calculated for
the ΛCDM concordance model [121] assuming an observing frequency of 150GHz. The first
set of simulations included only adiabatic gas physics, whereas for the second also gas cooling
and feedback from supernovae and galactic winds were taken into account. We also plot the
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Figure 2.3: log N -log F : Number of unresolved clusters per square degree with flux level above F at
observing frequency ν = 150 GHz. The solid line shows the modified Press-Schechter prescription as
used in this work.

results obtained by Rubiño-Mart́ın & Sunyaev [107] using Monte-Carlo simulations based on a
Press-Schechter approach. In the estimates presented below we will use the curve given by the
solid line in Fig.2.3, which in the most interesting range of lower flux limits (1mJy -10mJy)
has an effective power-law slope in the range λ ∼ 1.10− 1.25.

In Fig. 2.4 we compare the motion-induced dipolar asymmetry in number counts as a
function of the observing frequency using the optimal patch radius θr = 70◦ for both sides of
the sky with the 1σ Poisson noise level for the two lower flux limits of 1mJy and 10mJy. In
addition we mark the regions where we expect an increase of the number of negative sources
and a decrease/increase of the number of positive sources, respectively, if one is observing only
in the direction of the maximum of the CMB dipole. It is important to note that the motion-
induced change in the cluster number counts vanishes at frequencies ν ∼ 300GHz. The exact
value of this frequency depends both on the slope of the number count curve and the spectral
index.

Fig. 2.5 presents the sensitivity limits where the motion-induced signal is equal to the
3σ and 5σ Poissonian noise levels for different observing frequencies. One can see that the
most promising frequencies for a detection of the motion-induced asymmetries are around the
crossover frequency (i.e.∼ 217GHz) and in the range ν ∼ 400− 500GHz. Clearly, for a proper
modeling near the crossover frequency one has to take into account the contribution from the
k-SZ, which has been neglected so far. It is evident that the k-SZ is contributing symmetrically
to channels around 217GHz in the sense that the number of positive and negative sources is
approximately equal. On the other hand in the range ν ∼ 400 − 500GHz other astrophysical
sources start to contribute to the source counts (see Sect. 2.3.3).

2.3.3 Source count contribution from non-SZ populations

In the range ν ∼ 400 − 500GHz, which is the most promising for a detection of the motion-
induced number count asymmetry, other foreground sources begin to play a role, e.g. dusty
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high redshift galaxies [18]. In the microwave band these galaxies have an extremely peculiar
spectrum F (ν) ∝ ν−αd , with αd ranging from −3 to −4. Using formula (2.10) it is easy to
show that the observed properties of this population will also be influenced by the motion
of the Solar System, but in a completely different way than clusters: in the direction of our
motion relative to the CMB rest frame their brightness and fluxes decrease when for clusters
they increase. This implies that in the frequency range ν ∼ 400− 500GHz the motion-induced
dipolar asymmetry in the number counts for these sources has the opposite sign in comparison
to clusters, i.e. ∆N ′

d < 0 when ∆N ′
cl > 0. Detailed multi-frequency observations should allow

us to distinguish the source count contributions of these two classes of objects, but nevertheless
it is interesting that they have a different sign of the motion-induced flux dipole.

2.4 Summary and discussion

We derived the changes to the SZ cluster brightness, flux and number counts induced by the
motion of the Solar System with respect to the CMB rest frame. Since both the amplitude and
direction of this motion are known with high precision it is easy to take these changes into
account in the analysis and interpretation of future SZ data.

The corrections to the SZ cluster brightness and flux have a similar spectral dependence and
amplitude as the first order velocity correction to the th-SZ (see Fig. 2.1). Since the motion-
induced cluster signal can contribute ∼ 10% of the k-SZ it might be necessary to take it into
account in future high precision CMB surveys, dedicated to accurately measuring the line of
sight component of the cluster peculiar motions.

The dipolar asymmetry induced in the SZ cluster number counts in contrast to the counts
of more conventional sources can change polarity depending on the observational frequency
(see Sect. 2.3.3). This behavior is due to the very specific frequency dependence of the SZ
effect. Our estimates show that frequencies around the crossover frequency ∼ 217 GHz and in
the range ∼ 400− 500 GHz are most promising for a detection of this motion-induced number
count asymmetry (see Fig. 2.5).



Chapter 3

Spectral distortion of the CMB and

the superposition of blackbodies

The CMB angular temperature fluctuations observed by Cobe and Wmap enable us to place
a lower limit on the spectral distortions of the CMB at any angular scale. These distortions are
connected with the simple fact that the superposition of blackbodies with different temperatures
in general is not a blackbody. In this Chapter we show that in the limit of small temperature
fluctuations the superposition of blackbodies leads to a y-type spectral distortion.

It is commonly assumed that the spectrum in one direction of the sky is Planckian and
that only the temperature changes from point to point. This follows from the nature of the
main effects leading to the appearance of these fluctuations, i.e. the Sachs-Wolfe-effect [109]
and the Doppler effect due to Thomson scattering off moving electrons [125] at redshift ∼ 1100.
However, as will be demonstrated below, there are spectral distortions in the second order of
∆T/T . These distortions are inevitable when the CMB is observed with finite angular resolution
or when regions on the sky containing blackbodies with different temperatures are averaged or
compared with each other.

The CMB missions mentioned in the introduction have shown that there are fluctuations
of the radiation temperature on the level of ∆T ∼ µK−mK over a broad range of angular
scales. Any experiment trying to extend the great success of the Cobe/Firas instrument, will
only have a finite angular resolution and would therefore observe a superposition of several
Planck spectra with different temperatures corresponding to the maxima and minima on the
CMB sky as measured with Wmap. One may distinguish two basic observational strategies:
(i) absolute measurements, where the beam flux in some direction on the sky is compared to
an internal calibrator (Cobe/Firas) and (ii) differential measurements, where the beam flux
in one direction on the sky is compared to the beam flux in another direction (Cobe/Dmr or
Wmap). In the first strategy one observes a sum of blackbodies (SB) due to the average over the
beam temperature distribution, whereas in the second two sums of blackbodies are compared
with each other. Under these circumstances we will in general speak about the superposition
of blackbodies, i.e. the sum and difference of blackbodies with different temperatures.

Any experiment trying to extent the great success of the Cobe/Firas instrument, which
placed strict upper limits [50, 51] on a possible chemical potential [126], |µ| < 9 · 10−5, and
y-type [141], |y| < 1.5 ·10−5, CMB spectral distortion, will only have a finite angular resolution
and would therefore observe a superposition of several Planck spectra with different temper-
atures corresponding to the maxima and minima on the CMB sky as measured with Wmap.
It is known [142] that in the case of a Gaussian temperature distribution this will lead to
a spectral distortion indistinguishable from a y-distortion, with a corresponding y-parameter
which is proportional to the dispersion of the temperature distribution. Since the temperature
fluctuations of the CMB indeed are Gaussian, this implies that the corresponding spectral dis-
tortions averaged over large parts of the sky should be of y-type. But here we are interested
in the case of measurements with an angular resolution of a few arcminutes to degrees. In this



24 Spectral distortion of the CMB and the superposition of blackbodies

situation, we deal with the limited statistics of finite regions with different mean temperatures
and therefore it is not obvious what type of spectral distortion would be induced in each small
patch of the sky. As mentioned above, a similar situation arises when we compare the signals
from two regions on the sky, i.e. the difference of the intensities as is usually done in differential
observations. Below it will be shown that for any observation of the CMB temperature fluctu-
ations, there will be unavoidable spectral distortions due to the difference in the temperature
of the radiation we measure and compare and that these distortions will be indistinguishable

from a y-type-distortion. The biggest distortions arise due to the CMB dipole.

The unprecedented high sensitivity of future or proposed space missions like Planck and
Cmbpol or ground based instruments under construction like Apex, the South Pole Telescope
(Spt), the Atacama Cosmology Telescope (Act) and Quest at Dasi (Quad) will offer ways
to investigate tiny secondary CMB angular and spectral fluctuations and should therefore add
a lot to the success of previous missions. One target will be the measurement of the SZ effect
from clusters, proto clusters or groups of galaxies and superclusters [127] or signatures from
the first stars in the universe [92]. In the future CMB experiments will be so sensitive that it
will be possible to investigate in detail the imprints of reionization and the traces of energy
release in the early universe.

Basu et al. [9] proposed a method to constrain the ionization history of the universe and
the history of heavy element production using the properties of resonant scattering of CMB
photons in the fine structure lines of oxygen, carbon and nitrogen atoms and ions produced
by the first generation of stars. The strong frequency dependence of this effect permits one to
extract the undisturbed angular dependence of the frequency-independent primary temperature
fluctuations and thereby avoid cosmic variance. By comparing the signals in different frequency
channels it is possible to investigate the contributions of the lines of different ions at different
redshifts and therefore to examine different scenarios of element production and ionization
histories in the low density regions of the universe, with overdensities less than ∼< 104. The
sensitivities of Planck and Act should be sufficient to detect the signals imprinted by the
effects of resonant scattering, but the crucial point for the successful measurement of any small
frequency-dependent signal is the cross calibration of the different frequency channels down
to the limits set by the sensitivity of the experiments. Full sky missions like Cobe/Dmr or
Wmap normally use the CMB dipole and its annual modulation to check the calibration of
their instruments down to a level of µK, whereas experiments with partial sky coverage like
Boomerang directly use the CMB dipole for calibration issues [13]. But both methods permit
one to cross calibrate different frequency channels only to a first approximation assuming that
the dipole has a Planckian spectrum and the same amplitude at all frequencies. Unfortunately,
this precision of the cross calibration will likely not be sufficient to detect the signals from the
dark ages as discussed by Basu et al. [9].

It is known that the motion system relative to the CMB restframe in addition to the dipole
generates (in the second order of v/c) a small monopole and quadrupole contribution to the
CMB brightness of the sky in the restframe of the observer [129, 12, 23]. Sunyaev & Zeldovich
[129], when they were discussing the radiation field inside a cluster of galaxies moving relative
to the CMB restframe, have shown that the corresponding dipole-induced quadrupole has a non
Planckian spectrum, which was then later derived by Sazonov & Sunyaev [112]. Kamionkowski
& Knox [70] later applied this solution to the case of our motion relative to the CMB restframe
and proposed to use the dipole-induced quadrupole for calibration purposes.

The solution of Sazonov & Sunyaev [112] is valid in the case of narrow beam observations.
In this Chapter we choose an independent approach, which is based on the superposition of
blackbody spectra with different temperatures, to look for the maximal and minimal spectral
distortion obtainable from CMB maps. Our method allows us to calculate the value of the
y-parameter for the dipole-induced monopole and quadrupole for a beam with finite width or
equivalently for any average of the signal over extended regions on the sky. Most importantly
we show that the difference of the sky brightness in the direction of the maximum and minimum
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of the CMB dipole, corresponding to the maximal difference of the radiation temperature on
the CMB sky, leads to a y-type distortion with an associated y-parameter of yopt = 3.1 · 10−6.
We propose here to use this spectral distortion arising due to the CMB dipole to cross calibrate
the frequency channels of a CMB experiment in principle down to the level of a few tens of nK.
We discuss different observing strategies in order to maximize the inferred spectral distortion
(Sect. 3.6).

In this Chapter, we first give a short summary of the basic equations necessary in the
following derivations and define some of the terminology used (Sect. 3.1). We then discuss
the underlying theory for small spectral distortions (Sect. 3.2) and show that in this limit
even the distortions arising due to the superposition of two blackbodies (Sect. 3.3) with close
temperatures are well described by a y-type solution. Furthermore, we discuss in detail the
spectral distortion due to the superposition of Planck spectra with different temperatures
arising from to the CMB dipole (Sect. 3.4) and from the higher multipoles (Sect. 3.5) using
generated CMB sky maps for the Wmap best fit model. We discuss the spectral distortions
arising in differential measurements of the CMB temperature fluctuation (Sect. 3.6) and how
to possibly use the spectral distortions induced by the CMB dipole to cross calibrate the
frequency channels of CMB experiments (Sect. 3.7). We end this work with a discussion of the
consequences of the obtained results for some of the highly demanding tasks which may be
addressed by future CMB projects (Sect. 3.8) and finally conclude in Sect. 3.9. The results of
this work have been published in Chluba & Sunyaev [34].

3.1 Basic ingredients

3.1.1 Compton y-distortion

In the non relativistic limit, the Comptonization of the CMB photons by hot, isotropic, thermal
electrons with Compton y-parameter y =

∫

k Te

mec2
σT Ne dl, where Te is the temperature of the

electron gas, σT is the Thomson cross section and Ne is the electron number density, leads to
a y-distortion [141]:

∆I

I0
= y

x ex

ex − 1
·
[

x
ex + 1

ex − 1
− 4

]

(3.1)

for y � 1. Here x = hν/k T0 is the dimensionless frequency, ν is the photon frequency, T0 is
the temperature of the incoming radiation and ∆I = I − I0 denotes the difference between the
observed intensity I and undisturbed CMB blackbody spectrum I0 = Bν(T0), with

Bν(T ) =
2h

c2

ν3

ehν/k T − 1
. (3.2)

In the Rayleigh Jeans (RJ) limit, i.e. x � 1, equation (3.1) simplifies to ∆T/T0|RJ = −2 y.
Since in this limit a blackbody of temperature T is approximately given by Bν,RJ = 2

c2 ν2 k T ,
it is convenient to compare the Comptonized spectrum to a blackbody of temperature TRJ =
T0 [1− 2 y], making the relative difference (3.1) vanish at small ν:

∆I

Ī
= y

x̂ ex̂

ex̂ − 1
·
[

x̂
ex̂ + 1

ex̂ − 1
− 2

]

. (3.3)

Here we now defined x̂ = hν/k TRJ and Ī = Bν(TRJ) is a blackbody of temperature TRJ. The
corresponding difference in the radiation temperature can be written as

∆T

T
= y · gy(x̂) ≡ y ·

[

x̂
ex̂ + 1

ex̂ − 1
− 2

]

. (3.4)

Here we wish to emphasize again, the most important difference to the standard y-distortion
is the fact that ∆T/T vanishes at low frequencies.
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Equation (3.4) shows that the most important characteristic of a y-distortion is given by
the function

g(x̂) = x̂
ex̂ + 1

ex̂ − 1
≡ x̂ coth

x̂

2
(3.5)

Whenever the function g(x̂) characterizes the frequency-dependent part of the relative temper-
ature difference we may speak about a y-type spectral distortion.

3.1.2 Relation between temperature and intensity

To obtain the relative difference in temperature (3.4) corresponding to a y-distortion from the
relative difference in intensity (3.3) the relation

∆T

T
=

∆I

I

d lnT

d ln I
=

ex̂ − 1

x̂ ex̂

∆I

I
(3.6)

was implicitly used. In CMB measurement this relation is commonly applied to relate intensity
differences to temperature differences, assuming that the difference in intensity obeys ∆I

I � 1
or equivalently ∆T

T � 1. The sensitivity of future CMB experiments will be extremely high in
a broad range of frequencies and angular scales. Therefore it is important to understand what
corrections arise in next order of ∆I

I and ∆T
T and what kind of distortions are introduced by

using relation (3.6). For this we consider the simplest case, when we are comparing two pure
blackbodies with different temperatures T and T ′ and corresponding intensities I = Bν(T ) and
I ′ = Bν(T

′). Then using (3.2) the relative difference in intensities can be written as

∆I

I
=

I ′ − I

I
=

ex̂ − 1

ex̂/(1+∆) − 1
− 1 , (3.7)

where we defined x̂ = hν/k T and ∆ = (T ′ − T )/T .
Now, using the Taylor expansion up to the second order in ∆ from equation (3.7) we obtain

∆I

I
≈ x̂ ex̂

ex̂ − 1
·
[

∆ + gy(x̂) · ∆
2

2

]

+O(∆3) , (3.8)

where gy(x̂) is defined by equation (3.4). Now we apply the relation (3.6) to infer the relative
temperature difference

∆T (x̂)

T
= ∆ + gy(x̂) · ∆

2

2
+O(∆3) . (3.9)

This result clearly shows that in the second order of ∆ a y-distortion with y-parameter y = ∆2/2
is introduced. This distortion vanishes at low frequencies (x̂→ 0) and increases like gy(x̂) ∼ x̂
in the Wien region (x̂� 1). Writing ∆ + gy(x̂) ·∆2/2 = ∆ · [1 + gy(x̂) ·∆/2] this implies that
for any given ∆ there is a critical frequency x̂y which fulfills

gy(x̂y) =
2 ε

|∆| (3.10)

and above which the contribution of the y-distortion relative to the first order term becomes
bigger than ε. The value of ε is directly related to the sensitivity of the experiments. In Fig.
3.1 x̂y has been calculated for different ε. At frequencies lower than x̂y the relation (3.6) is
exact within the sensitivity of the experiment, whereas for x̂ > x̂y the second order correction
has to be taken into account. In the regime x̂y ∼> 4 for estimates the simple approximation
x̂y = 2 ε/|∆| + 2 may be used.

To give an example, the biggest temperature fluctuation on the whole CMB sky is due
to the CMB dipole. Comparing the maximum and the minimum of the dipole corresponds to
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Figure 3.1: x̂y as a function of ∆ for different values of ε according to equation (3.10): For ε = 10−5

(solid), ε = 10−4 (dashed), ε = 10−3 (dotted) and ε = 10−2 (dashed-dotted). The right ordinate
corresponds to νy = k T0 · x̂y/h, with T0 = 2.725 K.

∆ ∼ 2.48·10−3. If some CMB experiment is able to accurately measure temperature fluctuations
on the level of µK, contributions of ε ∼ 10−4 relative to the dipole signal can be distinguished
leading to x̂y,d ∼ 1. This estimate shows that at high frequencies spectral distortions introduced
by the usage of the relation (3.6) for the dipole anisotropy should be taken into account in future
CMB missions like Planck and Act. In Sect. 3.4 we will discuss these distortions due to the
dipole in more detail.

The temperature difference should not be larger than a few percent of the temperature of
the reference blackbody, otherwise corrections due to higher orders in ∆ will become important
and lead to additional distortions (see Sect. 3.2). Fortunately, the temperature differences on
the CMB sky are sufficiently small to neglect these corrections.

Equation (3.9) also shows that in general the inferred temperature difference is frequency-
dependent. At frequencies below x̂y the inferred temperature difference is close to the true

temperature difference ∆ and frequency-independent within the sensitivity of the experiment.
In this case, we will speak about a temperature distortion or fluctuation, emphasizing that it
is frequency-independent. It is possible to eliminate the temperature distortion using multi-
frequency measurements. For x̂ > x̂y frequency- dependent terms become important, which we
will henceforth call spectral distortions.

3.2 Small spectral distortions due to the superposition of black-

bodies

When the CMB sky is observed with finite angular resolution or equivalently if the brightness
of parts of the sky (not necessarily connected) are averaged one is dealing with the sum and
more generally with the superposition of blackbodies. Here we develop a general formalism
to calculate the spectral distortions arising for arbitrary temperature distribution functions
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Figure 3.2: Frequency dependence of gi/g1 ≡ ∆Ti/TRJ δi: Dotted line ∆T1/TRJ δ, which is equivalent to
a temperature distortion, solid line gy(x̂) = 2∆T2/TRJ δ2, which is equivalent to a y-distortion ∆T/y T0

as given by equation (3.4), dashed line ∆T3/TRJ δ3 and dashed-dotted line ∆T4/TRJ δ4. The function
gy(x̂) becomes larger than unity for ν ≥ 146.2 GHz or x̂ ≥ 2.57, larger than 5 for ν ≥ 396.7 GHz or
x̂ ≥ 6.99 and larger than 10 for ν ≥ 681.3 GHz or x̂ ≥ 12. For ν = 100 GHz or x̂ = 1.76 it follows
gy = 0.5. Also shown as vertical lines are the Planck LFI (dashed) and HFI (dash-dotted) frequency
channels.

in the limit of small temperature fluctuations and derive criteria for the applicability of this
approximation. We first discuss the basic equations necessary to describe the spectrum of the
sum of blackbodies (SB) as compared to some arbitrary reference blackbody (Sect. 3.2.1) and
then generalize these results to the superposition of blackbodies (Sect. 3.2.2).

3.2.1 Sum of blackbodies

Following the paper of [142] we express the total spectrum resulting for the SB with different
temperatures T as:

I(ν) =

∫

R(T )Bν(T ) dT . (3.11)

Here R(T ) denotes the normalized (
∫

R dT = 1, R ≥ 0) temperature distribution function,
which will be used below to model the beam of some CMB experiment, and Bν(T ) is a Planck
spectrum of temperature T as given by equation (3.2). Now we want to compare the spectrum
I(ν) to a reference blackbody of temperature Tref . Defining δ = (T − Tref)/Tref and inserting
T = Tref (1 + δ) into equation (3.2), Bν may be rewritten as

Bν(δ) = AT 3
ref

x̂3

ex̂/(1+δ) − 1
(3.12)

where x̂ = hν/k Tref is the dimensionless frequency and A = 2k 3/h2 c2. CMB temperature
fluctuations are of the order ∆T/T ∼ 10−5 − 10−3. Therefore we are interested in the case
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when |δ| � 1. This allows us to perform a Taylor expansion of equation (3.12):

Bν(δ) = Bν |δ=0 − δ · x̂ ∂Bν

∂ξ

∣

∣

∣

∣

δ=0

+
δ2

2
· x̂

[

x̂
∂2Bν

∂ξ2 + 2
∂Bν

∂ξ

]

δ=0

− δ3

6
· x̂

[

x̂2 ∂3Bν

∂ξ3

+6 x̂
∂2Bν

∂ξ2 + 6
∂Bν

∂ξ

]

δ=0

+
δ4

24
· x̂

[

x̂3 ∂4Bν

∂ξ4 + 12 x̂2 ∂3Bν

∂ξ3 + 36 x̂
∂2Bν

∂ξ2 + 24
∂Bν

∂ξ

]

δ=0

,

(3.13)

where here ξ = x̂/(1+δ) was defined. Keeping only terms up to fourth order in δ this simplifies
to:

Bν(δ) = Iref

4
∑

k=0

gk(x̂) δk . (3.14)

Here we used the abbreviation Iref = Bν(δ = 0) for the reference blackbody spectrum of
temperature Tref and defined the functions gk(x̂) as

g0(x̂) = 1 (3.15a)

g1(x̂) =
x̂ ex̂

ex̂ − 1
(3.15b)

g2(x̂) =
g1

2

[

x̂
ex̂ + 1

ex̂ − 1
− 2

]

≡ g1

2
· gy(x̂) (3.15c)

g3(x̂) = g1

[

x̂2

6

cosh x̂ + 2

cosh x̂− 1
− 2g2

g1
− 1

]

(3.15d)

g4(x̂) = g1

[

x̂3

24

6 coth x̂
2 + sinh x̂

cosh x̂− 1
− 3

g2 + g3

g1
− 1

]

(3.15e)

where gy(x̂) is defined by equation (3.4). In Fig. 3.2 the frequency dependence of the functions
gi(x̂) is illustrated. Deviations from a blackbody spectrum become most important in the Wien
region and vanish in the RJ region of the CMB spectrum.

Inserting equation (3.14) into (3.11) the relative difference ∆I/Iref = (I−Iref)/Iref between
the SB spectrum and the reference blackbody Iref can be derived

∆I

Iref
≈

4
∑

k=1

gk(x̂)
〈

δk
〉

, (3.16)

where we introduced the abbreviation
〈

δk
〉

=
∫

R δk dT for the k-th moment of the temperature
distribution. To find the corresponding difference in temperatures from (3.16) one may use
the relation (3.6). As mentioned before the inferred temperature difference in general will be
frequency-dependent.

In equation (3.16) the term proportional to the first moment,
〈

δ1
〉

, corresponds to a temper-
ature distortion which introduces a frequency-independent shift in the measured temperature
difference. It is possible to eliminate this contribution by multi-frequency measurements, since
it does not change with frequency. The term proportional to the second moment is indistin-
guishable from a Compton y-distortion as given by equation (3.3) with y-parameter

yS =

〈

δ2
〉

2
. (3.17)

Higher moments lead to additional spectral distortions making the total spectral distortion dif-
fer from a pure y-distortion. As will be shown below for the CMB these higher order corrections
can be neglected.
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Figure 3.3: x̂c as a function of ∆ for different values of ε according to equation (3.21) assuming
that

〈

δk
〉

= ∆k: For ε = 10−4 (solid), ε = 10−3 (dashed) and ε = 10−2 (dotted). The right ordinate
corresponds to νc = k T0 · x̂c/h, with T0 = 2.725 K.

Limiting cases for ∆T
Tref

In the RJ limit (x̂� 1), starting from (3.11) and using relation (3.6) one can find

∆T

Tref

∣

∣

∣

∣

RJ

x̂�1

↓≈ 〈δ〉 + x̂2

12

〈

δ2

1 + δ

〉

(3.18a)

x̂�1∧δ�1

↓≈ 〈δ〉 + x̂2

12

[

〈

δ2
〉

−
〈

δ3
〉

+
〈

δ4
〉

]

. (3.18b)

This result shows that for x̂→ 0 the functions g2, g3, and g4 all vanish like ∼ x2, reflecting the
fact that the sum of RJ spectra is again a RJ spectrum and that no spectral distortions are
expected for x̂ � 1. In the first step we have only assumed that x̂ � 1. Therefore, up to the
second order in x̂ equation (3.18a) describes the SB for any δ to very high accuracy. For δ � 1

equation (3.18a) takes the form ∆T/Tref |RJ ≈ 〈δ〉 · [1 + x̂2

12 ]. For the approximation (3.18b) we
have in addition to x̂ � 1 assumed that δ � 1. In this limit the same result can be obtained
starting from equation (3.16).

In the Wien region of the CMB spectrum (x̂ � 1) again starting from (3.11) and using
relation (3.6) one can deduce

∆T

Tref

∣

∣

∣

∣

W

x̂�1

↓≈ 1

x
·
[〈

exp

(

x · δ

1 + δ

)〉

− 1

]

(3.19a)

x̂�1∧x·δ�1

↓≈ 〈δ〉 −
〈

δ2
〉

+
〈

δ3
〉

−
〈

δ4
〉

+
x̂

2

[

〈

δ2
〉

+
x̂

3

〈

δ3
〉

+
x̂2

12

〈

δ4
〉

]

. (3.19b)

Equation (3.19a) is valid for x̂ � 1 and arbitrary δ, whereas (3.19b) only is applicable for
x̂� 1 and x · δ � 1. Result (3.19b) can be also obtained starting from equation (3.16).
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When do higher order moments become important?

Using multi-frequency observations it is possible to eliminate the temperature distortion (∝
〈δ〉). In this case, the leading term in the signal corresponds to the y-distortion. Here we are
interested in the question when higher order moments start to contribute significantly to the
total spectral distortions. In the RJ region using equation (3.18b) one can find that for

ε ·
〈

δ2
〉

> |
〈

δ3
〉

−
〈

δ4
〉

| (3.20)

the relative contributions of the higher moments to the y-distortion is less than ε. This equa-
tion shows that in general corrections due to the higher moments will be of the order of
∼ |

〈

δ3
〉

|/
〈

δ2
〉

. For temperature distributions which are symmetric around the reference tem-
perature all the odd moments vanish. In this case the corrections typically will be of the order
of ∼

〈

δ4
〉

/
〈

δ2
〉

. If we consider the simple case, when we compare two pure blackbodies with
temperatures T1 and T2 and use Tref = T1 then the moments are given as

〈

δk
〉

= ∆k, with
∆ = (T2−T1)/T1. From this we can conclude that the relative contribution of the third moment
to the spectral distortion will be ∼< |∆|. Therefore, in the RJ region of the spectrum even for
∆ ∼ 10−2 higher order moments will lead to corrections ∼< 1% to the y-distortion. For the
CMB with ∆ ∼ 10−5 − 10−3 these corrections can be safely neglected.

In the Wien region the situation is a bit more complicated. Given some value of ε one
can find the frequency x̂c above which the relative contribution of higher order moments will
become important. To find x̂c one has to solve the non-linear equation

ε =
g3(x̂c)

〈

δ3
〉

+ g4(x̂c)
〈

δ4
〉

g2(x̂c) 〈δ2〉 (3.21)

or an equivalent equation directly using (3.11). In Fig. 3.3 x̂c has been calculated for different ε
and ∆ again considering the simple case, when we compare two pure blackbodies with temper-
atures T1 and T2 and use Tref = T1. Higher order moments contribute 1% to the total spectral
distortion above x̂c = 10 for ∆ ∼ 5 · 10−3, which is roughly 5 times the dipole amplitude. For
|∆| ∼< 3 · 10−3 corrections are less than 1% even in the highest Planck frequency channels.
In the limit x̂c ∼> 6 for estimates of the critical frequency above which higher order correction
become bigger than ε one may use

x̂c = min

[

3 ε

〈

δ2
〉

| 〈δ3〉 | + 4,

√

12 ε
〈δ2〉
〈δ4〉 + 5

]

. (3.22)

In summary, the above discussion shows that as long as |∆| < ε the spectral distortion for
x̂ < x̂c is given by a pure y-distortion. In this case the biggest deviations from a y-distortion are
expected in the Wien region of the CMB spectrum, where the sensitivity of the Planck mission
and other future experiments is high. But even for the dipole anisotropy these corrections should
be less than 1%. If |∆| ∼ ε deviations in the RJ become important and higher order corrections
have to be taken into account. Given the amplitude of the temperature fluctuations on the
CMB sky, ∆ ∼ 10−5 − 10−3, corrections to the y-distortion due to higher moments will be
less than 1% in the highest Planck frequency channels even for the dipole amplitude and
certainly less than 0.1% for the higher multipoles. Therefore we can safely describe the spectral
distortions arising due to the superposition of blackbodies with slightly different temperatures
by y-distortions. In what follows below we assume that higher order corrections are negligible.

Beam spectral distortion

In the RJ limit the sum of blackbodies (SB) is again a blackbody with temperature TRJ =
∫

R T dT . The RJ temperature TRJ can be directly measured at sufficiently low frequencies
and hence it is convenient to compare the SB to a reference blackbody of temperature TRJ.
This makes any distortion due to the SB vanish at low ν.
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In the following, we will call
〈

δk
〉

beam moment, when δ = (T − TRJ)/TRJ is defined as
the relative difference between the temperature T of a given blackbody inside the beam and
the RJ temperature of the SB, i.e. the beam RJ temperature TRJ. For this choice of reference
blackbody the temperature distortion vanishes and we obtain

∆I

Ī
≈ g2(x̂)

〈

δ2
〉

, (3.23)

where x̂ = hν/k TRJ and we introduced Ī = Bν(TRJ). We should mention again that the beam
spectral distortion arising due to the SB with different temperatures can be approximated by
a pure y-distortion with y-parameter yS as given by (3.17), if only the second moment of the
temperature distribution,

〈

δ2
〉

, is important. In general higher moments have to be taken into
account leading to additional spectral distortions.

It is important to note that for any given temperature distribution the minimal distortion
arising due to the sum of Plancks corresponds to a y-distortion with y-parameter yS. Therefore
by calculating the second beam moment it is possible to place a lower limit on the distortions
arising from any average over not necessarily connected regions of the CMB sky.

Sum of two Planck spectra with different weights

For the sum of two Planck spectra with temperatures T1 and T2 of relative weights w1 and
w2 = 1−w1 the RJ temperature is given by T̄ = w1 T1 +w2 T2. For the first five beam moments
one may obtain:

〈

δ0
〉

= 1,
〈

δ1
〉

= 0 (3.24a)

〈

δ2
〉

= w1 w2 ·
[

∆T

T̄

]2

(3.24b)

〈

δ3
〉

= w1 w2 (1− 2w1) ·
[

∆T

T̄

]3

(3.24c)

〈

δ4
〉

= w1 w2 (1− 3w1 w2) ·
[

∆T

T̄

]4

. (3.24d)

Here ∆T = T1 − T2 6= 0 was defined. Making use of equation (3.22), in general (w1 6= w2 6= 0)
the spectral distortion significantly deviates from a y-distortion by a fraction ε at frequencies

x̂ ≥ min

[

3 ε

|1− 2w1|
,

√

12 ε

1− 3w1 w2

]

· T̄

|∆T | (3.25)

If one of the weights w1 or w2 vanishes then, as expected, there is no distortion. In the case w1 ≡
w2, all the odd moments vanish and the even moments are given by 〈δn〉 = [∆T/(T1 + T2)]

n.
Then the critical frequency x̂c = 2 ·

√
3 ·10−1 (T1 +T2)/|∆T | above which the spectral distortion

deviates significantly from a y-distortion becomes 10 only if |∆T | ≈ 0.069 T̄ . This implies
that for non Gaussian temperature distributions deviations from a y-distortion will only be
important if the temperature difference becomes of the order of a few % of the RJ temperature.
This is clearly not the case for the CMB in the observed universe. Even the dipole anisotropy
leads to a y-distortion up to very high frequencies and we can safely neglect the contributions
of moments of the temperature distribution with k > 2.

Difference to an arbitrary reference blackbody

Here we want to derive the equations describing the comparison of the spectrum of the SB
with an arbitrary reference blackbody. This example can be applied for absolute measurements
of the CMB. Starting again from equation (3.16) and using the results obtained for the beam
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spectral distortions, one can rewrite the moments of δref = (T −Tref)/Tref in terms of the beam

moments,
〈

δk
〉

and ∆RJ = (TRJ − Tref)/Tref , with δ = (T − TRJ)/TRJ:

〈

δ1
ref

〉

= ∆RJ (3.26a)
〈

δ2
ref

〉

=
〈

δ2
〉

+ ∆2
RJ +O

(〈

δ2
〉

·∆RJ

)

. (3.26b)

Using formula (3.16), one can directly infer the relative difference between the spectrum of the
SB and the chosen reference blackbody Iref = Bν(Tref):

I − Iref

Iref
= g1(x̂ref)∆RJ + g2(x̂ref)

[

∆2
RJ +

〈

δ2
〉]

, (3.27)

where x̂ref = hν/k Tref and we assumed that the contributions of
〈

δ2
〉

· ∆RJ and any higher
moments of both δ and ∆RJ are negligible. Note that g2(x̂ref) = g2(x̂) · [1 + O(∆RJ)] and
therefore g2(x̂ref)

〈

δ2
〉

≡ ∆I/Ī , where ∆I/Ī is given by equation (3.23).
Equation (3.27) shows that the spectral distortion of the SB spectrum with respect to the

some reference blackbody Iref has the following three contributions:

(i) A temperature distortion ∝ ∆RJ. This distortion vanishes if the SB is compared to a
blackbody with temperature Tref = TRJ. Since the y-distortion vanishes in the RJ region
of the CMB spectrum ∆RJ can be directly measured at low frequencies.

(ii) A y-distortion ∝ ∆2
RJ due to the dispersion of the RJ temperature of the SB with re-

spect to the chosen reference temperature. This contribution also vanishes if the chosen
reference blackbody has temperature Tref = TRJ.

(iii) A y-distortion ∝
〈

δ2
〉

due to the dispersion of the temperature T with respect to the RJ
temperature of the SB. Only if the temperature distribution function is a Dirac δ-function,
i.e. when all the blackbodies inside the beam have the same temperature or equivalently
when the angular resolution of the experiment is infinite, this term vanishes. For the SB it
sets the minimal value of the y-parameter for a given temperature distribution function.

Equation (3.27) represents the most general case for the comparison of the SB with any
reference blackbody in the limit of small temperature fluctuations around the temperature
of the reference blackbody. It implies that in this limit the y-distortion arising due to the
comparison of the SB spectrum with some chosen reference blackbody with temperature Tref

is completely determined by the second beam moment and the beam RJ temperature.

3.2.2 Superposition of Planck spectra

Using the results obtained so far, it is possible to generalized the sum of Planck spectra to the
superposition of Planck spectra. This case applies for differential measurements of the CMB,
where we directly compare two identical beams with intensities I1 and I2 and measure the
intensity difference ∆I = I2 − I1. If we want to apply the relation (3.6) to relate ∆I ↔ ∆T
then we have to fix the reference temperature Tref and thereby define the reference blackbody
Iref . During the discussion in Sect. 3.1.2 we used Tref = T (cf. equation (3.7)) but in principle
one is free to choose any temperature for which the limit of small spectral distortions is justified,
since ∆I = I2− I1 = I2− Iref + Iref − I1. In the case of the CMB, one will usually set Tref equal
to the whole sky mean temperature T0, but as will be shown below the inferred y-distortion
strongly depends on this choice.

Defining ∆i = (Ti − Tref)/Tref , where Ti are the temperatures of the blackbodies inside the
beam i, and applying formula (3.16) one may obtain

I2 − I1

Iref
= g1(x̂) [∆sup,12 + gy(x̂) · ysup,12] , (3.28)
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with x̂ = h ν/k Tref and

∆sup,12 = 〈∆2〉b,2 − 〈∆1〉b,1 =
T̄b,2 − T̄b,1

Tref
(3.29a)

ysup,12 =
1

2

[

〈

∆2
2

〉

b,2
−

〈

∆2
1

〉

b,1

]

, (3.29b)

where 〈X〉b,i denotes the corresponding beam averages and we defined the beam RJ temper-

atures T̄b,i = 〈Ti〉b,i . In equation (3.28) we have neglected the contributions of any higher
moments of ∆i. Here the temperature distortion is directly related to the relative difference of
the RJ temperatures.

The y-parameter ysup,12 can be rewritten using the beam moments
〈

δ2
i

〉

b,i
, with δi = (Ti −

T̄b,i)/T̄b,i and defining ∆ref,i = 〈∆i〉b,i = (T̄b,i − Tref)/Tref :

ysup,12 =
1

2

[

〈

δ2
2

〉

b,2
−

〈

δ2
1

〉

b,1

]

+
1

2

[

∆2
ref,2 −∆2

ref,1

]

+O(
〈

δ2
i

〉

b,i
·∆ref,i) . (3.30)

The difference of the beam moments
〈

δ2
i

〉

b,i
does not depend on the chosen reference temper-

ature Tref and therefore always leads to the same contribution

yb =
1

2

[

〈

δ2
2

〉

b,2
−

〈

δ2
1

〉

b,1

]

(3.31)

to the inferred y-parameter. In the limit of high angular resolution it vanishes. For the second
term in (3.30) (∝ ∆2

ref,2 −∆2
ref,1) one finds

y12(Tref) =
1

2

[

∆2
ref,2 −∆2

ref,1

]

= ∆sup,12 ·∆RJ , (3.32)

with ∆RJ = (TRJ−Tref)/Tref and TRJ = (T̄b,1 + T̄b,2)/2. This contribution to the total inferred
y-parameter, ysup,12(Tref) = yb + y12(Tref), depends on the choice of Tref . Here it becomes clear
that setting Tref ≡ TRJ, i.e. to the average RJ temperature of the sum of both beams, only the
difference of the second beam moments leads to a y-distortion. Let us note here that equation
(3.27) is a special case of (3.28), where beam 1 has no contribution of the beam moment

〈

δ2
1

〉

b,1
,

i.e. where the beam spectrum is a blackbody with temperature T̄b,1, and where Tref = T̄b,1.

Dependence on the reference temperature

Here we want to clarify some aspects of the dependence of the inferred y-parameter on the
chosen reference temperature. If we assume that yb � 1 and T̄b,2 > T̄b,1, we can find the
reference temperature at which the total y-distortion vanishes:

Ty=0 =
T̄b,1 + T̄b,2

2

[

1 +
T̄b,1 + T̄b,2

T̄b,2 − T̄b,1
· yb

2

]

. (3.33)

In the limit of high angular resolution (yb = 0) we find that Ty=0 = TRJ. One encounters this
situation in differential measurements of the CMB brightness between two points on the sky.
For T̄b,2 > T̄b,1 and yb > 0 the reference temperature at which the y-distortion vanishes is
always positive and also the temperature distortion corresponding to the first term in equation
(3.28) is positive. Then for the inferred y-distortion the following three regimes can be defined:
(i) for Tref < Ty=0 the inferred y-distortion is positive, (ii) for Tref = Ty=0 per definition there
is no y-distortion up to the first order in yb and (iii) for Tref > Ty=0 the inferred y-distortion
is negative even though T̄b,2 > T̄b,1. This shows that for the superposition of Planck spectra it
is in general not sufficient to choose the beam intensity with higher RJ temperature as I2 in
order to obtain a positive y-parameter.
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Now we are interested in the change of ∆sup,12 and ysup,12, if we change from one reference
temperature Tref to another T ′

ref . For T ′
ref one can again write down an equation similar to

(3.28), where now ∆i = (Ti − Tref)/Tref is replaced by ∆′
i = (Ti − T ′

ref)/T
′
ref and x̂ = hν/k Tref

by x̂′ = hν/k T ′
ref . Using (3.29) and (3.30), we can write

∆′
sup,12 =

T2 − T1

T ′
ref

= ∆sup,12 · [1 + ∆r] (3.34a)

y′sup,12 = y′b + y′12(T
′
ref)

y′
b
≡yb

↓
= yb + ∆′

sup,12 ·∆′
RJ

= yb + ∆sup,12 · [1 + ∆r] · [∆RJ (1 + ∆r) + ∆r] (3.34b)

≈ yb + y12 + ∆sup,12 ·∆r , (3.34c)

with ∆r = (Tref − T ′
ref)/T

′
ref and where prime denotes that the reference temperature T ′

ref was
used. The difference of y-parameters is given by ∆y = y ′

sup,12 − ysup,12 = ∆sup,12 · ∆r. For
Tref = TRJ the contribution y12 = 0. Therfore we can write the inferred y-parameter for any
reference temperature as:

y(Tref) ≈ yb +
T̄b,2 − T̄b,1

T̄b,1 + T̄b,2
· T̄b,1 + T̄b,2 − 2Tref

Tref
. (3.35)

This result describes all the cases discussed previously: If we want to discuss the beam distor-
tions we have to set the reference temperature to TRJ making y ≈ yb. If we are discussing the
y-parameter for the comparison of the SB with some reference blackbody we have T̄b,1 = Tref

resulting in y ≈ yb + ∆2
RJ/2. This implies that in the limit of small spectral distortions the

y-parameter for the superposition of Planck spectra is completely determined by the second
beam moments and the beam RJ temperatures.

3.3 Superposition of two Planck spectra

In order to illustrate the main results obtained in the previous Sect. we now discuss the spec-
tral distortions arising due to the sum and difference of two pure blackbodies with different
temperatures T1 and T2 and the corresponding intensities I1 = Bν(T1) and I2 = Bν(T2) in
the presence of a reference blackbody Iref = Bν(Tref) with temperature Tref . In principle one
can directly apply the results obtained in Sect. 3.2 and easily derive the equations describing
this situation, but in order to check the derivations of the previous Sect. we here choose an
approach starting from the expansion (3.8) taking only the first order corrections into account.
Since the CMB temperature fluctuations are very small this approximation is sufficient.

The results obtained for the sum of two blackbodies apply to the case of an absolute mea-
surement of the CMB sky, where the beam contains only blackbodies with two equally weighted
temperatures. In the limit of narrow beams the results obtained for the difference of two black-
bodies can be directly used to discuss the effects arising in differential measurements. In Sect.
3.7 we will use some of the result of this Sect. in the discussion about cross calibration issues.

3.3.1 Sum of two Planck spectra

We want to describe the difference ∆IS = IS− Iref , as a function of frequency. Here we defined
the sum of the two blackbodies by IS = (I1+I2)/2. The easiest is to first calculate the difference
∆Ii = Ii− Iref since ∆IS ≡ (∆I1 +∆I2)/2. If we define ∆i = (Ti−Tref)/Tref and x̂ = hν/k Tref

we can make use of equation (3.8) and write the relative difference of IS and Iref as

IS − Iref

Iref
≈ x̂ ex̂

ex̂ − 1
·
[

∆1 + ∆2

2
+ gy(x̂) · y1 + y2

2

]

. (3.36)
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Figure 3.4: Dependence of the inferred y-parameter on the chosen reference temperature Tref for two
blackbodies with temperatures T1 = 2.72162 K and T2 = 2.72838 K, corresponding to the minimum and
maximum of the CMB dipole. In this case the mean RJ temperature is TRJ = (T1 + T2)/2 = 2.725 K
and yb = 7.7 · 10−7. — Sum of two blackbodies: total y-parameter as given by (3.37b) (dashed line). —
Difference of two blackbodies: the absolute value |ydif | of the inferred y-parameter as given in equation
(3.40b) (solid line). The dotted vertical lines show the location of Tref = T1 and Tref = T2 respectively.

Here we abbreviated the y-parameters as yi = ∆2
i /2. Defining the RJ temperature TRJ =

(T1 + T2)/2 of the sum of the two blackbodies, the sum of the first order terms and the y-
parameters may be rewritten like

∆RJ =
∆1 + ∆2

2
=

TRJ − Tref

Tref
(3.37a)

ysum =
y1 + y2

2
≈ 1

2

[

∆2
RJ +

(

T1 − T2

T1 + T2

)2
]

. (3.37b)

From this it can be seen that if the reference temperature is set to TRJ the temperature
distortion corresponding to the first term in (3.36) vanishes (∆RJ = 0) and only a minimal
y-distortion with y-parameter

yb =
1

2

[

T1 − T2

T1 + T2

]2

(3.38)

is left. At low frequencies (x̂ < x̂y) this reflects the fact that the sum of RJ spectra is again
a RJ spectrum. Comparing (3.37) to (3.26) one may conclude that yb corresponds to the
contribution of the second beam moment

〈

δ2
〉

to the y-parameter. Comparing (3.38) to (3.24b)
with w1 = w2 = 1

2 confirms this conclusion.
The dependence of the inferred y-parameter on the chosen reference temperature is illus-

trated in Figure 3.4. As mentioned above the y-parameter reaches a minimum for Tref = TRJ.
It is important to note that the minimal value of the y-parameter yb does not depend on the
reference temperature Tref but only on the second beam moment of the temperature distribu-
tion function. Changing Tref from TRJ → Ti the inferred y-parameter monotonically increases
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being a factor of ∼ 2 larger than yb for Tref = Ti. This can be understood as follows: If we set
Tref = Ti we obtain ysum = (T1−T2)

2/4T 2
i ≈ (T1−T2)

2/4T 2
1 +O(∆T 3/T 3

1 ), with ∆T = T1−T2.
Therefore the ratio ysum/yd ≈ (T1 + T2)

2/2T 2
1 ≈ 2.

Outside the region T1 ≤ Tref ≤ T2 the inferred y-parameter increases further. It is in
principle possible to gain large factors in the inferred y-parameter by going very far away
from the RJ temperature of the SB, but at some point next order corrections will become
important and therefore limit Tref to the region where the approximation of small spectral
distortions is still valid. For the CMB the most natural choices of the reference temperature
are the whole sky mean temperature T0 and the maximum or minimum of the CMB dipole.
For the SB the inferred y-parameter varies from y ∼ 7.7 ·10−7 for Tref = T0 to y ∼ 1.5 ·10−6 for
Tref = T1. The behavior of the inferred y-parameter shows that in order to minimize the arising
spectral distortion for absolute measurements it is important to use an internal calibrator with
temperature close to the beam RJ temperature TRJ.

In the limit T1 → T2 we are in principle comparing one pure Planck spectrum with a
reference blackbody. This case applies for an absolute measurement of the CMB sky in the
limit of very narrow beams. In this case it follows that yb → 0 and in addition ysum → 0 for
Tref = TRJ. Except for some changes in scales the behavior of the curve shown in Fig. 3.4 is
unaffected.

3.3.2 Difference of two Planck spectra

Since ∆I = I2 − I1 ≡ ∆I2 −∆I1, where ∆Ii = Ii − Iref , applying equation (3.8) one can easily
find

I2 − I1

Iref
≈ x̂ ex̂

ex̂ − 1
·
[

∆2 −∆1 + gy(x̂) · (y2 − y1)
]

. (3.39)

Again it is possible to simplify the difference of the first order terms and the y-parameters
leading to

∆12 = ∆2 −∆1 =
T2 − T1

Tref
(3.40a)

ydif = y2 − y1 = ∆12 ·∆RJ , (3.40b)

where ∆RJ = (TRJ − Tref)/Tref and TRJ = (T1 + T2)/2. For the difference of two Plancks the
temperature distortion does not vanish for any choice of the reference temperature (see equation
(3.40a)), whereas the y-distortion changes sign at Tref = TRJ. As mentioned earlier, this shows
that for the difference of two Planck spectra in order to obtain a positive y-parameter it is
in general not sufficient to choose the intensity with higher RJ temperature as I2. Comparing
(3.40) to (3.29a) and (3.32) and keeping in mind that both beam moments

〈

δ2
i

〉

b,i
= 0 shows

the equivalence of both approaches. In Figure 3.4 the dependence of the absolute value of the
inferred y-parameter on the chosen reference temperature is shown. At Tref = Ti the inferred
y-parameter for the difference of two blackbodies is 2 times larger than in the case of the sum,
(|ydif |/ysum)|Ti

∼ 2.
As in the case of the sum of two Plancks for Tref outside the region T1 ≤ Tref ≤ T2 the

inferred y-parameter increases strongly. Again there is a limit set by the approximations of
small spectral distortions. The behavior of the inferred y-parameter shows that in order to
minimize the spectral distortion arising in differential measurements it is important to choose
a reference temperature close to the RJ temperature of the observed region.

3.4 Spectral distortions due to the CMB dipole

The largest temperature fluctuation on the observed CMB sky is connected with the CMB
dipole. Its amplitude has been accurately measured by Cobe/Firas [51]: ∆Td = 3.381 ±
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0.007mK, corresponding to ∆T/T ∼ 0.2% on very large angular scales. Assuming that it is
only due to the motion of the solar system with respect to the CMB rest frame it implies a
velocity of v = 372± 1 km/s in the direction (l, b) = (264.14◦ ± 0.15◦, 48.26◦ ± 0.15◦). In order
to understand the spectral distortions arising due to the dipole, we start with the direction
dependent temperature of the CMB, neglecting any intrinsic anisotropy:

T (µ) =
T0

γ[1− β µ]
(3.41a)

β�1

↓≈ T0

[

1− β2

6
+ β µ + β2

(

µ2 − 1

3

)]

. (3.41b)

Here we introduced the abbreviation µ = cos θ, with θ being the angle between the direction
of v and the location on the sky. T0 denotes the intrinsic CMB temperature, β = v/c is the
velocity in units of the speed of light and γ = 1/

√

1− β2 is the corresponding Lorentz factor.
The whole sky mean RJ temperature is given by

T̄f =
T0

2γβ
ln

[

1 + β

1− β

] β�1

↓≈ T0

[

1− β2

6

]

, (3.42)

where ’f’ denotes full sky average temperature. Equation (3.42) implies that due to the motion
of the solar system relative to the CMB rest frame the observed whole sky mean RJ temperature
is ∆T = 0.70µK less than the intrinsic temperature T0. The measured value of the whole sky
mean temperature as given by the Cobe/Firas experiment [51] is T0 = 2.725 ± 0.001K.
Therefore this difference is still ∼ 1000 times smaller than the current error bars and far from
being measured.

Below we now discuss the spectral distortions arising due to the CMB dipole in the context
of finite angular resolution. Since only the second moment of the temperature distribution is
important, we will use the second order expansion of T (µ) in β as given in equation (3.41b).
In the last part of this section we show that starting with equation (3.41a) all the results of
this section can also be directly obtained by expansion of the blackbody Bν(T (µ)) in terms of
small β. This shows the equivalence of both approaches. Nevertheless, the big advantage of the
treatment developed in Sect. 3.2 is that it can be applied to general temperature distributions
and that the source of the y-distortion can be directly related to the second moment of the
temperature distribution.

3.4.1 Whole sky beam spectral distortion

Defining δ = [T (µ)− T̄f ]/T̄f , where T̄f is given by equation (3.42), the full sky moments can be
calculated by the integrals

〈

δk
〉

f
= 1

2

∫ 1
−1 δ(µ)k dµ. The first three moments may be found as

〈

δ0
〉

f
= 1,

〈

δ1
〉

f
= 0 (3.43a)

〈

δ2
〉

f
=

4β2γ2

Ξ2
− 1

β�1

↓≈ β2

3
+O(β4) , (3.43b)

where Ξ = ln
[1+β

1−β

]

. With βd = ∆Td/T0 = 1.241 ·10−3 one finds:
〈

δ2
〉

f
= 5.1 ·10−7. This implies

a full sky y-distortion with

yd =
β2

d

6
≈ 2.6 · 10−7 , (3.44)

which is currently ∼ 60 times below the Cobe/Firas upper limit. This distortion translates
into a temperature difference of ∆T = 0.7 · gy(x̂)µK. The exact behavior of gy(x̂) is shown in
Fig. 3.2. We have checked that deviations from a y-distortion will become important only at
extremely high frequencies (x̂ ≥ 360).
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Here we want to note that this full sky distortions arises due to the existence of the dipole
anisotropy. In absolute measurements of the CMB yd places a lower limit on the full sky y-
parameter (see Sect. 3.2.1).

3.4.2 Beam spectral distortion due to the CMB dipole

Here we are interested in the angular pattern of the y-distortion induced by the SB over the
dipole for an observation with a finite angular resolution and in particular in the location of the
maximal y-distortion, when we compare the beam flux at different frequencies to a reference
blackbody with beam RJ temperature. To model the beam we use a simple top-hat filter
function

W (θ′) =

{

1 for θ′ ≤ θr,

0 else,
(3.45)

where the z′-axis is along the beam direction1 and θr is the radius of the top-hat in spherical
coordinates.

The kth moment of some variable X over the beam is then given by the integral

〈

Xk
〉

r
=

1

2π (1− µr)

2 π
∫

0

1
∫

µr

Xk dµ′ dφ′ , (3.46)

where ’r’ denotes beam average for a top-hat of radius θr and µr = cos θr. Defining µ0 = cos θ0

and using

µ = µ0 · µ′ + cos(φ′ − φ0) sin(θ0)
√

1− µ′2 , (3.47)

one can calculate the beam averages of the dipole and quadrupole anisotropy

〈µ〉r = ζ+ µ0 (3.48a)
〈

µ2 − 1

3

〉

r

= µr ζ+

(

µ2
0 −

1

3

)

, (3.48b)

where we introduced the abbreviation ζ± = 1±µr

2 . These equation will be very useful in all the
following discussion.

Using formula (3.41b) and equations (3.46) and (3.48) the mean RJ temperature inside the
beam in some direction (φ0, θ0) relative to the dipole axis is given as

T̄r = T0

[

1− β2

6
+ β ζ+ µ0 + β2 µr ζ+

(

µ2
0 −

1

3

)]

. (3.49)

The position of the maximum and minimum is, as expected, at θ0 = 0 and θ0 = π respectively.
Now the second moment of δ = [T (µ)− T̄r]/T̄r inside the beam can be derived as:

〈

δ2
〉

r

βd�1

↓≈ β2
d

3
·
[

1 + ζ+ − 3 ζ+

(

µ2
0 −

1

3

)]

ζ− , (3.50)

where up to second order in β only the CMB dipole contributes and we have set β ≡ βd. The
corresponding y-parameter

yr = yd ·
[

1 + ζ+ − 3 ζ+

(

µ2
0 −

1

3

)]

ζ− , (3.51)

1Prime denotes coordinates with respect to the system S′ where the z′-axis is defined by the direction of the
beam.
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Figure 3.5: Angular distribution of yr as given by equation (3.51) for θr = 20◦. The maximal spectral
distortion is expected to appear in a ring perpendicular to the dipole axis and in this case has a value
yr,max = 2.3 · 10−8. The minimal y-parameter has a value of y = 2.4 · 10−10 and is located around the
maximum and minimum of the dipole. The galactic plane was cut out using the kp0-mask of the Wmap
data base.

has a monopole and quadrupole angular dependence. As expected it vanishes for high angular
resolution (ζ− → 0). In Fig. 3.5 the angular distribution of yr for θr = 20◦ is illustrated. The
maximum lies in a broad ring perpendicular to the dipole axis, which even without taking the
galaxy into account covers a large fraction of the sky. In the shown case, the maximal value of
the y-parameter is approximately yr,max ∼ yd/10.

Using equation (3.50) the position of the maximum can be found: θ0,max = π
2 . This sug-

gests that the location of the maximal distortion is where the derivative of the temperature
distribution is extremal. The maximal y-parameter is given as

yr,max = yd · [1− µr ζ+] . (3.52)

The dependence of yr,max on the beam radius is shown in Fig. 3.6. For beam radii larger than
θr = 90◦ it follows that yr,max ≥ yd and at θr = 120◦ it is 9/8 times yd. The maximal y-
parameter, yr,max, is a steep function of beam radius: It has values yd/2, yd/3 and yd/10 for
θr = 51.83◦, θr = 40.68◦ and θr = 21.29◦ respectively and vanishes like ∼ 3 θ2

r /4 for high angular
resolution. For θr = 5◦ it is ∼ 6 · 10−3 × yd. This implies that the beam spectral distortions
resulting from the dipole are lower than ∆T/T ∼ 10−9 for experiments with resolution better
than ∼ 10◦. As will be shown later, on this level contributions from the higher multipoles will
start to become important (Sect. 3.5).

3.4.3 Distortion with respect to any Tref

We have seen in Sect. 3.2.1 that the inferred y-parameter for the comparison of the SB with
some reference blackbody with temperature Tref has one contribution from the second beam
moment

〈

δ2
〉

and another due to the dispersion ∆2
RJ of the beam RJ temperature relative to

the temperature of the chosen reference blackbody (cf. equation (3.26b)). Therefore one can
immediately write down the relative difference of the beam intensity and the intensity of the
chosen reference blackbody making use of (3.26), (3.27), (3.49) and (3.50). In the limit θr → 0
we can apply the results obtained in Sect. 3.3.1 for the sum of two blackbodies, if we set
T1 = T2. Here we want to discuss the case Tref = T0 in more detail. For this choice the residual
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Figure 3.6: Dependence of the y-parameter in units of yd = 2.6 · 10−7 on the beam radius θr in degree
for a circular beam: yr for µ0 = ±1 as given by equation (3.51) (dash-dot-dotted), yr,max according to
equation (3.52) (solid). For values −1 < µ0 < 1 the curves lie between these two extremes.

full sky y-distortion (which may be obtained by averaging the intensity data over the whole
sky) is minimal.

Distortion with respect to T0

Now, instead of comparing the spectrum of the SB to a blackbody with beam RJ temperature
T̄r we compare to a blackbody of temperature T0. Then the spectral distortion follows from
equation (3.27) and in addition to the beam moment (3.50) the first two moments of ∆ =
(T̄r − T0)/T0 have to be calculated:

∆1 = −β2
d

6
+ βd ζ+ µ0 + β2

d µr ζ+

(

µ2
0 −

1

3

)

(3.53a)

∆2 =
β2

d

3
ζ2
+ + β2

d ζ2
+

(

µ2
0 −

1

3

)

. (3.53b)

The spectral distortion arising from the SB can now be characterized as follows: (i) At low
frequencies the y-distortion vanishes. The motion of the solar system with respect to the CMB
rest frame induces a temperature dipole (∼ βd) and a temperature monopole and quadrupole
(∼ β2

d) all resulting from the ∆1-term:

∆T

T0

∣

∣

∣

∣

t

= −β2
d

6
+ βd ζ+ µ0 + β2

d µr ζ+

(

µ2
0 −

1

3

)

. (3.54)

In the limit of high angular resolution (ζ+, µr → 1) this is equivalent to the expansion (3.41b).
(ii) A y-distortion is induced which is proportional to the sum ∆2 +

〈

δ2
〉

r
:

∆T

T0

∣

∣

∣

∣

y

=
g2(x̂)

g1(x̂)

[

β2
d

3
+ β2

d µr ζ+

(

µ2
0 −

1

3

)]

. (3.55)
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It has a monopole and quadrupole angular dependence and only arises due to the CMB dipole.
The sum of both contributions mentioned above can be rewritten as

∆T

T0

∣

∣

∣

∣

tot

= ∆−∆2 −
〈

δ2
〉

r
+

g(x̂)

2

[

∆2 +
〈

δ2
〉

r

]

(3.56a)

= −β2
d

2
+ βd ζ+ µ0 +

g(x̂)

2

[

β2
d

3
+ β2

d µr ζ+

(

µ2
0 −

1

3

)]

, (3.56b)

where we used the definition (3.5) for g(x̂). Rewriting the function g2(x̂) in terms of g(x̂) lead to
exact cancellation of the motion-induced temperature quadrupole and changes the temperature
monopole by β2

d/3 (cf. ∆−∆2 −
〈

δ2
〉

r
-term in equation (3.56a)).

In the picture of the SB it is easily understandable that there is no difference in the resulting
spectral distortion whether the dipole anisotropy is intrinsic or due to motion. Therefore, as
was noted earlier by Kamionkowski & Knox [70], it is impossible to distinguish the intrinsic
dipole from a motion-induced dipole by measurement of the frequency-dependent temperature
quadrupole.

Expansion of ∆I/I0 for small β

Here we want to show that the results (3.50) and (3.56) can also be directly obtained starting
with the expansion of the blackbody spectrum with temperature T (µ) for small velocity β and
thereby prove the equivalence and correctness of both approaches. For this, inserting (3.41a)
into the blackbody spectrum (3.2), by Taylor expansion up to second order of β one may find

∆I

I0
= β2 g1(x̂)

[

g(x̂)

3
− 1

2

]

+ β g1(x̂)µ + β2 g1(x̂) g(x̂)

(

µ2 − 1

3

)

. (3.57)

This equation has been obtained earlier by Sazonov & Sunyaev [112] for a cluster of galaxies
moving with respect to the CMB and was later applied by Kamionkowski & Knox [70] to
discuss aspects of the observed CMB dipole and quadrupole. It is valid for a measurement of
the CMB temperature with high angular resolution, where the y-parameter due to the second
beam moment is negligible (y ∼ 10−9 for 10◦ angular resolution).

First we want to calculate the SB in a circular beam and compare it to the blackbody I0

of temperature T0, i.e. we want to derive 〈∆I/I0〉r. Using equation (3.46) and since only µ and
µ2 depend on µ′ and φ′ this integration with (3.48) immediately leads to equation (3.56).

Next we want to derive the spectral distortion relative to the reference blackbody with
beam RJ temperature starting with (3.57). For this we rearrange (3.57) in terms of g1(x̂) and
g2(x̂) leading to

I(x̂) = I0(x̂) · [1 + g1(x̂) · δ0 + g2(x̂) · δ2
0 ] , (3.58)

with δ0 = −β2

6 + β µ + β2
(

µ2 − 1
3

)

. In the RJ limit g1 → 1 and g2 → 0. This immediately
leads from equation (3.58) to TRJ = 〈T0 · [1 + δ0]〉r = T0 · [1+∆], where ∆ is given by equation
(3.53a). Now we replace x̂ = h ν/k T0 = (h ν/k TRJ) · TRJ/T0 = x̂∗ · [1 + ∆] in equation (3.58)
and expand in second order of ∆ obtaining:

I(x̂∗) = I∗(x̂∗) ·
[

1 + g1(x̂∗) · (δ0 −∆ + ∆2 − δ0∆) + g2(x̂∗) · (δ2
0 + ∆2 − 2 δ0∆)

]

, (3.59)

with I∗(x̂∗) = Bν(TRJ). Since only δ0 depends on µ′ and φ′ we may perform the beam averages
using equations (3.46) and (3.48). This is equivalent to replacing δ0 → ∆ and δ2

0 →
〈

δ2
0

〉

r
in

equation (3.59). Therefore this leads to

I − I∗
I∗

= g2(x̂∗) · [
〈

δ2
0

〉

r
−∆2] . (3.60)
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Inserting equation (3.53b) and

〈

δ2
0

〉

r
=

β2

3
+ β2 µr ζ+

(

µ2
0 −

1

3

)

(3.61)

one may obtain
〈

δ2
0

〉

r
−∆2 ≡

〈

δ2
〉

r
, where

〈

δ2
〉

r
is given by equation (3.50) and we made use

of the identities

1− ζ2
+ = [1 + ζ+] ζ− (3.62a)

µr − ζ+ = −ζ− . (3.62b)

Let us note here that since only δ0 depends on µ′ and φ′ we may have calculated the beam
average already from equation (3.58). After expansing in terms of ∆ this would have directly
lead to the result (3.60) without the intermediate step (3.59). This finally shows the complete
equivalence of both approaches.

3.5 Spectral distortions due to higher multipoles

The largest temperature anisotropy on the CMB sky is connected with the CMB dipole which
was discussed in detail above (Sect. 3.4). In what follows here we are only concerned with
spectral distortions arising from multipoles with l ≥ 2. As has been shown above, the spectral
distortions induced by the CMB dipole are indistinguishable from a y-distortion. Since the
typical amplitude of the temperature fluctuations for l ≥ 2 is a factor of ∼ 100 less than the
dipole anisotropy (∆T/T ∼ 10−5), the spectral distortion arising from higher multipoles will
also be indistinguishable from a y-distortion.

Calculations using a realization of the CMB sky

In order to investigate the spectral distortions arising from the multipoles l ≥ 2, we use one
realization of the CMB sky computed with the Synfast code of the Healpix distribution2

given the theoretical Cls for the temperature anisotropies computed with the Cmbfast code3

for the WMAP best fit model [11]. Here we are only interested in the distortions arising from the
primordial CMB anisotropies. Future experiments will have ∼ arcmin resolution. Therefore we
perform our analysis in the domain, l ≤ 3000, corresponding to angular scales with dimensions
θ ∼> 3.6′.

Using the generated CMB maps we extract the temperature distribution function R(T )
inside a circular beam of given radius θr in different directions on the sky. We then calculate
the spectrum and the spectral distortion inside the beam using equation (3.11) and setting
the reference temperature to the beam RJ temperature TRJ =

∫

R T dT . As expected, we
found that the spectral distortions are indistinguishable from a y-distortion with y-parameter
given by equation (3.17). As discussed above this follows from the fact that the temperature
fluctuations for l ≥ 2 are extremely small (∼ 10−5).

In Fig. 3.7 the probability density p(y) for a given aperture is shown. It is defined such
that p(y) dy gives the probability to find a value of the y-parameter in a random direction
on the sky between y and y + dy for a given beam radius. As expected, the average value
〈y〉 increases with aperture radius, while the width of p(y) decreases. For θr ∼> 1 the average
beam y-parameter varies only slowly. In the limit of a whole sky measurement, the y-parameter
converges to yh = 8.33 ·10−10 , which corresponds to the whole sky rms dispersion ∆T ∼ 111µK
of the used realization of the CMB sky. For θr ∼< 1 the beam y-parameter falls off very fast.
As Fig. 3.7 suggests, for θr ∼< 2 − 5◦ the distortions arising due to the dipole are negligible in
comparison to the distortions arising due to higher multipoles.

2http://www.eso.org/science/healpix/
3http://www.cmbfast.org/
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Figure 3.7: Top: Probability density p(y) for different aperture radii: θr = 0.25◦ (solid), θr = 0.5◦

(dashed) and θr = 1.0◦ (dashed-dotted). — Bottom: Dependence of the average y-parameter on the
aperture radius θr in degrees: for the beam spectral distortion (solid) and for the y-parameter resulting
from the dispersion of the beam RJ temperatures in different directions on the sky relative to T0

(dashed). Also shown is the maximal beam spectral distortion arising due to the dipole, yr,max (dotted),
according to equation (3.52).
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Figure 3.8: Top: Cumulative probability p(y ≥ y0) for different aperture radii θr = 0.1◦ (solid),
θr = 0.25◦ (dashed) and θr = 1.0◦ (dashed-dotted). – Bottom: Dependence of the cumulative probability
p(y ≥ y0) on the aperture θr for y0 = 8 · 10−10 (solid), y0 = 9 · 10−10 (dashed) and y0 = 10−9 (dashed-
dotted).
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Figure 3.9: Number of regions on the sky with y ≥ y0 for different aperture radii θr in degree: for
y0 = 8 · 10−10 (solid), y0 = 9 · 10−10 (dashed) and y0 = 10−9 (dashed-dotted).

Figure 3.7 also shows the y-parameter resulting from the dispersion of the beam RJ tem-
peratures in different directions on the sky relative to T0. It drops with increasing beam radius,
because the average beam RJ temperature becomes closer to T0 for bigger beam radius. Look-
ing at the sum of the beam distortion and the distortion due to the dispersion of the beam
RJ temperatures shows that the averaged whole sky distortion is independent of the angular
resolution.

In Fig. 3.8 the cumulative probability of finding a spectral distortion with y ≥ y0 is shown
for different apertures. Fixing the value y0, there is a maximum probability of 2.4% to measure
y ≥ 10−9 for an aperture radius θr ∼ 1◦ during the mapping or scanning of extended regions
of the sky. This corresponds to ∼ 500 sources on the whole sky. In Fig. 3.9 the dependence
of the number of sources with y above y0 for a given radius θr is illustrated. It peaks around
θr ∼ 0.5 degree, corresponding to the first acoustic peak. The maxima of the y-distortion do
not coincide with the maxima of ∆T/T , but that they both should have similar statistical
properties. We expect that the maxima of the y-parameter are there, where the derivatives of
the averaged temperature field are large.

The motion-induced CMB octupole

In section 3.4 we discussed spectral distortions due to the motion of the solar system relative to
the CMB rest frame up to the second order in βd. On the level of y ∼ 10−10− 10−9 third order
corrections ∝ β3

d should also start to contribute. In this order of βd not only the motion-induced
dipole and quadrupole lead to spectral distortions but also terms connected to the products of
the intrinsic dipole and quadrupole with the motion-induced dipole and quadrupole. Here we
now only discuss the motion-induced CMB third order terms.

Expanding (3.41a) up to third order in βd and calculating the beam averaged RJ temper-
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ature for the top-hat beam using (3.46) leads to

T̄r,oct = T̄r + T0 β3
d ζ+

[

1

10
µ0 + (1− 5 ζ+ ζ−) µ0

(

µ2
0 −

3

5

)]

, (3.63)

where T̄r is given by (3.49). In addition to the motion-induced octupole in third order of βd

there also is a correction to the CMB dipole. Now we can also recalculate the second beam
moment leading to a y-parameter of

yr,oct = yd βd ·
[

µ0

(

1 +
7

5
µr

)

− 6µ0

(

µ2
0 −

3

5

)]

ζ+ ζ− , (3.64)

for the third order in βd. The total motion-induced y-parameter is then given by the sum
y = yr + yr,oct, where yr is given by (3.51). As before in the limit θr → 0 the y-parameter
yr,oct vanishes. It has a dipole and octupole angular dependence and reaches a maximal value
of yr,oct ∼ 9.6 ·10−11 in the µ0, θr-plane. Therefore one may completely neglect the contribution
of the second beam moment to the y-parameter. If we consider the third beam moment we find

〈

δ3
〉

r
= 6 yd βd ·

[

−2

5
µ0 + µ0

(

µ2
0 −

3

5

)]

ζ+ ζ2
− . (3.65)

It reaches a maximal value of
〈

δ3
〉

r
/6 ∼ 1.8 · 10−11. Due the strong dependence on θr we may

therefore also neglect any contribution of the third beam moment.

3.6 Spectral distortions induced in differential measurements

of the CMB sky

In Sect. 3.4 we discussed the spectral distortion arising due to the CMB dipole inside a single
circular beam in comparison to a reference blackbody with temperature T0. In this chapter we
address the spectral distortion arising in differential measurements of the CMB fluctuations,
where two beam intensities I1 and I2 are directly compared with each other and the intensity
difference ∆I = I2 − I1 is measured. Since in Sect. 3.5 we have shown that y-distortion arising
due to higher multipoles have corresponding y-parameters y ≤ 10−9, here we are only taking
distortions arising due to the CMB dipole into account. If we assume that the both beams are
circular and have the same radius θr (see Fig. 3.10), we may define the beam RJ temperatures
as T̄r,1 and T̄r,2, where T̄r,i of each beam is given by equation (3.49). Now, defining the reference
blackbody I∗ = Bν(T∗) with temperature Tref = T∗ using equations (3.6) and (3.28) we find
for the inferred temperature difference at frequency x̂∗ = hν/k Tref

∆T (x̂∗)

T∗
= ∆r,12 + yr,12 · gy(x̂∗) , (3.66)

where we have introduced the abbreviations

∆r,12 =
T̄r,2 − T̄r,1

T∗
(3.67a)

yr,12 = yb,r + yref (3.67b)

yref =
T̄r,2 − T̄r,1

T̄r,1 + T̄r,2
· T̄r,1 + T̄r,2 − 2T∗

T∗
. (3.67c)

Using equation (3.51), the difference of the beam y-parameters yb,r = yr(µ2) − yr(µ1) can be
written as

yb,r = −3 yd ∆µ [2µ1 + ∆µ] ζ+ ζ− , (3.68)
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Figure 3.10: Illustration of a differential observing strategy: The maximum of the dipole lies in the
direction of the z-axis. Both observed patches have the same radius θr and the observed intensity
difference is ∆I = I2 − I1.

where µi = cos θi, ∆µ = µ2 − µ1 and θi is the angle between the dipole axis and the beam i.
Here it is important to note that in the case ∆µ = 2, i.e. when we are comparing the maximum
and minimum of the CMB dipole yb,r ≡ 0, since both beams have the same shape and size. In
this case we are directly dealing with the difference of two blackbodies with temperatures T̄r,i

and we may apply the results obtained earlier in Sect. 3.3.
Now one can write for the relative temperature difference of the two beams at two frequency

x̂∗,1 and x̂∗,2, with x̂∗,2 > x̂∗,1 and x̂∗,i = hνi/k T∗ as

∆∆ =
∆T (x̂∗,2)−∆T (x̂∗,1)

T∗
= yr,12 · [gy(x̂∗,2)− gy(x̂∗,1)] . (3.69)

If we assume that x̂∗,1 � 1, i.e. for a measurement in the RJ region of the CMB spectrum,
then we can approximate gy(x̂∗,1) ≈ x̂2

∗,1/6. For estimates we will assume that gy(x̂∗,1) = 0.
On the CMB sky the most natural choices for the reference temperature is the full sky

mean temperature T0 and the temperature of the maximum or the minimum of the CMB
dipole anisotropy, whereas the last two are equivalent. Below we now discuss the dependence of
the inferred y-parameter on the angle between the beams for these two choices of the reference
temperature. In the limit θr → 0 we can apply the results obtained in Sect. 3.3.2 for the
difference of two blackbodies.

Case T∗ = T0

In this case, making use of equation (3.49) and (3.67c) one may find

yref,0 = 3 yd ∆µ [2µ1 + ∆µ] ζ2
+ +O(β3

d) . (3.70)

Using the beam y-parameter yb,r as given in equation (3.68) we find for the corresponding total
inferred y-parameter

yA,0 = 3 yd |µr ζ+ ∆µ · [2µ1 + ∆µ]|+O(β3
d) . (3.71)

The largest values of the y-parameter in the µ1,∆µ-plane are obtained for the combinations
(µ1,∆µ) = (0, 1), (0,−1), (1,−1), (−1, 1). In these optimal cases it follows

yA,0,opt = 3 yd ζ+ |µr|+O(β3
d) . (3.72)

The dependence of yA,0,opt on the radius of the beam is shown in Fig. 3.11. The distortion does
not vanish for high angular resolution (θr → 0) and the maximum is 3 times bigger than yd.
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Figure 3.11: Dependence of the y-parameter in units of yd = 2.6 · 10−7 on the beam radius θr in
degree for differential measurements: yA,0,opt as given by equation (3.72) (dashed/left ordinate), yA,1,opt

as given by equation (3.75) (solid/right ordinate) and yA,2,opt as given by equation (3.76) (dotted/left
ordinate) .

The corresponding absolute temperature difference in some of the Planck frequency channels
are given in Table 3.1. For θr = π/2 the y-distortion vanishes.

Let us note here that in the case ∆µ = 2, i.e. when we are directly comparing the maximum
and the minimum of the CMB dipole, the spectral distortion vanishes. This can be understood
as follows: As was argued in Sect. 3.2.2, if the chosen reference temperature is equal to Ty=0

as given by equation (3.33) the total y-parameter is zero. For µ1 = −1 and µ2 = 1 the beam
moments

〈

δ2
i

〉

r,i
are both equal and therefore do not contribute to the total inferred y-parameter

(3.67b). In this case we obtain Ty=0 = TRJ = (T̄r,1 + T̄r,2)/2 = T0 +O(β2
d). Therefore, consistent

in the second order of βd the total inferred y-parameter vanishes. This conclusion can also be
directly drawn from equation (3.35).

Case T∗ = T̄r,1

In this case, again making use of equation (3.49) and (3.67c) one may find

yref,1 = 3 yd ∆µ2 ζ2
+ +O(β3

d) . (3.73)

Now using equation (3.68) we may write the total inferred y-parameter as

yA,1 = 3 ydζ+ |∆µ · [µr µ2 − µ1]|+O(β3
d) . (3.74)

The largest values of the y-parameter in the µ1,∆µ-plane are obtained for the combinations
(µ1,∆µ) = (1,−2) and (−1, 2). In these optimal cases the y-parameter is

yA,1,opt = 12 yd ζ2
+ +O(β3

d) . (3.75)

For high resolution (ζ+ → 1) we can obtain yA,1,opt directly as the difference of two Planck
spectra with temperature corresponding to the maximum T2 and the minimum T1 of the dipole
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using (3.40b) with Tref = T1. In this case we directly get 1
2 [(T2 − T1)/T1]

2 = 2β2
d = 12 yd. As

will be discussed later this way of comparing the maximum and minimum of the CMB dipole
should open a way to cross calibrate the frequency channels in future experiments with full sky
coverage to very high precision (Sect. 3.7).

The dependence of yA,1,opt on the beam radius is shown in Fig. 3.6. As in the previous case,
the y-distortion does not vanish for high resolution (θr → 0) and in the maximum it is even 12
times bigger than yd, corresponding to yopt = 3.1 · 10−6. This is only ∼ 5 times below the cur-
rent upper limit on the mean y-parameter given by Cobe/Firas. The corresponding absolute
temperature difference in some of the Planck frequency channels are given in Table 3.1.

Another case may be interesting for CMB missions with partial sky coverage, but which
have access to the maximum or the minimum of the dipole (µ1 = ±1) and a region in the
directions perpendicular to the dipole axis (µ2 = 0): Using (3.74) with (µ1,∆µ) = (±1,∓1)
one obtains

yA,2,opt = 3 yd ζ+ +O(β3
d) . (3.76)

In this case the amplitude is comparable to yA,0, but the dependence on the beam radius θr is
much weaker (see Fig. 3.6).

3.7 Cross Calibration of frequency channels

The cross calibration of the different frequency channels of CMB experiments is crucial for the
detection of any frequency-dependent signal. As has been mentioned earlier usually the dipole
and its annual modulation due to the motion of the earth around the sun is used for calibration
issues. The amplitude of the dipole is known with a precision of ∼ 0.3% on a level of ∆T ∼mK.
But the sensitivities of future experiments will be significantly higher than previous missions
and request a possibility for cross calibration down to the level of tens of nK.

In this Sect. we now discuss two alternative ways to cross calibrate the frequency channels
of future CMB experiments. Most importantly we show that making use of the superposition
of blackbodies and the spectral distortions induced by the CMB dipole should open a way to
cross calibrate down to the level necessary to detect signals from the dark ages as proposed by
Basu et al. [9].

3.7.1 Calibration using clusters of galaxies

It is obvious that the brightest relaxed clusters of galaxies on the sky open additional way
to cross calibrate the different frequency channels of future CMB experiments like Planck
and ground based experiments like Act. The CMB signal of the majority of rich clusters
has a very distinct y-type spectrum due to the thermal SZE. Multi-frequency measurements
allow one to determine their y-parameters and thereby open a way to use them as sources for
cross calibration. This cross calibration will then enable us to detect the effects of relativistic
correction for very hot clusters and thereby to measure the temperatures of clusters independent
of X-ray observations.

Clusters such as Coma, where existing X-ray data provide excellent measurements of the
electron densities and temperatures inside the cluster and where we know the contamination
of the CMB brightness by radio-sources and the dust in galaxies very well, even may be used
for absolute calibration of CMB experiments. For the Coma cluster today X-ray data allow us
to predict the CMB surface brightness with precision of the order of a few percent.

Due to the redshift independence of the SZ signal, distant clusters have similar surface
brightness but much smaller angular diameters. Therefore they are good sources for calibration
issues for experiments covering only limited parts of the sky and having high angular resolution
like Act (for example Act is planing to investigate 200 square degree of the sky [77]).
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One disadvantage of clusters for cross calibration purposes is that they are too bright:
Typically clusters have y-parameter of the order of ∼ 10−5− 10−4 and therefore are only a few
times weaker than the temperature signal of the CMB dipole (∼ 3mK). In comparison to the
level of calibration and cross calibration achieved directly using the dipole this is not much of
an improvement.

In addition planets or galactic and extragalactic radio-sources might serve for cross calibra-
tion purposes, if we know their spectral features with very high precision. Quasars and Active
Galactic Nuclei are not good candidates for this issue, since they are highly variable in the
spectral band of interest.

3.7.2 Cross calibration using the superposition of blackbodies

All the sources mentioned in Sect. 3.7.1 do not allow us to cross calibrate down to the level
of the sensitivity of future CMB experiments and do not enable us to detect signals from the
dark ages as predicted by Basu et al. [9]. Therefore here we want to discuss a method to cross
calibrate the frequency channel using the spectral distortions induced by the CMB dipole (see
Sect. 3.4). These spectral distortions can be predicted with very high accuracy on a level of
∼ µK. This is ∼ 1000 times lower than the dipole signal and should therefore allow us the cross
calibration to a very high precision.

Each CMB experiment measures the fluctuations of the CMB intensity on the sky. Due to
the nature of the physical processes producing these fluctuations at each point they are related
to the fluctuations of the radiation temperature. In a map-making procedure the measured
fluctuations in the intensity are translated into the fluctuations in the radiation temperature.
Usually the aim of any map-making procedure is to reduce statistic and systematic error in
order to obtain a clean signal from these CMB temperature fluctuations. As has been discussed
in Sects. 3.2 the superposition of blackbodies with slightly different temperature in the second
order induces y-distortions in the inferred temperature differences. The amplitude of these
distortions depends on the temperature difference and the chosen reference temperature. In
Sects. 3.4 and 3.6 it has been shown that due to the two basic observing strategies, absolute

and differential measurements, the dipole can induce y-distortions with y-parameters up to
y ∼ 10−6. It was also shown in Sect. 3.5 that contributions from higher multipoles are much
smaller (y ∼ 10−11 − 10−9).

The y-distortions induced by the dipole can contaminate the maps produced in the map-
making procedure on a level higher than the sensitivity of the experiment. Therefore it is
important to chose the map-making procedure such that spectral distortions are minimized.
The discussion in Sects. 3.3 has shown that for this purpose in absolute measurements of the
CMB sky it is the best to choose the temperature of the reference blackbody close to the beam
RJ temperature. This implies that for CMB experiment the best choice for the temperature of
the internal calibrator is the full sky mean temperature T0. In order to minimize the spectral
distortions arising due to the superposition of blackbodies in differential measurements the best
choice for the reference temperature used to relate the intensity difference maps to the temper-
ature difference maps is the RJ temperature of the combined temperature distribution of both
beams. This optimal reference temperature will be time dependent due to the various scanning
strategies and orientations of the spinning axis relative to the dipole during observations.

The purpose of this Sect. is not to discuss the details about map-making procedures but
to show that there are ways to manipulate these CMB maps in order to make the spectral
distortions arising due to the superposition of blackbodies become useful for cross calibration
purposes. As the discussion in Sect. 3.3 has shown, for this issue it is better to move Tref as
far as possible away from T0. The optimal choice of Tref depends on the sensitivity of the
experiment and on the observing strategy: For absolute measurements Tref should be as close
as possible to T0 in order to minimize the induced y-distortions but on the other hand it
should be chosen such that the induced y-distortion due to the CMB dipole is still measurable
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Table 3.1: y-distortion: ∆T = Tref · y in µK for y as given in the left column in some of the Planck
spectral channels. Here yd = 2.6 · 10−7, yopt,0 = 3 yd and yopt = 12 yd.

Center of channels [GHz]

νc 30 44 70 100 143 217 353

yd 0.03 0.07 0.17 0.34 0.67 1.39 2.97
yopt,0 0.10 0.21 0.52 1.03 2.01 4.18 8.90
yopt 0.39 0.83 2.07 4.13 8.05 16.71 35.56

within the sensitivity of the experiment. But in principle there is no strong constraint, since
the induced y-distortions can again eliminated afterwards. For differential measurements it is
possible to chose the optimal reference temperature for calibration issues independent of the
best map-making reference temperature, but here it is important to compare regions on the
sky with maximal temperature difference, i.e. with maximal angular separation in the observed
field. Below we now separately discuss CMB experiments using differential measurements with
full and partial sky coverage in more detail.

Full sky CMB surveys

For full sky missions like Planck the regions with maximal temperature difference are located
around the extrema of the CMB dipole. Using equation (3.74) we see that they correspond
to ∆µ = 2 and the resulting maximal spectral distortion is characterized by yopt = 12 yd =
3.1·10−6, if we set Tref = T̄r,1 or Tref = T̄r,2, i.e. to the maximum or minimum of the temperature
on the CMB sky arising due to the dipole.

One attractive procedure to compare the maximum and minimum of the CMB dipole is to
take the CMB intensity maps of each spectral channel and to calculate the difference between
each map and the map obtained by remapping the value of the intensity I(n) at position n to
the value I(−n) at position −n, i.e rotating the initial map by 180 degrees around any axis,
which is perpendicular to the CMB dipole axis and is crossing the origin or equivalently setting
µ2 = −µ1 in equation (3.66).

Afterwards these artificial intensity maps for each spectral channel are converted into tem-
perature maps using equation (3.6) and setting the reference temperature at each point to
T∗(n) = T̄r,1(n) of the intrinsic map. Neglecting the contributions from intrinsic multipoles
with l ≥ 2, the difference map in some frequency channel x̂∗ = hν/k T̄r,1 will be given by

∆T (x̂∗, ~n)

T̄r,1(~n)
= −2βd ζ+ µ + 2β2

d ζ2
+ µ2 + 12 yd ζ2

+ µ2 · gy(x̂∗) , (3.77)

where we used the definition (3.4) for gy(x̂). This shows that the artificial maps will contain a
frequency-independent temperature dipole component with twice the initial dipole amplitude
and a monopole and quadrupole y-distortion resulting from the second term in (3.77). The
maxima of the spectral distortion will coincide with the extrema of the CMB dipole.

Now, using the artificial map of the lowest frequency channel as a reference and taking the
differences between this reference map and the artificial maps in higher spectral channels we
can eliminate the frequency-independent term corresponding to twice the dipole in equation
(3.77). This then opens a way to cross calibrate all the channels to very high precision, since
the quadrupole component in these artificial maps will be larger in higher spectral channels,
following the behavior of gy with x̂.

The signal will include both statistical and systematic errors for the average temperature
of the sky and the dipole amplitude βd. All uncertainties are mainly influencing the frequency-
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independent dipole term but for the frequency-dependent monopole and quadrupole they will
become important only in next order:

T̄1 · β2
d = T̄1,0 β2

d,0 (1±∆T ) · (1±∆β)2

= T̄1,0 β2
d,0 [1± 2∆β ±∆T ] +O(∆β ·∆T ) , (3.78)

where T̄1,0 is the correct value of the temperature at a given point on the sky, βd,0 is the correct
dipole amplitude and ∆T and ∆β are their corresponding relative uncertainties. This implies
that all the corrections to the frequency-dependent terms are at least 1000 times smaller than
the signal we are discussing here. On this level correction due to higher order moments might
become important, but their contributions will be less than 1%. This means that y-distortion
on a level of 10µK can be predicted with ∼ 100 nK precision.

Applying the procedure as described above we are adding signals that have statistically
independent noise. Therefore the statistical noise of the artificial maps should be a factor of
2/
√

2 =
√

2 stronger than the initial maps. On the other hand we are increasing the amplitude
of the y-distortion quadrupole by a factor of 12, resulting in strong gain.

The maxima of the quadrupole component in the artificial maps will be rather broad and
correspond to thousands of square degrees on the sky, allowing us to average the signal and
thereby increasing the sensitivity. For a circular beam average the formula (3.77) will be appli-
cable. The statistical sensitivity of the Planck experiment will permit us to find these spectral
distortions in the artificial maps down to the level necessary to detect the effects of reioniza-
tion as discussed by Basu et al. [9]. Applying the above procedure to the 33GHz and 93GHz
frequency channels of Wmap will lead to a maximal temperature difference of ∆T = 3.6µK,
whereas the maximal difference will be ∆T = 35.6µK for the 353GHz channel of Planck (see
Table 3.1). Nevertheless, even in the case of Wmap the very high precision of the experiment
might permit the detection of this quadrupole and thereby open the way to cross calibrate its
different spectral channels.

For Cobe/Firas the proposed method permits us to check the precision of the internal
calibration. The internal calibrator was measured and tested with some finite precision and
there is the possibility that the internal calibration may be better than the precision at which
it was tested. The proposed method has distinct spectral and angular properties, making it
possible to improve the cross calibration of the spectral channels and possibly this will open a
way to further improve the great results this experiment already gave us.

CMB surveys with partial sky coverage

Surveys with partial sky coverage may not simultaneously have access to regions around the
maximum and the minimum of the dipole. Therefore here one should choose two regions in the
accessible field of view such that the mean temperature difference between these regions is as
large a possible. The dependence of the signal on the separation angle has been discussed in
detail in Sect. 3.6.

Before cross calibration all the bright sources detected such as bright clusters of galaxies
and point sources inside the chosen areas should be extracted. Typically the expected amount
of SZ sources will be of the order of a few tens per square degrees with corresponding angular
extensions less than 1′ [see 32, 107]. Afterwards the difference of the signals in the two patches
can be taken and compared to the signals in the other spectral channels.

For example choosing one area centered on the minimum or maximum of the CMB dipole
as a reference (T∗ = T̄r,1) and choosing the second area in the ring perpendicular to the dipole
axis the maximal y-parameter is y = 3 yd ζ+ = 7.7 · 10−7 ζ+ (cf. equation (3.76)). If we instead
set T∗ = T0 we obtain the same maximal y-parameter but a stronger dependence on the beam
radius or size of the regions we average (cf. equation (3.72)). This small example shows that
for any experiment with partial sky coverage a separate analysis of the optimal choice of the
reference temperature and the regions on the sky has to be done.
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3.8 Other sources of spectral distortions

Injection of energy into the CMB prior to recombination leads to spectral distortions of the
background radiation. Given the Wmap best fit parameters, before redshift zth ∼ 2 · 106 all
distortions are efficiently wiped out, whereas energy injection in the redshift range zth > z > zµ,
with zµ ∼ 1.4 · 105, leads to a µ-distortion and injection in the range zµ > z > zrec to a y-
distortion, with zrec ∼ 1090 [126, 66, 25, 59].

As was shown by [118] photon diffusion and thermal viscosity lead to the dissipation of
small scale density perturbations before recombination. This damping of acoustic waves will
contribute to a µ- and y-distortion because it was leading to (i) energy release [126, 45, 60] and
(ii) mixing of photons from regions having different temperatures [142].

Now, the Wmap data implies that the initial spectrum of perturbations is close to a scale-
invariant Harrison-Zeldovich spectrum with spectral index n = 1.03 ± 0.04 [11]. Different esti-
mates for the spectral distortions arising from the dissipation of acoustic waves in the early uni-
verse give a chemical potential of the order of µdis ∼ 2 ·10−7 and y-distortions with ydis ∼ 10−7

[45, 60].
Another contribution to the y-distortion arises from the epoch of reionization [141, 61] and

from the sum of the SZE of clusters of galaxies [83]. The Wmap results for the TE power
spectrum point towards an early reionization of the universe with corresponding optical depth
τre = 0.17 ± 0.04 [73, 121]. Here two main effects are important: (i) The photoionized gas
typically has temperatures T of the order of ∼ 104 K. Therefore the diffuse gas after reionization
will produce a y-distortion in the CMB spectrum with

yre ∼
∫

k T

me c2
dτ ∼ 3 · 10−7 τre

0.17

T

104 K
.

(ii) The motion of the matter induces a y-distortion on the whole sky due to the second order
Doppler effect, with corresponding y-parameter [61], yv = 1

3

∫

σT Ne c
〈

v2
〉

dt, where
〈

v2
〉

is
the velocity dispersion over the whole sky in units of the speed of light. For a CDM model it
is of the order of

yv ∼ 2 · 10−8

(

[zre

10

]1/2
− 1

)

〈

v2
〉

10−5

Ωbh
2

0.0224
.

Since the reionization optical depth is very small, this is one order of magnitude smaller than
yre. If secondary ionization was patchy this will in addition lead to angular fluctuations [110].

All the effects mentioned in this section lead to y-distortions with corresponding y-parameter
in the range y ∼ 10−8− 10−7. As has been shown in Sects. 3.4 and 3.6 the y-distortions arising
due to the CMB dipole are of the same order. For example the CMB dipole induces a full sky
y-distortion with yd = 2.6 · 10−7. Therefore, to measure any of the effects discussed above it is
necessary to take spectral distortions associated with the CMB dipole into account. But since
the angular distribution and the amplitude of these distortions can be accurately predicted
they can be easily extracted. As has been shown in Sect. 3.5 spectral distortions arising from
higher multipoles typically have y ∼ 10−11 − 10−9 and therefore do not play an important
role in this context. But even for these distortions the locations and amplitudes can be ac-
curately predicted with measured CMB maps and therefore offer the possibility to eliminate
these distortions from the maps.

3.9 Summary

We have discussed in detail the spectral distortions arising due to the superposition of blackbod-
ies with different temperatures in the limit of small temperature fluctuations. The superposition
leads to y-distortion with y-parameter yS =

〈

δ2
〉

/2, where
〈

δ2
〉

denotes the second moment
of the temperature distribution function, if the difference in temperatures is less than a few
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percent of the mean RJ temperature. We have shown that in this limit even comparing to pure
blackbodies leads to a y-distortion.

The results of this derivation were then applied to measurements of the CMB temperature
anisotropies with finite angular resolution and in particular to the CMB dipole and its associ-
ated spectral distortions, but in principle the method developed here can be applied whenever
one is dealing with the superposition of blackbodies with similar temperatures. We have shown
that taking the difference of the CMB intensities in the direction of the maximum and the
minimum of the CMB dipole leads to a y-distortion with y-parameter yopt = 3.1 · 10−6. This
value is 12 times higher than the y-type monopole, yd = 2.6 · 10−7. Since the amplitude of this
distortion can be calculated with the same precision as the CMB dipole, i.e. 0.3% today [51],
it may open a way to use it for calibration issues.

We discussed another possibility to check the zero levels of different frequency channels
by observing the difference of the brightness in the direction of the dipole maximum and in
the direction perpendicular to the dipole axis: The dipole-induced spectral distortion in this
case is 4 times weaker than for the difference of the maximum and minimum and corresponds
to y ∼ 7.7 · 10−7. Nevertheless, it is still 3 times stronger than the dipole-induced whole sky
y-distortion with y-parameter yd.

The value of yopt is only 5 times lower than the upper limit on the whole sky y-parameter
obtained by the Cobe/Firas experiment [51] and is orders of magnitudes above the sensitivity
of Planck and Cmbpol in each of their spectral channels. Therefore this signal might become
useful for both cross calibration and even absolute calibration of different frequency channels
of these experiments to very high precision, in order to permit detection of the small signals
of reionization as for example discussed by Basu et al. [9], and to study frequency-dependent
foregrounds with much higher sensitivity. We should emphasize that on this level we are only
dealing with the distortions arising from the CMB dipole as a result of the comparison of
Planck spectra with different temperatures close to the maximum and minimum of the CMB
dipole, i.e. due to the superposition of blackbodies. The distortions are introduced due to the
processing of the data and become most important in the high frequency channels.

The development of the CMB experimental technology is repeating with a 20 year delay the
progress that was made in the astronomical observations with X-ray grazing incidence mirrors
and CCD detectors. Due to the big efforts of many spacecraft teams, the X-ray background
today is resolved to more than 85 % [106]. During the next decade, CMB observers will be
able to pick up all rich clusters of galaxies and all bright y-distorted features connected with
supernovae in the early universe, groups of galaxies and even down to patchy reionization in
the CMB maps. Deep source counts may permit the separation of their contribution to the
y-parameter and in principle might bring us close to the level of the y-distortions mentioned in
Sect. 3.8. As has been argued, at this stage the contributions to the y-parameter arising from
the superposition of Planck spectra with different temperatures corresponding to the observed
CMB temperature fluctuations will be the easiest to separate. Again, the main contribution will
arise from the CMB dipole. On the full sky the corresponding y-parameter will be yd = 2.6·10−7.
But even the distortions arising from the primordial temperature fluctuations with multipoles
l ≥ 2 can lead to distortions of the order of y ∼ 10−9 in significant parts of the sky. In the
future this type of spectral distortion can be taken into account making it possible to enter the
era of high precision CMB spectral measurements.

The main obstacle for measuring and utilizing the effects connected with the superposition
of blackbodies for calibration issues will be the lack of knowledge about both the spectral and
spacial distribution of foregrounds. Given the fast progress in experimental technology and the
increasing amount of data available there may still be a way to separate all these signals in
the future. In any case, for upcoming CMB experiments spectral distortions arising due to the
superposition of blackbodies, the effects of foregrounds and correlated noise should be taken
into account simultaneously and self-consistently.
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Chapter 4

The double Compton process in

mildly relativistic thermal plasmas

In this Chapter the kinetic equation of double Compton emission in an isotropic, mildly rela-
tivistic thermal plasma for arbitrary incoming photon distributions is discussed both numeri-
cally and analytically. With this work we shall obtain the necessary tools to include the effects
of relativistic corrections on the production of photons in the context of the thermalization of
cosmic microwave background (CMB) spectral distortions in the very early universe.

Here temperature corrections up to forth order for the lowest order in the emitted photon
energy are considered. We give two kinds of analytic approximations to the double Compton
emission coefficient at low frequencies: (i) a direct Taylor series expansion in fourth order of
temperature and (ii) an inverse approximation, which utilizes only the first order temperature
correction. We derive these analytic expressions for the double Compton emission coefficient
of incoming monochromatic photons, Planck, Bose-Einstein and Wien spectra and compare
them with the results obtained by a numerical integration of the full Boltzmann collision term
using a Monte-Carlo-method. We show here that combining the direct and inverse formula an
agreement of better than 5 % in a very broad range of temperatures and under various physical
conditions can be achieved.

Furthermore we show that the double Compton emissivity strongly depends on the ratio
of the energies of the incoming photon and electron: For hard photons and non-relativistic
electrons the emission is strongly suppressed as compared to the case of similar photon and
electron energy, whereas in the opposite situation, i.e. relativistic electrons and soft initial
photons, emission is enhanced. For photons and electrons close to thermodynamic equilib-
rium the double Compton emissivity increases less rapid with temperature as compared to the
non-relativistic calculation. Given the importance of double Compton scattering for the ther-
malization of cosmic microwave background spectral distortions after energy release in the early
universe (z > 106) this fact hints to the possibility that the thermalization at high redshifts is
less efficient. We will discuss possible consequences of relativistic corrections in this context in
Chapter 5. The results of the work presented here will be submitted in the near future [36].

4.1 The current understanding of the double Compton process

Double Compton (DC) scattering is the process of the form e+γ0 ↔ e′+γ1+γ2. It corresponds
to the lowest order correction to Compton scattering, with two photons in the outgoing channel
and like thermal Bremsstrahlung (BS) exhibits an infrared divergence at low frequencies.

The full DC scattering squared matrix element and differential cross sections for various
limiting cases were first derived by Mandl & Skyrme [81] and may also be found in Jauch &
Rohrlich [69]. Before the existence of the DC scattering effect was postulated by Heitler &
Nordheim [56] and the expression for the differential cross section in the limit when one of the
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emitted photons is very soft was found by Eliezer [47]. Experimental evidence for the existence
of the effect was obtained by Boekelheide [19] and also Cavanagh [27]. Afterwards the results
of Mandl & Skyrme [81] were confirmed experimentally [134] and even the absolute amplitude
of the DC cross section was measured accurately [87].

The kinetic equation for DC emission and absorption in an isotropic, cold plasma and for
low energy initial photons, i.e. small ω0 = hν0/mec

2, where ν0 is the frequency of the initial
photon γ0, was first derived by Lightman [80] and independently by Thorne [133] using the
soft photon limit. In this approximation it is assumed that one of the outgoing photons (γ1 or
γ2) is soft as compared to the other. Under these assumptions the emissivity of DC increases
like ∝ ω2

0 with photon energy [see 69, Eq. 11-45].

In equilibrium, i.e for thermal electrons of temperature Te and Planckian photons with
temperature Tγ ≡ Te, DC emission is completely balanced by its inverse process, DC absorption.
Including DC and BS emission this equilibrium is reached very fast at low frequencies but the
action of Compton scattering is necessary and very important for the high frequency evolution
of the photon spectrum. It was also realized by Lightman [80] and later again by Pozdnyakov et
al. [101] and Svensson [132] that DC emission in comparison to thermal BS becomes the main
source of soft photons in low density plasmas: let ni be the ion and nγ the photon number
density, then the DC emission dominates over BS when the following criterion is fulfilled:

ni ∼< 10nγ

(

k Te/mec
2
)5/2

. For this estimate the initial photons were assumed to follow a
Wien distribution and have the same temperature as the electrons. Due to the large entropy
(ni/nγ ∼ 10−10) of the universe, at early stages (z ∼> 5 · 105) DC emission becomes very
important for the thermalization of CMB spectral distortions and especially the evolution of
chemical potential distortions after energy release [126, 46, 25, 59]. We will discuss possible
implications of the result obtained here for the thermalization in the next Chapter.

Again assuming cold electrons and soft incident photons but making a priori no assumption
about the emitted photon energy Gould [54] obtained an analytic correction factor for the DC
emission coefficient of monoenergetic initial photons. In his limit the recoil effect is negligible
(i.e. the scattered electrons will carry away momentum but only a tiny amount of energy). Here
we show that for increasing energy of the incident photon the recoil effect becomes especially
important in the high frequency part of the DC emission spectrum. Furthermore, we show that
the low frequency emissivity strongly decreases for larger ω0.

In both approaches mentioned above the electrons were initially at rest, implying that no
Doppler boosting is taking place. As we discuss here, increasing the temperature of the electrons
boosting becomes important leading to Doppler broadening at high and an enhancement of the
DC emission at low frequencies. Previously, temperature corrections to the low frequency DC
emissivity in a mildly relativistic plasma for incoming Wien spectra, again in the soft photon
limit, were given by Svensson [132]. It was shown that in the mildly relativistic case the low
frequency DC emissivity increases significantly slower with temperature. Here we now discuss
temperature corrections to the DC emissivity for arbitrary incoming photon distributions and
derive analytic expressions, which are applicable in a wide range of photon and electron energies
including induced effects.

In addition, until now the evolution of the high frequency initial photon was not discussed in
the literature: due to DC scattering the initial photon is redistributed in energy and therefore
a small correction to the Compton process arises. Here we now take into account the full
evolution equation of the photon phase space density under DC scattering. We also in detail
discuss numerically the DC emission for monochromatic incident photons and derive analytic
approximations for the low frequency DC emissivity. Using these results we discuss the case
of more general incoming photon distributions and derive analytic expressions for the effective

DC Gaunt factor. Using these we show that the redistribution of high frequency photons by
DC scattering, at least in the cosmological context, is not important. Therefore we then focus
on the analytic description of the low frequency emission for incoming photons with Planck,
Bose-Einstein and Wien spectra. Note that in the following we use h = c = k = 1 throughout.
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4.2 The kinetic equation for DC scattering

4.2.1 General definitions

DC emission is a result of the scattering event between an electron and a photon with an
additional photon in the outgoing channel:

e(P ) + γ(K0) −→ e(P ′) + γ(K1) + γ(K2) .

Here P = (E,p), P ′ = (E′,p′) and Ki = (νi,ki) denote the corresponding particle four-
momenta1. In the following we will call γ(K0) the initial, γ(K1) the scattered and γ(K2) the
emitted photon. It is important to bear in mind that this nomenclature for the photons in
the outgoing channel is arbitrary since they are indistinguishable. It is only motivated by the
classical picture, in which the trajectory of the initial photon can be followed, and when it is
scattered without changing its energy significantly. In this case the emitted photon is very soft as
compared to the initial one and it is possible to distinguish then at least energetically. Quantum-
mechanically it is also possible that ν2 ≥ ν1 meaning that the two photons in principle can
exchange their roles, i.e. the emitted photon, at least energetically, can substitute the scattered

and vice versa. Note that the emission integral as given below takes both photons into account
and therefore has to be regarded as a two-photon emission spectrum.

Reaction channels

In thermodynamic equilibrium DC emission is balanced by the inverse process, DC absorption.
The time evolution of the phase space density of the photon phase space density under DC
emission and absorption can be described by the Boltzmann equation (see Cercignani & Kremer
[29] as reference about the relativistic Boltzmann equation). If we consider the time evolution
of the photon phase space density at frequency ν2, i.e. we focus on the photon γ2(K2), four
reactions lead to a change of the occupation number n(ν2):

γ0 + e→ γ1 + γ2 + e′ (4.1a)

γ0 + e← γ1 + γ2 + e′ (4.1b)

γ2 + e→ γ0 + γ1 + e′ (4.1c)

γ2 + e← γ0 + γ1 + e′ . (4.1d)

The first is the emission of a photon γ2 in the outgoing channel due to the collision of the
initial photon γ0 with an electron. The second is the destruction or absorption of one photon
γ2 by a collision with an electron and another photon γ1. These two reactions where taken into
account in the derivation of the DC kinetic equation by Lightman [80] and Thorne [133].

The third reaction can be considered as the scattering of the photon γ2 out of the phase
space volume and the last reaction is the creation of one photon γ2 out of two. These two
reactions are proportional to the total DC scattering cross section. They effectively lead to
a redistribution of photon in energy rather than a production of new photons. Since for the
reactions (4.1a) and (4.1b) in both directions two possibilities exist (exchange of the roles of
γ1 and γ2) the relative amplitude of these with respect to the others is a factor of 2 bigger. As
mentioned by Mork [89] this leads to a factor of 1

2 in the total DC cross section, which has to
be taken into account in the full Boltzmann equation.

1Henceforth bold font denotes 3-vectors.
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Statement of the Boltzmann equation

Now one can write down the full kinetic equation for the phase space evolution of the photon
field at frequency ν2 as

∂n2

∂t

∣

∣

∣

∣

DC

=
(2π)4

2ν2

∫

dΠdΓ0 dΠ′ dΓ1 ×
{

δ4(P + K0 − P ′ −K1 −K2) · |M|2γ0γ1γ2
Fγ0γ1γ2

− 1

2
δ4(P + K2 − P ′ −K1 −K0) · |M|2γ2γ1γ0

Fγ2γ1γ0

}

. (4.2)

Here the particle phase space volumes have the form

dΠ =
d3p

(2π)32E
dΠ′ =

d3p′

(2π)32E′
dΓi =

d3ki

(2π)32νi
(4.3)

for the electrons and photons correspondingly. The squared matrix element |M|2 = e6 X fol-
lows from quantum electrodynamics. Here e is the electron charge and X is defined in the
Appendix D.1. In the above notation |M|2γ0γ1γ2

and |M|2γ2γ1γ0
indicate that the roles of the

photons γ0 and γ2 were exchanged in the evaluation of |M|2.
Assuming that Fermi blocking is negligible, the statistical factor Fγiγ1γj

, with i 6= j, is given
by

Fγiγ1γj
= f ni[1 + n1][1 + nj]− f ′ n1 nj[1 + ni] , (4.4)

where the abbreviations f = f(p), f ′ = f(p′) for the electron and ni = n(ki) for the photon
phase space densities were introduced. In equation (4.2) the term ∝ Fγ0γ1γ2

corresponds to the
reactions (4.1a) and (4.1b) and the term ∝ Fγ2γ1γ0

accounts for the channels (4.1c) and (4.1d).
Note again the factor of 1

2 in the second term of the integrand of (4.2).
In the following we assume that all the phase space densities are isotropic implying that

they only depend on the energy of the corresponding particle. Furthermore we also assume that
the electrons are non-degenerate, justifying that Fermi blocking was neglected above. In this
case, the electron phase space density may be described by a relativistic Maxwell-Boltzmann
distribution

f(E) =
Ne

4π m3
e K2(1/θe) θe

e−E/meθe , (4.5)

where Ne is the electron number density, such that Ne =
∫

f(E) d3p, and K2(1/θe) is a modified
Bessel function of second kind [1], with θe = Te/me. In the low temperature limit, θe � 1, the
relativistic Maxwell Boltzmann distribution (4.5) can be handled by the expression given in
the Appendix A, which is useful for both analytic and numerical purposes.

To further reduce the Boltzmann collision integral (4.2) one can make use of the δ-functions,
which assure energy and momentum conservation. We first integrate over the momenta of the
scattered electrons d3p′, leading to the substitution

p′ = p + k0 − k1 − k2 (4.6a)

in the whole integrand of the Boltzmann equation (4.2). Note that for the second term of the
integrand in equation (4.2) the 3-momenta k0 ↔ k2 have to be exchanged. Equation (4.6a)
corresponds to the condition for momentum conservation and is complemented by the energy

conservation equation, which as an example can be expressed like

ν1 =
P ·K0 − P ·K2 −K0 ·K2

(P + K0 −K2) · K̂1

. (4.6b)

A similar equation can be obtained for the energy of the emitted photon K2 by the replacement
K2 → K1. Depending on the physical situation, equation (4.6b) can be used to eliminate one
additional variable in Boltzmann collision integral (4.2).
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Below we now discuss two possible ways of preceeding, one leading to a description of the
DC scattering process with standard textbook scattering cross sections, the other leading to the
conditional DC emission kernel, P(ν0 → ν2 | ν1), which describes the DC emission spectrum
in an isotropic plasma for monochromatic initial photons and thermal electrons, with fixed
energy, ν1, of the scattered photons. It turns out that especially for the understanding of DC
scattering the kernel approach provides very useful and interesting insights into the physics of
DC scattering, but for analytic derivation the standard approach is significantly simpler.

4.2.2 Standard approach

After carrying out the integration over the scattered electron momenta, d3p′, the standard
textbook procedure is to further simplify the Boltzmann collision term by integrating over the
frequency of the scattered photon, dν1, in the interval [0,∞). This then, in addition to relation
(4.6a), leads to the substitution (4.6b) in the whole integrand of (4.2). Now, the Boltzmann
equation for the phase space evolution of the photons can be cast into the form

∂n2

∂t

∣

∣

∣

∣

DC

=
1

ν2
2

∫

d3p

∫

d3k0

∫

dΩ1

{

gø0
dσγ0γ1γ2

DC

dΛ
Fγ0γ1γ2

− gø2

2

ν2
2

ν2
0

dσγ2γ1γ0

DC

dΛ
Fγ2γ1γ0

}

, (4.7)

where d3k0 and dΩ1 denote the integration over the initial photon momenta and solid angles
of the scattered photons, respectively. The differential DC scattering cross section in this case
is given by [see 69, Eq. 11-38]

dσ
γiγ1γj

DC

dΛ
=

α r2
0

(4π)2
ν1 νj

gøiγ νi

X

(P + Ki −Kj) · K̂1

. (4.8)

Here we defined the Møller relative speed of the incident electron and photon as gøi = P̂ · K̂i =
1− β µei , with the dimensionless electron velocity β = |v|/c = |p̂| = |p|/E and the directional
cosine µe0 = p̂ · k̂0. Note that in the following an additional hat above 3- and 4- vectors
indicates that they are normalized to the time like coordinate of the corresponding 4-vector.
Furthermore α = e2/4π ≈ 1/137 is the fine structure constant, r0 = α/me is the classical
electron radius and γ = E/me = 1/

√

1− β2 denotes the Lorentz-factor of the initial electron.
One also has to bear in mind that the invariant matrix element has to be evaluated accordingly,
i.e. X(K0,K1,K2) 6= X(K2,K1,K0).

In general the Boltzmann collision integral (4.7) has to be performed numerically, but in
the limit of small temperatures and energies of the initial and emitted photons it is possible to
derive various useful analytic approximations, which we will discuss below.

4.2.3 Kernel approach

In order to obtain the conditional DC emission kernel, P(ν0 → ν2 | ν1), we align the z-axis of
the coordinate system with the direction of the emitted photon K2 and in addition to d3p′

integrate over the directional cosine dµ12 of the scattered photons. In the following we use the
notations µij = k̂i · k̂j and φij for the directional cosines and azimuthal angles between the
photons i and j, respectively. In the same manner we introduce abbreviations for quantities
involving the initial electron and photon i, i.e. µei = p̂ · k̂i and φei for the directional cosines
and azimuthal angles between these particles, respectively.

With these comments the full kinetic equation for the evolution of the isotropic photon
phase space density, n(ν), under DC scattering off relativistic, Maxwellian electrons can be
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cast into the form

∂n2

∂t

∣

∣

∣

∣

DC

=

∫

ν2
0

ν2
2

n0[1 + n1][1 + n2]P(ν0 → ν2 | ν1) dν0 dν1

−
∫

n1 n2[1 + n0]P(ν0 ← ν2 | ν1) dν0 dν1

− 1

2

∫

n2[1 + n0][1 + n1]P(ν2 → ν0 | ν1) dν0 dν1

+
1

2

∫

ν2
0

ν2
2

n1 n0[1 + n2]P(ν2 ← ν0 | ν1) dν0 dν1 , (4.9)

where the abbreviation ni = n(νi) for the isotropic photon phase space density was used. Here
the conditional DC emission kernel is given by

P(νi → νj | ν1) =

∫∫∫

d3p dΩ0 dφ12 gøi
dσ

γiγ1γj

DC

dΛ1
f , (4.10)

where d3p and dΩ0 denote the integration over the momenta of the incident electrons and
the solid angle of the initial photons, respectively. In addition we defined the differential DC
scattering cross section as

dσ
γiγ1γj

DC

dΛ1
=

α r2
0

(4π)2
νj

gøiγ νi

2
∑

k=1

Θ(1− |µk
12|)X

|α1 + α2
µk

12√
1−(µk

12)2
|
, (4.11a)

where Θ(x) is the Heaviside step function, which is unity for non-negative argument but zero
otherwise. Note that here the invariant matrix element X has to be evaluated at µ12 = µk

12 and
also the sequence of photons has to be preserved. Furthermore we introduced the abbreviations

µ1,2
12 =

−α1α3 ± α2

√

α2
1 + α2

2 − α2
3

α2
1 + α2

2

(4.11b)

α1 = ω2 − ω0 µ02 − γβ µe2 (4.11c)

α2 = ω0 cos(φ02 − φ12)
√

1− µ2
02 + γβ cos(φe2 − φ12)

√

1− µ2
e2 (4.11d)

α3 = γ + ω0 − ω2 −
γ [ω0λ0 − ω2λ2]− ω0ω2α02

ω1
, (4.11e)

with the dimensionless photon energy ωi = νi/me, the electron and photon scalars λi = P̂ ·K̂i =
1 − βµei and αij = K̂i · K̂j = 1 − µij. Equation (4.11b) follows as a solution of the energy
conservation equation (4.6b). The corresponding expression in the case when the photons γ0

and γ2 are exchanged can be directly deduced from (4.11b) – (4.11e).

Detailed balance relation

In thermal equilibrium the photon phase space density does not change under DC scattering.
Therefore, making use of the detailed balance principle equation (4.9) leads to the relation

P(νi ← νj | ν1) =
ν2

i

ν2
j

exe,j e∆xe,i ×P(νi → νj | ν1) , (4.12)

where we defined xe,k = ωk

θe
and ∆xe,i = xe,1 − xe,i .
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The relation (4.12) may be used to rewrite the Boltzmann equation (4.9) as

∂n2

∂t

∣

∣

∣

∣

DC

=

∫

ν2
0

ν2
2

P(ν0 → ν2 | ν1) [1 + n0][1 + n1][1 + n2]

×
{

n0

1 + n0
− exe,2 e∆xe,0

n1

1 + n1

n2

1 + n2

}

dν0 dν1

− 1

2

∫

P(ν2 → ν0 | ν1) [1 + n0][1 + n1][1 + n2]

×
{

n2

1 + n2
− exe,0 e∆xe,2

n0

1 + n0

n1

1 + n1

}

dν0 dν1 . (4.13)

In this form it is more suitable for numerical applications. If induced terms are not important
the second term in each curly bracket is negligible and in addition one can drop the factors
[1 + n0][1 + n1][1 + n2].

Interpretation of the kernel

If we consider isotropic and monochromatic initial photons with phase space density, n(ν) =
N0 δ(ν − ν0)/ν

2
0 , where ν0 is the frequency of the initial photons and N0 is their corresponding

isotropic number density, which is assumed to obey N0 � ν2
0 such that induced terms can be

neglected, the Boltzmann equation (4.9) can be written as

∂n2

∂t

∣

∣

∣

∣

m

DC

=
N0

ν2
2

∫

P(ν0 → ν2 | ν1) dν1 −
N0

2

δ(ν2 − ν0)

ν2
0

∫

P(ν2 → ν ′
0 | ν1) dν ′

0 dν1 . (4.14)

In this case for all frequencies ν2 6= ν0 only the DC emission integral contributes to the phase
space evolution of the photons. Here a interpretation of the DC kernel can be directly given:
fixing the frequency ν1 of the scattered photon P(ν0 → ν2 | ν1) is proportional to the total
number of photons emitted per unit time into the frequency interval (ν2, ν2 + dν2). Tuning
the frequency ν2 one obtains the DC emission spectrum of all the initial photons for which the
scattered photons have frequency ν1. This in addition implies that the integral of P(ν0 → ν2 | ν1)
over dν2 is proportional to the total number of photons scattered per unit time into the
frequency interval (ν1, ν1 + dν1), i.e.

∂n1

∂t

∣

∣

∣

∣

m

DC

=
N0

ν2
1

∫

P(ν0 → ν2 | ν1) dν2 . (4.15)

Here it is important to note that in general

P(ν0 → ν2 | ν1) 6= P(ν0 → ν1 | ν2) . (4.16)

Although the matrix element X is fully symmetric under exchange of the photons K1 and K2

both the scattering cross section (4.11a) and the DC kernel have lost this symmetry.

For ν2 ≡ ν0 also the second term in (4.14) contributes. Its origin can be understood in the
following way: multiplying (4.14) by ν2

2 and integrating over dν2 leads to

∂N2

∂t

∣

∣

∣

∣

m

DC

= N0

∫

P(ν0 → ν2 | ν1) dν1 dν2 −
N0

2

∫

P(ν0 → ν ′
0 | ν1) dν ′

0 dν1 . (4.17)

The two integrals appearing here are identical and correspond to the total DC scattering cross

section, σdc, for this case. Therefore the total change of the number of photons produced in
the outgoing channel is given by ∂tN2|mDC,tot = σdcN0. Only half of these photons were newly
created the other half has been scattered out of their initial phase space volume, reducing the
occupation number at ν0 by σdcN0/2ν

2
0 .
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Figure 4.1: The conditional DC emission kernel, P(ν0 → ν2 | ν1), for cold electrons (θe = 0) as a function
of w2 = ω2/ω0 for three energies of the scattered photon, ω1/ω0 = 0.1, 0.5 and 0.9, and different energies
ω0 of the initial photon, as indicated respectively. The infrared divergencies for w2 → 0 and w2 → 1
have been scaled out. Also the range of w2 in each plot was chosen for convenience.

4.3 The DC emission kernel P(ν0 → ν2 | ν1) for thermal electrons

In this Section we will discuss the properties of the conditional DC kernel in detail numerically
for some illustrative cases. A brief description of the numerical approach we use to solve the
multidimensional Boltzmann integrals is given in the Appendix D.2. We also make attempts
to understand some of the general features of the DC kernel analytically and by comparison
with Compton scattering.

4.3.1 The DC kernel for cold electrons

Figure 4.1 shows some of the numerical results for the conditional DC emission kernel in the case
of cold electrons as a function of the emitted photon frequency. Here we focus our discussion on
three representative choices for the frequency of the scattered photon, i.e. ω1/ω0 = 0.1, 0.5 and
0.9, and different energies of the initial photon. We have scaled out the infrared divergencies for
w2 → 0 and w2 → 1. This property of DC emission will be discussed in detail later (Sect. 4.4.5).

Since the electrons are initially at rest each photon in the outgoing channel can only have
energies less than ν0 (ν1 < ν0 and ν2 < ν0). For ν0 � me the recoil is negligible (i.e. the
scattered electrons will carry away momentum but only a tiny amount of energy) implying
that the sum of the energies of the emitted and scattered photon for one single event obeys
ν0 = ν1 + ν2 − O(ν0/me). As can be seen in Fig. 4.1, for soft initial photons (i.e. ω0 = 10−4)
the kernel is very close to a δ-function. It will be shown below that the width of the kernel in
this case is ∆P ≈ 2ω0 (see Eq. (4.19)).

On the other hand the width of the kernel increases strongly for higher energies of the
initial photon, i.e. when the recoil becomes significant. The characteristic height of the kernel
in each case is ∼ 1/ω0. For ω1/ω0 = 0.5 in the chosen coordinates the kernel is rather symmetric
around a central frequency even for initial photons with energy ω0 ≤ 0.15, whereas in the other
two cases, ω1/ω0 = 0.1 and ω1/ω0 = 0.9, the kernel is strongly asymmetric with a maximum
closer to its lower boundary. Note that possibly due to the larger number of degrees of freedom
for DC scattering in contrast to the case of Compton scattering there is no cusp.

Simple analytic considerations

Using the energy conservation equation for the photon K2 one can deduce its allowed maximal
and minimal frequency for a given scattered photon energy, ν1, depending on the energy of the
initial photon. Similar to the case of Compton scattering, the maximal energy follows when
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Figure 4.2: The conditional DC emission kernel, P(ν0 → ν2 | ν1), for soft initial photons with ω0 = 10−4

as a function of w2 = ω2/ω0 for three energies of the scattered photon, ω1/ω0 = 0.1, 0.5 and 0.9, and
different electron temperatures θe, as indicated respectively. The infrared divergence for w2 → 0 has
been scaled out. Also the range of w2 in each plot is chosen for convenience.

both photons in the outgoing channel are propagating in the same direction as the initial photon
(forward scattering). Here the momentum transfer to the scattered electron is zero and due to
energy conservation it follows ν2,max ≡ ν0 − ν1. On the other hand the maximal momentum
is transfered to the electron, when both photons are propagating in the direction opposite to
the initial photon (backward scattering). With these energetic considerations one may conclude
that the energy of the emitted photon lies within the frequency range

max(0, 1− w1 −∆P) ≤ w2 ≤ 1− w1 , (4.18)

where here we introduced the abbreviation wi = ωi/ω0 and defined the total width of the DC
kernel as

∆P =
2ω0

1 + 2ω0

ω0�1

↓≈ 2ω0 . (4.19)

This equation also describes the width of the Compton kernel in the case of cold electrons
and therefore again shows the close connection between DC and Compton scattering. But
here one should stress that there is one additional constraint for the width of the DC kernel,
which follows from the fact that its lower boundary has to be non-negative. In the the case of
Compton scattering the energy of the scattered photon is limited to the range 1−∆P ≤ w1 ≤ 1.
Since ∆P ≤ 1 no further restrictions to the Compton kernel are necessary. In the case of DC
scattering, it follows from equation (4.18) that for a given frequency of the scattered photon,
there is a critical frequency, ω0,P ,crit, for the initial photon, at which the lower boundary of the
DC kernel vanishes. This frequency is given by

ω0,P ,crit =
1− w1

2w1
. (4.20)

For w1 � 1 the initial photon energy can be arbitrarily large and still the lower boundary of
the DC kernel is non-negative, just like for Compton scattering. This case is equivalent to the
soft photon limit, with the photon K1 playing the role of the emitted soft photon. If we consider
the cases w1 = 0.5 and 0.9 we find ω0,P ,crit = 0.5 and ω0,P ,crit = 1/18 ≈ 0.055, respectively.
A comparison with Fig. 4.1 shows that all these properties of the DC kernel for cold electrons
discussed here are recovered very well.
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Figure 4.3: The conditional DC emission kernel, P(ν0 → ν2 | ν1), for initial photons with ω0 = 5×10−2

as a function of w2 = ω2/ω0 for three energies of the scattered photon, ω1/ω0 = 0.1, 0.5 and 0.9, and
different electron temperatures θe, as indicated respectively. The infrared divergence for w2 → 0 has
been scaled out. Also the range of w2 in each plot is chosen for convenience.

4.3.2 The DC kernel for thermal electrons

Figure 4.2 shows some of the numerical results for the conditional DC emission kernel in the
case of soft initial photons as a function of the emitted photon frequency. Again we focus
our discussion on three representative choices for the frequency of the scattered photon, i.e.
ω1/ω0 = 0.1, 0.5 and 0.9, and now vary the temperature θe of the electron gas. For the cases
shown the recoil is negligible and the spectra are dominated by Doppler broadening. The emitted
photons now are no longer restricted to frequencies ν2 ≤ ν0− ν1, since the initial electrons can
transfer energy to the photon field. Due to the similarity of this effect with inverse Compton
scattering one may call it inverse DC scattering.

In Fig. 4.3 we show a sequence of kernels illustrating the transition between recoil and
Doppler domination. Here one may see that the broadening due to the Doppler effect is much
stronger than due to recoil. Therefore, like in the case of Compton scattering, the transition
from recoil to Doppler dominated spectra is very rapid.

4.3.3 Mean photon energy and dispersion of the DC kernel

In order to further compare the properties of the DC kernel with the Compton kernel we here
introduce the mean photon energy and the dispersion of the kernel. Since the normalization of
the DC kernel is a strong function of photon energy (e.g. due to the infrared divergence), it is
convenient to define a normalized kernel distribution function. Therefore here we introduce the
kernel normalization, NP , mean photon energy, w̄P , and dispersion, σP , as

NP =

∫

P(ν0 → ν2 | ν1) dν2 (4.21a)

w̄P =
1

NP

∫

w2 P(ν0 → ν2 | ν1) dν2 (4.21b)

σ2
P =

1

NP

∫

[w2 − w̄P ]2 P(ν0 → ν2 | ν1) dν2 , (4.21c)

where all these quantities are functions of the electron temperature θe, the initial photon
frequency ν0 and the scattered photon frequency ν1. Furthermore we have expressed the mean
photon energy and the dispersion in units of ν0.

Here we focus on the DC kernel for low frequency scattered photons, since there one expects
the biggest correspondence to Compton scattering. Numerically we calculated the mean and
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Figure 4.4: Properties of the conditional DC emission kernel for soft scattered photons( ω1/ω0 = 0.1).
Shown are the mean energy change (upper panels) ∆w = w̄P − (1 − w1) and the dispersion (lower
panels) σP in comparison to the corresponding Compton scattering quantities, ∆wCS = w̄P,CS − 1 and
σCS. The left panel shows the numerical results for cold electrons as a function of the initial photon
energy. The middle and right panels are given for soft (ω0 = 10−4) and intermediate (ω0 = 5 × 10−2)
initial photons as a function of electron temperature, respectively. Note that for the mean energy change
absolute values are presented.

dispersion for ω1 = 0.1ω0. We have also done integrations for ω1 = 0.01ω0 and ω1 = 0.5ω0,
which all show a very similar dependence on the chosen parameters, but were numerically more
demanding.

For cold electrons it is possible to give the exact expressions for the normalization, mean and
dispersion of the Compton kernel (see Appendix C.1.1). In the case of non-zero temperature
various approximations exist for mildly relativistic electrons and photons, which of those we
used here are summarized in the Appendix C. In the case of even higher temperatures and
photon energies we performed a numerical evaluation of the Boltzmann-integrals for Compton
scattering using the same numerical procedures as for DC scattering substituting the cross
sections and variables accordingly.

Some of the properties of the conditional DC emission kernel for low frequency scattered
photons are shown in Fig. 4.4 in comparison to the corresponding Compton scattering quan-
tities. The presented results again directly show the close link between DC and Compton
scattering in the soft photon limit. Except for some factors of the order of 1-2 the characteris-
tics of both kernels are very similar. Comparing the dispersions for cold and thermal electrons,
again one can see that the broadening due to the Doppler effect is much stronger than for
the recoil. Similarly the mean gain of energy due to Doppler boosting is larger. In general the
gain of energy and broadening seem to be slightly stronger for DC in comparison to Compton
scattering. Going to ω1 = 0.01ω0 did not affect the curves very much. However, one may expect
that higher order moments would reveal differences between the shapes of the kernels of DC
and Compton scattering.

4.4 DC emission for monochromatic photons and thermal elec-

trons

We will discuss the full kinetic equation for the time evolution of the photon phase space
density under DC scattering for different physical conditions below, but in this Section we
focus our analysis only on the emission process for isotropic, monochromatic photons, with
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phase space density n(ν) = N0 δ(ν − ν0)/ν
2
0 , and isotropic thermal electrons of temperature Te

in the incoming channel. In this case, using the DC differential cross section (4.8) the change
of the phase space density due to DC emission can be written as

∂n2

∂t

∣

∣

∣

∣

m

em

=
N0

ν2
2

∫

d3p

∫

dΩ0

∫

dΩ1 gø0
dσγ0γ1γ2

DC

dΛ
f . (4.22)

Note that here we again have neglected induced effects, i.e. we assumed N0 � ν2
0 and that the

electrons are non-degenerate.

4.4.1 Cold electrons and soft initial photons

In this Sect. we now first summarize some of the analytic approximation for cold electrons and
soft initial photons and then present numerical results for this case.

Lightman-approximation

The expression obtained by Lightman [80] can be deduced from the Boltzmann emission integral
(4.22) by performing a series expansion of the DC differential cross section (4.8) in lowest
orders of ν0 � me and ν2 � me and setting β = 0, i.e. assuming that the electrons are
initially at rest. In this limit f(p) = Ne δ(p)/4π p2 and the integration over d3p can be carried
out immediately. The series expansion in lowest order of ν2 � me is equivalent to using the
soft photon approximation for the DC differential cross section, i.e. assuming in addition that
ν2 � ν0. It follows:
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, (4.23)

with ∆µ = µ02 − µ12. Now, after aligning the z-axis with the direction of the emitted photon
all the integrations can be easily performed analytically. Making use of the identity µ01 =
µ02 µ12 + cos(φ02 − φ12)

√

1− µ2
02

√

1− µ2
12, where φ02 and φ12 denote the azimuthal angles of

the initial and the scattered photon, respectively, this then leads to the Lightman-approximation
for DC emission spectrum of cold electrons and soft, monochromatic initial photons
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with the Thomson scattering cross section σT = 8π r2
0/3.

The expression (4.24) is the DC scattering equivalent of the Kramers-equation for thermal
Bremsstrahlung. The characteristics of equation (4.24) can be summarized as follows: the DC
emission spectrum increases ∝ ω2

0 and, as mentioned earlier, exhibits a infrared divergence
typical for first order radiative corrections to quantumelectrodynamical processes. It is usually
assumed that under physical conditions emission and absorption balance each other below
some lower frequency, ν2,min, and that energy conservation in addition introduces some high
frequency cutoff, ν2,max. Therefore the photon production rate increases logarithmically,
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, (4.25)

with the ratio of the upper to the lower frequency cutoff of the DC emission spectrum.
As will be discussed below, the Lightman-approximation only describes the very low fre-

quency part of the DC emission spectrum (ν2/ν0 ≤ 10−4 − 10−3) for cold electrons and soft
initial photons (ν0/me ≤ 10−3). For initial photons with slightly higher energies relativistic
corrections lead to a significant suppression of the emission at low frequencies relative to the
non-relativistic case (see Fig. 4.5 and the discussion in Sect. 4.4.2).
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Figure 4.5: Two-photon DC emission spectrum for cold electrons. Shown is the ratio H(w) as given
by (4.28) for different initial photon energies. The divergencies at w = 0 and w = 1 have been separated
out. All the spectra are given for a fixed lower energy cutoff wmin = 10−4.

Gould-formula

The result obtained by Gould [54] can be derived in a similar manner as the Lightman-
approximation (4.24), but without performing a series expansion of (4.8) in terms of ν2, i.e.
making a priory no assumption about the energy of the emitted photon or equivalently going
beyond the soft photon approximation. This increases the complexity of the expression for the
differential cross section significantly and the intermediate step is therefore omitted here. The
integrations then lead to the Gould-formula for DC emission spectrum of cold electrons and
low energy, monochromatic initial photons
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with w ≡ w2 = ν2/ν0 and

HG(w) =
1− 3w[1 −w] + 3

2w2[1− w]2 − w3[1−w]3

w[1− w]
. (4.27)

A interpretation of HG(w) can be given as follows: multiplying ∂tn2|mem,G by ν2
2 and dividing by

N0 one obtains the relative change of the number of photons due to DC emission per dw and per
dt, i.e. HG(w) is proportional to the relative photon production rate, ∆Ṅm

em,G/N0 ∝ HG(w) dw.
In order to compare the numerical results for different initial conditions it is convenient to

define the ratio

H(w) =
1

w

∂tn2|mem
∂tn2|mem,L

, (4.28)

where ∂tn2|mem is given by the full Boltzmann emission integral (4.22) and ∂tn2|mem,L is the
Lightman-approximation (4.24). With this particular definition of H(w) one can rewrite the
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full Boltzmann emission integral, ∂n2/∂t|em and the associated total change of the photon
number density, ∂N2/∂t|em, like
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The interpretation of H(w) is similar to the one of HG(w). It can be regarded as the DC
scattering equivalent of the Gaunt-factor for thermal Bremsstrahlung.

In Figure 4.5 the dependence of H(w) on w for several frequencies, ω0, of the initial photon
in a cold plasma is presented. Here we first focus the discussion on the thick solid line, which
corresponds to numerical result for the Gould-factor, HG(w), and return to the other cases
in Sect. 4.4.2. As can be seen, the analytic prediction (4.27) only deviates at frequencies very
close to w = 1 from the full numerical result. This point will also be addressed in Sect. 4.4.2.

As was noted by Gould [54] the function HG(w) is symmetric in w ↔ 1− w. This aspects
of DC emission in a cold plasma and for low energy initial photons deserves the following
comment: since the electrons are initially at rest each photon in the outgoing channel can only
have energies less than ν0 (namely ν1 < ν0 and ν2 < ν0). As we have seen in Sect. 4.3.1 for
ν0 � me the recoil is negligible and the DC kernel is very close to a δ-function. Therefore
the number of DC photons at ν2 is approximately equal to the number of DC photons at
ν1 = ν0 − ν2, or equivalently HG(w) ∼= HG(1 − w). Therefore in a cold plasma for very soft
initial photons one can expect a complete symmetry of the DC emission spectrum around
w = 1/2. Deviations from this symmetry arise due to both increasing importance of recoil and
Doppler broadening.

The total change of the number of emitted photons between wmin and 1 − wmin can be
directly calculated analytically form (4.26). Assuming that wmin � 1 with equation (4.29b)
one obtains the approximation
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Here it is important to note that this results includes the total number of photons in the
outgoing channel, whereas the number of newly created photons is 1

2 ∂tN2|mem,G.
Comparing (4.30) with the corresponding result in the Lightman-approximation, Eq. (4.25),

shows that the logarithmic term of (4.30) is a factor of 2 larger. This is because in the Lightman-
approach the divergence at w = 1 is not taken into account, implying that only the created
photons are counted. The other terms in equation (4.30) are a result of quantumelectrodynam-
ical corrections represented by the factor (4.27).

It should be mentioned that in both the Lightman and Gould approach no energy is trans-
fered to the electrons, since the recoil is neglected. Therefore all the energy of the initial photons
is transfered to the DC emission spectrum and no heating or cooling of the electrons can occur.
However, in general this will certainly not be true.

4.4.2 Cold electrons and arbitrary initial photons

Here we now want to discuss in detail the properties of the DC emission spectrum for photons
with arbitrary initial energies. As was mentioned in the previous Section, in a cold plasma and
for very soft initial photons the DC emission spectrum is symmetric around w = 1/2. Figure 4.5
shows, that this symmetry is broken once the recoil of the electron becomes important, i.e. for
increasing energy of the initial photon. Despite this asymmetry, a numerical calculation has
shown that the total number of photons below and above w = 1/2, namely N< and N>,
respectively, is still approximately equal, even for high energy (ω0 ∼ 0.1) initial photons. The
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difference in the number of photon ∆N = N< − N> is mostly determined by photons in the
the range ∆w ∼ 2∆P around w = 1/2. On the other hand the largest contributions to the
total number of photons for a cold plasma come from w ∼ 0 and w ∼ 1. Therefore only when
the width of the DC kernel at w = 1/2 becomes of the order of ∆P ∼ 1/2 the asymmetry in
the number of photon can be significant.

Furthermore, for initial photons with energies larger than ω0 ∼ 10−3 relativistic correc-
tions lead to a notable suppression of the DC emission at low frequencies relative to the non-
relativistic case. Since in the soft photon limit the DC differential cross section factorizes into
the differential Compton scattering cross section and an angular dependent correction factor
[cf. 69, Eq. 11-41], this behavior should most likely reflects the decrease of the total Compton
scattering cross section for high energy photons [cf. 69, Eq. 11-24].

The high frequency part of the DC emission spectrum is rather complex. The cusp present
in all the spectra (even for soft initial photons) arises due to the low frequency cutoff, ν2,min,
below which one assumes efficient absorption of the emitted photons. At high frequencies ν2

the scattered photon is not allowed to have energies less than this cutoff (see comment in
the Appendix D.2). For increasing energy of the initial photon the position of the cusp moves
towards lower frequencies. This reflects the increase in the importance of the electron recoil.
All the spectra approach zero very fast for energies close to ν0, since there the access able phase
space volume is very small.

Analytic estimation of the position of the cusp

If we consider the energy conservation equation of the scattered photon (4.6b) for initially
resting electrons and make use of the positivity of (P + K0 −K2) ·K1, one may find that the
condition ν1 ≥ 0 implies 1 − w(1 + ω0 α02) ≥ 0. Therefore the scattering angle of the photon
K2 has to obey µ02 ≥ 1− 1−w

ω0 w . Since µ02 ∈ [−1, 1] this condition results in the two cases

µ02 ∈
{

[−1, 1] for w ≤ 1
1+2ω0

[1− 1−w
ω0 w , 1] for 1

1+2ω0
≤ w ≤ 1

. (4.31)

Therefore, in the limit ν2,min � me one may expect that the position of the cusp is close to

wcusp ≈
1

1 + 2ω0
, (4.32)

i.e. where the allowed phase space changes radically due to the restriction of the scattering
angles. Comparing with the numerical results presented in Fig. 4.5 shows the correctness of
this presumption (e.g. for ω0 = 10−2, 10−1, 1.5×10−1 and 5×10−1 it follows that wcusp ≈ 0.98,
0.83, 0.77 and 0.5, respectively). Note that for larger values of the low frequency cutoff, ν2,min,
the estimate (4.32) will not be valid anymore.

Analytic approximations for the DC emission spectrum

Comparing the curves for different values of ω0 shows that at low frequencies all have a similar
shape and only the amplitude changes. Therefore it seems worth trying to find an analytic
approximation describing the DC emission for energetic initial photon in the soft photon limit

and then combining it with the Gould-factor, HG(w). This Ansatz turns out to be very useful
also for the other cases addressed in this Chapter.

We start by expanding the DC differential cross section (4.8) in lowest order of ω2 = ν2/me

and setting β = 0. Furthermore we expand the resulting expression up to 4. order in ω0 to take
into account higher order corrections in the energy of the initial photon. Carrying out all the
integrations of the Boltzmann emission integral (4.22) then lead to
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Figure 4.6: DC correction factor G0
m for cold electrons and monochromatic initial photons as a func-

tion of ω0. Also shown are the direct expansion (4.34), up to different orders in ω0, and the inverse

approximation (4.35), as indicated respectively.

where the correction factor G0
m(ω0) following from the direct series expansion is given by

G0
m(ω0) = 1− 21

5
ω0 +
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ω2
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0 +
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175
ω4

0 . (4.34)

In order to distinguish the DC correction factor in the soft photon limit from H(w), which
applies for the full spectral range, we here introduced the new letter G.

Figure 4.6 shows the numerical result for G0
m(ω0) in comparison to the analytic approxima-

tion (4.34), taking into account the corrections up to different orders in ω0. The approximation
converges only very slowly and in the highest order considered here breaks down close to
ω0 ∼ 0.15. Due to this behavior of the asymptotic expansion there is no significant improve-
ment expected when going to higher orders in ω0, but the monotonic decrease of the emission
coefficient suggest that a functional form G0

m = [1 +
∑4

k=1 ak ωk
0 ]−1 could lead to a better

performance. Determining the coefficients ai by comparison with the direct expansion (4.34)
one may obtain an inverse approximation for the DC correction factor

G0,inv
m (ω0) =

1

1 + 21
5 ω0 + 84

25 ω2
0 − 2041

875 ω3
0 + 9663

4375 ω4
0

. (4.35)

As Fig. 4.6 clearly shows, G0,inv
m (ω0) provides an excellent description of the numerical result

even up to relativistic energies of the initial photon.
Combining (4.35) with the Gould-formula (4.27) leads to the approximation

H0
em(ω0, ω2) = HG(w)×G0,inv

m (ω0) (4.36)

for the ratio H as defined by equation (4.28). In order to test the performance of this approxima-
tion, we have numerically determined the lowest frequency, ω2,crit, at which the approximation
for H deviates by ε percent from the full numerical result. In Fig. 4.7 the results for ω2,crit are
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Figure 4.7: Critical frequency ω2,crit above which the analytic approximation H0
em as given by equation

(4.36) deviates more than ε percent from the full numerical result for H . Also shown are the results
for the Gould-formula (4.27). All the curves were calculated for cold electrons and a fixed lower energy
cutoff wmin = 10−4.

presented for the Gould-formula HG and H0
em. Our calculation clearly shows that the approxi-

mation (4.36) has a significantly better performance than the Gould-formula for large values of
ω0. Although for small ω0 the Gould-formula dominates slightly it breaks down very abruptly
at higher energies of the initial photon. We did not consider the Lightman-approximation, since
it breaks down at extremely low frequencies (ω2 ∼< ω0 × 10−3).

Change of the number density due to DC emission

In addition to the direct comparison with the DC emission spectrum one can consider the total
change of the photon number density due to DC scattering. Since the number of newly created
photons is mainly determined by the low frequency part of the DC emission spectrum, one can
expect to obtain a good description of the photon production rate using the analytic formulae
given above. Equation (4.29b) with the approximation (4.36) yields
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m
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, (4.37)

where we made use of the result obtained for the Gould-formula, i.e. Eq. (4.30). In Fig. 4.8 the
total photon production rate, 1

2 ∂N2/∂t|mem as given by equation (4.29b), for a cold plasma is
shown as a function of ω0 in comparison with the Lightman-approximation (4.25), the Gould-
formula (4.30) and the approximation (4.37). The formula (4.37) agrees extremely well with
the full numerical result even up to relativistic energies of the initial photon. The Lightman-
approximation overestimates the number of produced photons by ∼> 15% even for low energy
initial photons. For ω0 ≤ 10−2 the Gould-formula is accurate within ∼< 5% but at higher energies
the suppression of the DC emission becomes significant. Also the logarithmic dependence of
the total change in the number of photon for soft initial photons on the assumed lower energy
cutoff wmin is evident.
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4.4.3 Thermal electrons and low energy initial photons

In this Sect. we now discuss the results for the DC emission spectrum in the case of thermal
electrons and soft photons. The main differences in comparison to the previous discussion arise
because the electrons in the incoming channel can now also transfer energy to the photons in
the outgoing channel. Especially in the high frequency part of the spectrum this effect becomes
apparent (see Fig. 4.9).

As Fig. 4.9 shows at low frequencies the DC emission increases with temperature. A part of
this increase is connected with the Doppler booting of the initial photon by a factor of γ. Since
the DC emission rate is proportional to ω2

0 this increases the DC emissivity by the thermally
averaged squared Lorentz-factor,

〈

γ2
〉

. As will be shown below the full increase of the DC
emissivity is given by 2

〈

γ2
〉

− 1.

At high frequencies the emission spectrum due to inverse DC scattering extends beyond ν0.
For photons emitted at high frequencies the scattered photons are soft again implying that the
DC cross section factorizes into the Compton scattering cross section and some modification
factor. Therefore the high frequency part of the DC emission spectrum looks similar to a comp-

tonized line spectrum, where the average gain in the energy of the photon and the dispersion
of the spectrum increase with the electron temperature.

Analytic approximations for the DC emission spectrum

In order to improve the modeling of the DC emission spectrum we again return to the soft
photon limit. Expanding the DC differential cross section (4.8) in the lowest orders of ν0 � me
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Now we perform all the angular integrations of the Boltzmann emission integral (4.22) but
assume monoenergetic electrons, with velocity β0. This then leads to
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From this the correction factor for thermal electrons with temperature θe can be found by
averaging over the relativistic Maxwell-Boltzmann distribution (4.5):
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with E0 = γ0me, p0 = γ0me β0 and γ0 = 1/
√

1− β2
0 . Here Ki(1/θe) denotes a modified Bessel

function of kind i. For small temperatures one can find the approximation
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4
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Figure 4.10 shows the numerical result for Gm,nr in comparison with the analytic approxima-
tions (4.40). The low frequency DC emission strongly increases with temperature. One can
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Figure 4.10: DC correction factor Gm,nr for soft initial photons (ω0 = 10−4) as a function of the electron
temperature θe. Also shown is the full integral approximation (4.40a) and the expansion (4.40b), taking
into account the corrections up to different orders in θe, as indicated respectively.

10-4 0.001 0.01 0.1 1
θe

0.01

0.1

1

ω 2,
 c

rit
 / 

ω 0

ε = 10−2

ε = 10−2       Gould
ε = 5⋅10−2

ε = 5⋅10−2  Gould 

Figure 4.11: Critical frequency ω2,crit above which the analytic approximation Hnr
em as given by equation

(4.41) in combination with (4.40a) deviates more than ε percent from the full numerical result for H .
Also shown are the results for the Gould-formula (4.27). All the curves were calculated for soft initial
photons (ω0 = 10−4) and a fixed lower energy cutoff wmin = 10−4.
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gain a factor of a few for θe ≤ 0.5 and even a factor ∼ 30 for θe ∼ 1. The expansion (4.40b) pro-
vides an excellent description of the numerical results up to very high temperatures (θe ∼ 0.5),
but for higher temperatures the integral approximation (4.40a) should be used. Again one may
combine (4.40) with the Gould-factor to obtain the approximation

Hnr
em(ω0, ω2, θe) = HG(w) ×Gm,nr(θe) (4.41)

for the function H as defined by equation (4.28). In Fig. 4.11 we presented the numerical results
for the critical frequency at which the approximation (4.41) breaks down. In the considered
limit the approximation (4.41) with (4.40a) always dominates over the Gould-formula. The
approximation (4.40b) is expected to have a similar performances as (4.40a) but with a sharp
drop in the temperature range θe ∼ 0.5− 0.6.

Change of the number density due to DC emission

Fig. 4.12 shows the numerical results for the total photon production rate, 1
2 ∂N2/∂t|mem, in

the case of low energy initial photons (ω0 = 10−4) as a function of θe in comparison with
the Gould-formula (4.30) and the approximation following from equation (4.41). The Gould-
formula strongly underestimates the number of created photons for θe ∼> 0.01, whereas the
approximation following from equation (4.41) performs reasonably well (within a few percent)
up to high temperatures. Comparing with Fig. 4.8 shows that the photon production rate
depends more strongly on the temperature than on the energy of the initial photon.

The mismatch between the full numerical result and the analytic approximation is due to
the fact that the width of the DC kernel is increasing much faster with temperature than with
the energy of the initial photon. This implies that the asymmetry of the emission spectrum
becomes important much faster and therefore the photon production rate is not completely
controlled by the low frequency part. This also explains why the mismatch is larger for higher
values of the low frequency cutoff.

4.4.4 Thermal electrons and arbitrary initial photons

We now vary both the energy of the initial photon and the temperature. As we have seen in
Sect. 4.4.2 and 4.4.3 the DC emissivity decreases/increases with increasing energy of the initial
photon/electron. Now, in the general case these two effects compete with each other.

As an example, in Fig. 4.13 the numerical results for the DC emission spectrum of initial
photons with ω0 = 0.05 and electrons with different temperatures are presented. At low fre-
quencies the transition between suppression and enhancement can be clearly seen. For θe = 0.05
the low frequency DC emission is already enhanced as compared with the Gould limit. This
shows that in the considered case the enhancement of emission for increasing temperature is
stronger than the suppression due to larger ω0.

Moreover, at high frequencies the recoil and Doppler effect influence the shape of the spec-
trum. As we have seen above the transition from the recoil to Doppler dominated DC kernels
is very fast (Sect. 4.3.3). Therefore the full DC emission spectrum within as narrow range of
temperatures becomes Doppler dominated and very similar to the spectra presented in the
preceeding Section.

Analytic approximations for the DC emission spectrum

To improve the analytic description of the DC emission we again return to the soft photon
limit, expanding the DC differential cross section (4.8) in the lowest orders of ν2 � me. To
include higher order corrections we also expand this expression up to 4. order in ω0. Then
we carry out all the angular integrations of the Boltzmann emission integral (4.22) again for
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monoenergetic electrons, with velocity β0. This leads to
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Like in the previous case the correction factor for thermal electrons with temperature θe can
be found by performing the 1 - dimensional integral

Gm(ω0, θe) =

∞
∫

0

Gm(ω0, β0) f(E0) p2
0 dp0 . (4.43)

Unfortunately here no full analytic solution can be given, but the integral can be easily evalu-
ated numerically. In the limit of low temperatures one can find the approximation

Gm(ω0, θe) ≈ 1− 21
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for (4.43), which clearly shows the connection with the two limits, equations (4.34) and (4.40b),
discussed above.

As was shown in Sect. 4.4.2 an inverse Ansatz for Gm has lead to an excellent approximation
for the full numerical result in the cold plasma case. In order the improve the performance of
the obtained analytic approximation for Gm(ω0, β0) again we tried many different functional
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forms, always comparing with the direct expansion (4.42). After many attempts we found that
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with the functions fk(β0)

f1(β0) =
1

1 + β2
0

[

21

5
+

42

5
β2

0 +
21

25
β4

0

]

(4.45b)

f2(β0) =
1

(1 + β2
0)2

[

84

25
+

217

25
β2

0 +
1967

125
β4

0

]

(4.45c)

f3(β0) = − 1

(1 + β2
0)3

[

2041

25
+

1306

125
β2

0

]

(4.45d)

f4(β0) =
1

(1 + β2
0)4

9663

4375
(4.45e)

provided the best description of the full numerical results.
Figure 4.14 shows the numerical results for Gm(ω0, θe) in comparison with the integral

approximation (4.43) in combination with the inverse factor (4.45a) and the direct expansion
(4.44) taking into account correction terms up to fourth order. Clearly the performance of
the integral approximation is excellent in the full range of considered cases, but the direct
expansion breaks down at lower and lower temperatures once the initial photon frequency
increases. For ω0 ≤ 0.1 the direct expansion should be applicable within a few percent accuracy
up to temperatures of θe ∼ 0.2.

Figure 4.14 shows the numerical results for Gm(ω0, θe) in comparison with the integral
approximation (4.43) in combination with the inverse factor (4.45a) and the direct expansion
(4.44) taking into account correction terms up to fourth order. Clearly the performance of
the integral approximation is excellent in the full range of considered cases, but the direct
expansion breaks down at lower and lower temperatures once the initial photon frequency
increases. For ω0 ≤ 0.1 the direct expansion should be applicable within a few percent accuracy
up to temperatures of θe ∼ 0.2.

Aspects of the low frequency DC emission spectrum

At low frequencies the DC emission on one hand is suppressed for increasing initial photon
energy and on the other is enhanced for larger electron temperature. This may lead to the
question, when the emission coefficient, w H, at some low frequency wmin = ω2/ω0 � 1 is
equal to unity, such that the Lightman-approximation in principle is applicable. Combining
the Gould-factor (4.27) with the expansion (4.44) and keeping terms up to second order in θe,
one may obtain the simple approximation

θe,1 =
√

a2 + b ω0 − a , (4.46a)

with

a =
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20 ω0 + 952
25 ω2

0 − 11427
70 ω3

0
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40 ω0 + 2856

5 ω2
0

(4.46b)

b =
7
5 − 119

25 ω0 + 7618
525 ω2

0 − 7166
175 ω3

0 + 2
3

wmin

ω0

5− 2793
40 ω0 + 2856

5 ω2
0

, (4.46c)

for the temperature at which the emission coefficient fulfills the condition wmin H(wmin) ≡ 1.
In this definition of b the term ∝ wmin arises due to the small deviation of the Gould-factor,
wmin HG ≈ 1−2wmin, from unity. In the limit of low energy initial photons (4.46a) simplifies to
θe,1 ≈ 7

10 ω0 + 1
3 wmin. Therefore this deviation becomes important especially when ω0 ∼< 5wmin.
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Figure 4.15: The numerical results for the temperature, θe,1, at which the low frequency emission
coefficient fulfills the condition wmin H(wmin) ≡ 1. In comparison also the approximation (4.46a) and the
numerical results obtained using the Gould-factor (4.27) in combination with the integral approximation
(4.43) and (4.45a) are presented. All the curves have been calculated for wmin = 10−4.

In Figure 4.15 we show the numerical results for the temperature, θe,1 as a function of the
initial photon energy in comparison with the approximation (4.46a). It agrees very well with the
full numerical result for ω0 ∼< 0.1. In the shown case this temperature is directly proportional
to the initial photon energy, θe,1 = 7

10 ω0, around ω0 ∼ 5 × 10−3, but at lower frequencies the
term connected with wmin becomes significant. One may also conclude that for monochromatic
initial photons below ω0 ∼ 0.15 the electrons can easily compensate the suppression of the DC
emission due to the increasing initial photon energy, but for ω0 ∼> 0.15 they have to be several
times hotter. We also presented the numerical results obtained using the Gould-factor (4.27)
in combination with the integral-approximation (4.43) and (4.45a). Here again the excellent
performance of this combined approximation at low frequencies is evident.

Change of the number density due to DC emission

Even though the integral approximation (4.43) for the low frequency emission performs very
well in a broad range of temperatures and initial photon frequencies, it is expected that the
number of produced photons is less accurately described. This is mainly due to the fact that
the importance of the high frequency part of the DC emission spectrum is not modeled appro-
priately.

In Fig. 4.16 as an example we present some numerical results for the number of produced
photons in comparison with the analytic approximations. The Gould approximation over esti-
mated the number of created photon significantly. For very small values of wmin the integral
approximation works fine but for wmin = 10−2 deviations start to arise already for θe ∼> 5×10−2.

4.4.5 The DC infrared divergence and the role of the low frequency cutoff

As mentioned above, like in the case of Bremsstrahlung DC scattering exhibits a infrared

divergence at low frequencies. This behavior is typical for first order radiative corrections to
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quantumelectrodynamical processes. Mathematically this divergence can be obtained by series
expansion of the invariant matrix element X for DC scattering into lowest order of ν2 � me,
showing that X ∝ 1/ν2

2 and therefore the corresponding cross sections diverge like dσ ∝ 1/ν2.

Albeit this similarity to Bremsstrahlung DC scattering in addition exhibits a divergence at
high frequencies. If one considers the case of cold electrons and low energy initial photons the
conditional DC kernel is very close to a δ-function (cf. Sect. 4.3.1). Therefore a photon emitted
at a very low frequency directly implies a scattered photon at frequencies very close to ν0 and
hence the divergence at w = 1 simply is a consequence of the infrared divergence at w = 0.

It is worth mentioning that in the Gould-approximation a lower energy cutoff, ν2,min =
ν0 wmin, directly implies a high frequency cutoff at ν2,max = ν0 (1 − wmin). This is due to the
fact that a DC scattered photon with energy ν1 > ν2,max corresponds to an emitted photon
with energy ν2 < ν2,min. Since photons emitted below ν2,min are assumed to be efficiently
absorbed, the inverse process at high frequencies will also immediately absorb any photons
above ν2,max. Note that energetically DC scattered photons with ν0 > ν1 > ν2,max are not

principally forbidden.

In order to illustrate the effects of the low energy cutoff, wmin, on the DC emission spectrum
in Fig. 4.17 we present some numerical results for cold electrons and initial photons with
energy ω0 = 10−1. The shape of the low frequency DC emission spectrum does not depend
on the lower energy cutoff (of course except for the position of the abrupt drop to zero at
ν2,min itself). Increasing wmin shifts the position of the cusp, which for wmin � 1 is close to
ν2 ∼ ν0/(1+2ω0), towards lower frequencies. At frequencies higher than ν2,max the DC emission
vanishes, with a gradual transition between νcusp and ν2,max.

One can understand that the number of photons at the highest frequencies is determined
by the superposition of the conditional DC kernels for scattered photons with energies very
close to ν1 ∼> ν0 wmin (see Fig. 4.1). For non-zero electron temperature the shape of the DC
emission spectrum at high frequencies depends in a very similar manner on the low frequency
cutoff. But in this case due to inverse DC scattering the high frequency cutoff is no more given
by ν2,max as in the case of cold electrons.

4.4.6 Electron heating and cooling due to DC emission

As mentioned above in the Lightman and Gould approach due to the neglect of recoil no heating

or cooling of the electrons or photons due to DC scattering occurs. We have seen in Sect. 4.2.3
that the increase and decrease of the mean photon energy and dispersion in the high frequency
part of the emission spectrum scales similar to the case of Compton scattering. Therefore one
can expect that the additional energy exchange due to the redistribution of high frequency
photons via DC scattering may lead to a small correction of the Compton energy exchange.
This correction will depend on the shape of the low energy spectrum, e.g. the low energy cutoff
and the ’sea’ of soft photons, especially when induced effects are important. However, since the
calculation of the energy exchange due to DC scattering is rather demanding and the effects in
comparison to Compton cooling and heating are expected to be small, we did not present any
numerical results here.

4.5 Analytical treatment of the full kinetic equation for DC

scattering

In this Section we now discuss the full kinetic equation for the time evolution of the photon
phase space distribution under DC scattering. We will first use the analytic results obtained
in the preceeding Sections to derive an approximation of the effective DC Gaunt factor ana-
lytically and then compare it with some full numerical calculations. This shall show that in
situations close to full thermodynamic equilibrium the redistribution of high frequency photons
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by DC scattering is much less important than the production of new photons a low frequen-
cies. Therefore we then focus on the discussion of the DC kinetic equation at low frequencies,
where only the processes (4.1a) and (4.1b) are important. For this we first rewrite the collision
integral analytically and then present results for the limit of low electron temperatures and
photon energies using the soft photon approximation.

4.5.1 Analytic approximation for the effective DC Gaunt factor

We have seen in Section 4.3 that in general the DC emission term for monochromatic initial
photons and thermal electrons can be given in the form (4.29a), where an excellent approx-
imation to the function H can be obtained combining the Gould-factor (Eq. (4.27)) and the
analytic approximations derived for the low frequency part of the DC emission spectrum (in
the most general situation by thermally averaging Eq. (4.45a)):

Happ(ω0, ω2, θe) = HG(ω2/ω0)×G(ω0, θe) . (4.47)

It was shown that the total number of produced photons is represented very well in a wide
range of temperatures and initial photon frequencies.

In the Gould approximation it is assumed that neither recoil nor Doppler boosting are
important, implying that ω0 ≡ ω1 + ω2. We have seen that the conditional DC emission kernel
in this limit is very close to a δ-function (see Sect. 4.4.1). Therefore one may try to approximate
the conditional DC emission kernel by the simple expression

Papp(νi → νj | ν1) = κdc
ω2

i

νj

[

ωj

ωi
Happ(ωi, ωj, θe)

]

× δ(νi − ν1 − νj) , (4.48)

where κdc = 4α
3π Ne σT. In full thermodynamic equilibrium DC emission is completely balanced

by DC absorption. Therefore, at least close to equilibrium, the full collision integral for DC
scattering should have the form

∂n2

∂t

∣

∣

∣

∣

DC

= κdc

θ2
γ

x3
2

·
[

1− n2(e
xe,2 − 1)

]

· gdc(x2, θγ , θe) , (4.49)

where here we introduced the effective double Compton Gaunt factor, gdc, and defined the
dimensionless frequencies xi = ωi/θγ and xe,i = ωi/θe, where the photon temperature θγ

should be regarded as a parameter describing the energy density of the photon field. In the
case of Planckian photons it is identical to the thermodynamic temperature (see Appendix B).
In the form (4.49) one can directly see that the DC collision integral vanishes when the photons
are Planckian with the thermodynamic temperature θγ ≡ θe. In order to derive the effective
Gaunt factor, we now consider the reactions (4.1a) and (4.1c) and their contributions to (4.49)
separately.

Reactions γ0 + e→ γ1 + γ2 + e′

Inserting the approximation (4.48) for the DC kernel into the Boltzmann equation (4.9) and
only considering the first integral one may find

∂n2

∂t
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∣
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= κdc

θ2
γ
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2

[1 + n2]
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[
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Happ(ω0, ω2, θe)

]

dx0 (4.50a)

= κdc

θ2
γ

x3
2

[1 + n2]× gdc,a(x2, θγ , θe) . (4.50b)

Here we introduced the lower energy cutoff xmin making the assumption that for x < xmin

the photon distribution is Planckian with temperature θγ = θe, such that the emission is
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Figure 4.18: Numerical results for the effective Gaunt factor as defined by equation (4.49) with different
values of the chemical potential µ and temperatures, as indicated respectively. In all the calculations we
assumed a lower frequency cutoff xmin = 10−3.

completely balanced by absorption. In the case of cold electrons only photons with x2 +xmin ≤
x0 contribute to the emission at x2 (see the range of integration in (4.50)). At low frequencies
1+n(x0−x2) ≈ 1+n(x0) and wHG(w) ≈ 1. Since for situations close to equilibrium the main
contributions to the integral come from x0 ∼ 4− 5 induced effects at x2 � 1 are of the order
of a few percent. However at high frequencies x2 ∼> 1 induced effects are significant and gdc,a

becomes very sensitive to the lower frequency cutoff.

Reactions γ2 + e→ γ0 + γ1 + e′

For this channel we proceed in the same way as in the previous paragraph now considering the
third integral in equation (4.9). This then leads to

∂n2

∂t

∣

∣

∣

∣
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= −κdc

2
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2 θ2
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Happ(ω2, ω0, θe)

]
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(4.51a)

= −κdc

2
x2

2 θ2
γ n2 [1 + n2]× gdc,c(x2, θγ , θe) (4.51b)

This reactions can be considered as scattering of photons out of the phase space volume at
x = x2. For cold electrons only photon with xmin ≤ x0 ≤ x2 − xmin can be produced (see the
range of integrations). When induced terms are not important gdc,c(x2, θγ , θe) is proportional
to the total number of photons emitted into the range xmin ≤ x0 ≤ x2 − xmin for an initial
photon energy x2. At low frequencies gdc,c ≈ 0 since the allowed range of integration becomes
small. In any case ∂tn2|DC,c � ∂tn2|DC,a for x2 � 1 (relative factor of ∼ x5

2 n2 and n2 ∼ 1/x2).
At high frequencies again induced terms become very important.

Final result for gdc(x2, θγ, θe)

The effective Gaunt factor as defined by equation (4.49) is now given as the sum of gdc,a and
gdc,a with appropriate scalings determined by (4.50) and (4.51). One can easily find

gdc(x2, θγ , θe) = gdc,a(x2, θγ , θe)−
1

2
x5

2 n2 gdc,c(x2, θγ , θe) . (4.52)

The basic properties of this result for the DC Gaunt factor can be summarized as follows:
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(i) At low frequencies the contribution arising due to the reaction (4.1c) is negligible. Here
mainly DC emission and absorption are occurring and the redistribution of photons is
tiny. Induced effects are not very important for the effective Gaunt factor.

(ii) At high frequencies the term proportional to gdc,c becomes very important. In fact it
partially cancels the large positive contribution arising from gdc,a resulting in a much
smaller effective Gaunt factor. Here the redistribution of photons is much more important
than emission and induced effects are strong.

We shall now present some full numerical results for the effective Gaunt. In some cases we have
compared the numerical results with those obtained by equation (4.52) and found very good
agreement. A detailed discussion will be presented in some future work.

Comparing with full numerical results

In this paragraph we will present some numerical results for the effective DC Gaunt factor.
We will restrict ourselves to situations close to full thermodynamic equilibrium, which are the
most relevant in the context of the thermalization of CMB spectral distortions. Therefore we
shall consider photons, which follow a Bose-Einstein distribution, nBE(x) = 1/(ex+µ − 1), with
dimensionless chemical potential µ = const and temperature θγ = θe.

In Fig. 4.18 we show the effective Gaunt factor for some combinations of the chemical
potential and different temperatures of the electrons, as indicated respectively. In the left
panel one can see the decrease of the importance of induced scattering at high frequencies with
larger µ. The right panel illustrates the decrease of the DC emissivity at low frequencies with
increasing temperature. It can be seen that photons at high frequencies due to DC scattering
cool. As mentioned above in cases θe > θγ one would expect that also heating can occur, but
a more detailed discussion shall be presented elsewhere.

Comparing with Compton scattering

In the particular cases discussed above no redistribution of photons by Compton scattering
is occurring and principally DC emission and redistribution dominate in the full range of fre-
quencies. Of course in the more general situation Compton scattering will redistribute photons
much faster than DC scattering. Although competing with the lowest order Compton effect (as
described by the Kompaneets equation [75]) in most cases is impossible, it is still fair to ask,
when the redistribution of high energy photons due to DC scattering will become comparable
with the contribution due to the first order temperature correction to the kinetic equation of
Compton scattering.

Even though the effective DC Gaunt factor at high frequencies is of the order of a few×10,
using the generalized Kompaneets equation [67] we have estimated that for situations close to
equilibrium effective Gaunt factors of the order of few × 103 would be necessary to make DC
scattering comparable with the first order temperature correction to the Kompaneets equation.
Therefore we conclude that at least in situations close to thermodynamic equilibrium the
redistribution of photons by DC scattering is negligible. However, it may be still possible that
the redistribution of photons by DC scattering can become important for cases far away from
equilibrium, e.g. when the temperatures differ strongly, but this is beyond the scope of this
work and shall not be discussed here.

4.5.2 Derivation of the effective DC Gaunt factor in the soft photon limit

In Section 4.5.1 we have obtained an analytical approximation for the effective Gaunt factor
using the results derived for the DC emission by monochromatic initial photons and convolving
these with more general distributions of photons. The inclusion of induced effects was only pos-
sible under the assumption that ν0 = ν1 + ν2. Furthermore we have seen that the contributions
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of DC scattering to the evolution of high frequency photons (at least for cases we are interested
in here) is not very important, since Compton scattering is orders of magnitudes faster and
will wipe out any disturbance of the spectrum at high frequencies within a very short time.

We shall now derive similar expression, as presented above, for the effective Gaunt factor at
low frequencies, where only the reactions (4.1a) and (4.1b) contribute to the collision integral,
including all induced effects self-consistently. For this we start from the Boltzmann equation
(4.7) and consider only the first term in the integrand. We then go to the soft photon limit
and perform Taylor series expansions in the photon frequency ν0 and the energy of the initial
electron. In this Section we shall present some details of this derivation.

Rewriting the collision integral for DC scattering

Starting from the Boltzmann equation in the form (4.7) and considering only the first term in
the integrand, by Taylor expansion the statistical factor Fγ0γ1γ2

may be cast into the form

Fγ0γ1γ2
= f n(n + 1) ·

[

1− n2(e
xe,2 − 1)

]
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∞
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∂xk
e
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∂

∂xe

]k

n

}

, (4.53)

where the definitions of Sect. 4.2 were used and we introduced the dimensionless variables
xe = ν/Te and ∆xe = (ν1 − ν)/Te. Note that here and below we omit the index ’0’ for the
initial photon. Now, with (4.53) the Boltzmann equation for DC scattering at low frequencies
can be rewritten as
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where we introduced the integrals
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e dxe

[

n(n + 1)
]

· I0 (4.55a)

J1 =
∞
∑

k=1

∫

x2
e dxe

[

n
∂kn

∂xk
e

]

· Ik (4.55b)

J2 =
∞
∑

k=1

∫

x2
e dxe

[

(1 + n)

[

1 +
∂

∂xe

]k

n

]

· Ik (4.55c)

Ik =
1

k!

1

κdc θ2
e

x2
e,2

xe

∫

dΩ

∫

p2 dp

γ
dΩe dΩ1 f ∆xk

e X(K0,K1,K2) . (4.55d)

Note that the differential operator ∂xe only affects the photon distribution n ≡ n(ν).

Calculation of the Ik’s

All the further calculations are very lengthy and where performed with the computer algebra
program Mathematica. We assumed that the secondary photon K2 is soft (ν2 � ν1, ν2 � me

and also that equivalent relations in the rest frame of the scattering electron hold). Therefore
we took only contributions to the integrals Ik’s in lowest order of ν2 into account, i.e. ∝ ν−2

2 .
Furthermore, we expanded the integrand of Ik, assuming soft initial photons and low electron
temperature, in orders of ω/me and η = p/me. Afterwards all the integrals Ik could be solved
analytically and their results are given in the Appendix D.3. As one can see I0 is equivalent to
the result (4.44), which was obtained for monochromatic initial photons. All the integrals Ik

for k > 0 arise due to induced effects.
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Inserting the results (D.13) for the lowest order in xe,2 into equations (4.55b) and (4.55c),
up to the forth order corrections in the electron temperature one can show that J1 ≡ J2 for
all photon distributions which vanish sufficiently fast in the limit xe → ∞. This is a rather
tedious calculation and will not be presented here. With J1 = J2 the Boltzmann-equation for
the phase space evolution of the photons under DC scattering in lowest order of xe,2 can be
expressed as

∂n2

∂t

∣

∣

∣

∣

soft

DC

= κdc
θ2
e

x3
e,2

·
[

1− n2(e
xe,2 − 1)

]

·G(θe) . (4.56)

Here the DC emission coefficient G(θe) is given by the direct expansion

G(θe) =
4

∑

k=0

Gk · θk
e (4.57)

where the definitions of the integrals Gi may be found in the Appendix (D.15). The first integral
G0 corresponds to the non-relativistic result obtained earlier by Lightman [80].

4.5.3 Beyond the limit θe � 1

The procedure described above results in an asymptotic expansion of the effective DC Gaunt
factor in the soft photon limit. This expansion in most of the cases is expected to converge
very slowly. Therefore, using the direct expansion (4.57) we again tried to ‘guess’ the correct
functional form of the DC emission coefficient G(θe) and thereby to extend the applicability
of our analytic expressions. Examining the general behavior of the results obtained in our
numerical integrations (Sect. 4.5.6) for Planckian initial spectra showed that for θe ∼< θγ in
general the ratio between the relativistic and non-relativistic DC emission coefficient, G/G0,
is dropping towards higher electron temperatures. After several attempts we found that this
behavior is best represented by the functional form

Ginv(θe) =
G0

1 + a θe
. (4.58a)

Now, comparing the Taylor expansion of (4.58a) for small temperature with equation (4.57)
one can immediately deduce

a = −G̃1 . (4.58b)

Here G̃i = Gi/G0 was defined. As will be shown below, equation (4.58a) together with (4.58b)
and (D.15) provides a description of the low frequency DC emission coefficient, which for
photon distributions close to equilibrium is better than 5 % for temperatures up to ∼ 25 keV
in the range 0.2 ≤ ρ ≤ 50. Here we defined the ratio of the electron to photon temperature as
ρ = θe/θγ . For a detailed discussion we refer the reader to Sect. 4.5.6.

4.5.4 Results for different incoming photon spectra

In this Section, we give the analytic results for the integrals Gi in the definition of the DC emis-
sion coefficient (4.57) for different incoming photon spectra, which in astrophysical situations
may represent the most interesting cases. Utilizing equation (4.58a) some useful approximations
are derived, which, as will be shown below, are valid in a very broad range of temperatures. In
Sect. 4.5.6 we give a detailed discussion of the results summarized here.

Planck spectrum

The kinetic equation for DC scattering in the form (4.56) shows that for Planckian photons of
temperature θγ ≡ θe DC emission is completely balanced by DC absorption. However, in more
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general situations, i.e. θγ 6= θe, also for Planckian initial photons DC emission arises. With a
Planck spectrum nPl(xe) = 1/ (eρ xe − 1) of temperature θγ the integrals Gi can be evaluated
analytically. Since the analytic expressions are rather lengthy and not very illuminating, in the
results given below the numerical coefficients were evaluated.

G0,Pl =
4π4

15 ρ5
≈ 25.976 ρ−5 (4.59a)

G1,Pl = −G0,Pl

[

19.739 − 5.5797 ρ
]

/ρ (4.59b)

G2,Pl = G0,Pl

[

398.91 − 207.26 ρ + 15.041 ρ2
]

/ρ2 (4.59c)

G3,Pl = −G0,Pl

[

8480.7 − 6390.2 ρ + 984.49 ρ2 − 7.7023 ρ3
]

/ρ3 (4.59d)

G4,Pl = G0,Pl

[

191071 − 190816 ρ + 47842 ρ2 − 2331.7 ρ3 + 6.0652 ρ4
]

/ρ4 . (4.59e)

Making use of (4.58a) and (4.58b) one obtains:

Ginv
Pl =

25.976/ρ5

1 + [19.739 − 5.5797 ρ] · θγ
. (4.60)

To estimate the effects of induced scattering, which are important for the formation of a
Planckian photon distribution, we neglect the corresponding terms in the integrals (D.15a)
and (D.15b), i.e. drop H̄6,1 and replace Īi → Ḡi,1. We then find:

Ginv
Pl,noind =

24.886/ρ5

1 + [20.603 − 6 ρ] · θγ
. (4.61)

This result shows that the differences connected with induced emission are of the order of a few
percent. Note that in the above equation we replaced the electron temperature by θe → ρ θγ .

Bose-Einstein spectra

In contrast to Compton scattering DC scattering still affects the photon field in the case of Bose-
Einstein equilibrium, producing photons at low frequencies and redistributing the photons at
high frequencies. For Bose-Einstein spectra nBE(xe) = 1/(eρ xe+µ − 1) with the dimensionless
chemical potential µ, it is possible to obtain analytic expressions in the limits |µ| � 1 and
µ� 1. In the case µ� 1 one may write nBE(xe) ≈ e−µ · e−ρ xe . Therefore this case is described
by a Wien spectrum with N0 = e−µ, for which the results will be given in the next paragraph.
In the limit |µ| � 1 it is possible to use the first order expansion of the photon occupation
number in the chemical potential, nBE ≈ nPl(xe)+µ ·∂xnPl. Here we only give the approximate
expressions up to the first order temperature correction.

G0,BE ≈ G0,Pl

[

1− 1.1106 · µ
]

(4.62a)

G1,BE ≈ G1,Pl

[

1− 20.119 − 5.5958 ρ

19.739 − 5.5797 ρ
· µ

]

(4.62b)

Equation (4.62a) suggests that G0,BE may have the functional form ∝ e−βµ. We found that

G0,BE ≈ G0,Pl · e−1.055 µ (4.63)

provides a fit to G0,BE, which is better than 1% for 0 ≤ µ ≤ 1.
A numerical calculation of the coefficient a as given by equation (4.58b) has shown that

for 0 ≤ µ ≤ 1 the relativistic corrections are roughly independent of the value of the chemical
potential. We found that

aBE ≈
19.739 − 5.5797 ρ

ρ
· [1 + 0.0293 ln(1 + 3.06 · µ)] (4.64)

reproduces the coefficient a to better than 0.5% for 0 ≤ µ ≤ 1 and 0.2 < ρ < 1.5 and that for
µ > 1 one may use the formulae obtained for Wien spectra.
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Wien spectrum

For a Wien spectrum nW(xe) = N0 e−ρ xe of temperature θγ , making the assumption N0 � 1,
which implies that induced terms may be neglected, the functions Gi are given as

G0,W = 24N0 ρ−5 (4.65a)

G1,W = −G0,W[21− 6 ρ]/ρ (4.65b)

G2,W = G0,W[428.4 − 220.5 ρ + 15 ρ2]/ρ2 (4.65c)

G3,W = −G0,W[9141.6 − 6854.4 ρ + 1047.375 ρ2 − 11.25 ρ3]/ρ3 (4.65d)

G4,W = G0,W[206380.8 − 205686 ρ + 51408 ρ2 − 2480.625 ρ3 − 11.25 ρ4]/ρ4 . (4.65e)

Making use of (4.58a) and (4.58b) one finds:

Ginv
W =

24N0/ρ
5

1 + [21− 6 ρ] · θγ
. (4.66)

Note that here we again replaced the electron temperature by θe → ρ θγ .

4.5.5 Beyond the soft photon limit

Strictly speaking equation (4.56) is only valid for the very low frequency part of the DC emission
spectrum. We have already seen that in general the effective DC Gaunt factor is a function
of the electron temperature, θe, the exact shape of the spectrum of the initial photons, n(ν),
and the frequency of the emitted photon, ν2. If we are not interested in the redistribution of
photons at high frequencies it is possible to neglect gdc,c in the definition of gdc as given by
equation (4.52) and replace gdc,a by

g̃dc,a(x2) =

∞
∫

2x2

x4
0 n(x0) [1 + n(x0 − x2)]

[

x2

x0
H(x2/x0)

]

dx0 , (4.67)

Here it was assumed that all the photon above ν2/ν0 = 1/2 can be considered as scattered

photons and therefore are not taken into account in the integral over the emission spectrum
(see lower boundary). The effective Gaunt factor in a similar form (with H = HG, where HG

is the Gould factor (4.27)) was also used by Bond [20] and Burigana, Danese & de Zotti [25].
As Burigana, Danese & de Zotti [25] claim, for Bose-Einstein spectra a good approximation
of g̃dc,a can be given as g̃dc,a(x2, θγ) ≈ ρ5G0 e−x2/2. Therefore one simple way to extend the
applicability of the results given here in the soft photon limit is to use

g̃dc,a(x2, θγ , θe) ≈ ρ5Ginv(θγ , θe)× e−x2/2 , (4.68)

where Ginv is defined by (4.58a). Note that the factor of ρ5 arises due to the different definitions
of integration variables x ↔ xe. Comparison with full numerical results has shown that the
approximation (4.68) works very well for photon distributions close to equilibrium. We now
concentrate on the discussion of the low frequency part of the DC emission, where most of the
photons are produced.

4.5.6 Discussion of the results for Planck, Bose-Einstein and Wien spectra

For Planckian photons DC scattering only changes the number of photons if θγ 6= θe. Despite
this fact, for order of magnitude estimates even the case ρ ≡ 1 is still quite useful, since
in situations close to full thermodynamic equilibrium, i.e. for |µ| � 1, deviations of the DC
emissivity from the case of Planckian photons are in second order of µ.

Fixing the temperature of the electrons one can see from equation (4.59a) that the non-
relativistic DC emission coefficient G0 increases for ρ < 1 and decreases for ρ > 1 with the fifth
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Figure 4.19: Production rate of soft photons by double Compton scattering relative to the non-
relativistic result G0 as a function of θe: Top: Full numerical results for Planckian photons, with al-
lowance made for induced scattering, in comparison with the direct expansion as given by equations
(4.59) including temperature corrections up to different orders, as indicated respectively. Also the nu-
merical result neglecting induced effects is shown (red/long-dashed). — Bottom: Same as a) but for a
Wien spectrum. Only spontaneous scattering is taken into account (N0 � 1). The analytic approxima-
tion is given by equations (4.65). In addition, the approximation formula (4.69) as given by Svensson
[132] is shown (blue/long-dashed). The inverse formula (4.66) shows a similarly good performance but
for the sake of clarity is not presented here. For further discussion about the performance of the inverse

formula for Planckian photons see Fig. 4.20 and Sect. 4.5.6.
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power of ρ. Therefore even a 10% difference in the electron and photon temperature results in
a factor of ∼ 1.6 increase or decrease of the DC photon production rate. Below we now first
discuss the case ρ = 1 and then the more general case ρ 6= 1 in detail. For this we compare the
ratio, G/G0, of the DC emission coefficient G in the soft photon limit including all temperature
corrections and the non-relativistic coefficient G0 with the full numerical results. Since Bose-
Einstein spectra lie between a Planck spectrum (µ = 0) and Wien spectra, with small number
density N0 � 1, and the differences between the results for Planck and Wien spectra are of the
order of a few percent (of course after rescaling G by G0, see below), here we do not discuss
Bose-Einstein spectra in more detail.

Case ρ = 1

In Fig. 4.19 the results for incoming Planck and Wien spectra with temperature θγ = θe are
shown. With increasing temperature the ratio, G/G0, of the relativistic and non-relativistic
DC photon production rate decreases strongly, implying that the main contribution to G0

comes from photons with energies ω0 ≥ 10
7 θe (see equation (4.46a)). This suggests that for

higher temperatures the efficiency of DC emission is significantly overestimated by the non-
relativistic result as obtained by Lightman [80]. For example, even for rather low temperatures
Te ∼ 4 keV there is a 10% negative correction due to relativistic effects.

In the considered case the direct formulae (4.57) with (4.59) for a Planckian and (4.65) for
a Wien spectrum are valid up to θe ∼ 0.05, within reasonable accuracy. As will be discussed
below, the inverse formula (4.58a) and the corresponding coefficients a for ρ ∼ 1 provides an
approximation which is better than 5 % up to θe ∼ 0.2. This case is most interesting for the
thermalization of spectral distortions in the early universe.

In general our numerical results have shown, that for an incoming Planck spectrum the
contributions due to induced scattering are of the order of a few percent. Only in extreme cases
(ρ� 1) the contribution of induced terms was significant. In comparison to a Wien spectrum
the difference in general was also of the order of a few percent. Therefore we will not discuss
induced effects in more detail below. Comparing the result for an incoming Wien spectrum
with the approximation given by Svensson [132],

GS(θe) ≈
G0,W

1 + 13.91 θe + 11.05 θ2
e + 19.92 θ3

e

(4.69)

shows that in the considered case, i.e. ρ = 1, it provides a very good fit to the numerical result.
The inverse formula (4.66) shows a similarly good performance. In the more general case, i.e.
ρ 6= 1, the approximation given by Svensson [132] can not reproduce the numerical results,
since the strong dependence of the relativistic corrections on the ratio of the electron to the
photon temperature was not taken into account.

Case ρ 6= 1

Figure 4.20 illustrates the dependence of the DC emission on the ratio of the electron to the
photon temperature ρ = θe/θγ for a incoming Planck spectrum. Since the general behavior
of the numerical results for Bose-Einstein and Wien spectra are the same as for a Planck
spectrum, it is sufficient to consider this case only. We expect the main conclusions to hold also
for Bose-Einstein and Wien spectra.

In general the characteristics of the ratio G/G0 can be summarized as follows: If we define
the critical ratio ρc = 3/(1 − 3

2π2 ) ∼ 3.538 of electron to photon temperatures, for which the
first order correction to G vanishes (cf. Eq. (4.59b)), then two regimes can be distinguished:
(i) for ρ < ρc the ratio G/G0 is monotonically dropping with increasing electron temperature,
whereas (ii) for ρ ≥ ρc it is first increasing and then turning into a decrease at some high tem-
perature. This suggests that ρc separates the regions where Doppler boosting is compensating
the suppression of DC emission due to higher photon energy. Estimating the mean photon
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equation (4.60), and the direct expansion (4.59) up to first order and fourth order in temperature, as
indicated respectively.



94 The double Compton process in mildly relativistic thermal plasmas

energy weighted by G0, i.e. 〈ω0〉 =
∫

x5n[1 + n] dx/
∫

x4n[1 + n] dx ≈ 4.8 θγ , and using the
approximation ω0 = 10

7 θe for the condition Gm(ω0, θe) = 1 (see Eq. (4.46a)) yields ρc ≈ 3.35,
which further supports this conclusion.

In general one finds (see Figs. 4.20 and 4.21) that for ρ < ρc the inverse approximation
(4.58a) has a better performance than the direct expansion formula (4.57) and vice versa for
the case ρ ≥ ρc. It is worth mentioning that the direct formula performs very well for ρ ≥ ρc

even in lower orders of the temperature corrections. Combining these two approximations an
accuracy of better than ∼ 5% can be achieved in a very broad range of temperatures. If the
photons and electrons have similar temperatures then the inverse formula (4.58a) is valid even
up to k T ∼ 100 keV.

One obvious advantage of the inverse formula (4.58a) over the direct expansion (4.57), is
that only the first order corrections are needed to obtain an excellent approximation up to
high temperatures. Especially for numerical applications this is important, since higher order
derivatives of the spectrum may introduce significant difficulties. We have also compared the
full numerical results with the approximation as given by (4.52), which involves a 2-dimensional
integral over the spectrum and the electron distribution. It turned out that this approximation
performed similarly well as the inverse formula, but without any improvements. This is mainly
due to the fact, that the main contributions to the DC emissivity arise from photons of energy
〈ω0〉 ∼ 4−5×θγ . Therefore in the case ρ = 1 at temperatures θe ∼ 0.2 it follows that 〈ω0〉 ∼ 1,
such that the approximations given for monochromatic photon start to break down.

4.6 Summary and outlook

In this Chapter we have studied the full kinetic equation for the time evolution of the photon
phase space density under DC scattering. We included both the creation of new photons at
low frequencies and the redistribution of photons at high frequencies. We have shown that the
DC emissivity strongly decreases with higher mean energy of the initial photons leading to a
suppression of the total number of newly created photons as compared to the non-relativistic
limit. On the other hand boosting leads to an enhancement of the DC emissivity the higher
the electron temperature becomes.

Furthermore, an expression for the effective DC Gaunt factor has been derived and shortly
discussed in comparison with the full numerical results (Sect. 4.5.1). We have argued that at
least in situations close to thermodynamic equilibrium the evolution of the high frequency
photons is not significantly affected by DC scattering, but a more detailed study should be
undertaken to include cases far from equilibrium.

Simple and accurate analytic expressions for the low frequency DC scattering emission coef-
ficient of monochromatic initial photons (Sect. 4.4; in the most general situation see Eq. (4.45))
and in the case of Planck, Bose-Einstein and Wien spectra were given (see Sect. 4.5.4). We
discussed in detail the DC emission for monochromatic initial photons and in the soft photon
limit for an incoming Planck spectrum, but expect that our main conclusions also hold for
Bose-Einstein, Wien and more general photon distributions. For more general incoming pho-
ton distributions two analytic approximations for the low frequency DC emission coefficient,
equation (4.57) as a direct expansion up to fourth order in temperature and (4.58a) as a inverse

approximation, were deduced, which in combination should describe the full numerical results to
better than 5 % in a very broad range of temperatures and involve only 1-dimensional integrals
over the photon distribution and its derivatives (see Fig. 4.21 and Sec. 4.5.6 for discussion).

If the photons and the electrons have similar temperatures, which is the case in most
physical situations close to equilibrium, especially in the context of the thermalization of CMB
spectral distortions, then the inverse formula (4.58a) may be applicable up to k T ∼ 100 keV
with an accuracy of better than a few percent. Since only first order corrections are necessary
for this inverse formula (4.58a), it it generally more suitable for numerical applications. For
photon distributions close to equilibrium our discussion has shown that at high temperatures
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the DC emission for Te ≤ 3.538Tγ is less efficient than in the non-relativistic limit. Negative
corrections can be as big as 90% for electron temperatures around k T ∼ 100 keV. On the other
hand in the case Te ≥ 3.538Tγ DC emission turns out to be more efficient by a factor of a few
up to very high temperatures.

In the following Chapter we will discuss some attempts to apply the approximations derived
here in the context of the thermalization of CMB spectral distortions. One can expect that at
redshifts z ∼> 106 − 107 relativistic corrections to DC emission become important. As we have
seen, at higher temperatures DC emission is less efficient. This may slow down the thermal-
ization of chemical potential distortion at high redshift and potentially allow to place tighter
constraints on the amount of released energy, which is still compatible with the Cobe/Firas
limits.
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Chapter 5

Thermalization of CMB spectral

distortions

In this Chapter we want to discuss the effects of relativistic corrections to the physical processes
at work in the thermalization of CMB spectral distortions after energy injection. As a first step
toward the full solution of this problem we have derived accurate analytic approximations for
DC emission in a hot thermal plasma (see. Chapt. 4). He we want to provide two more steps:
(i) we reexamine the formulation of the full problem and attempt to point out relevant changes
with respect to the non-relativistic calculation and (ii) we discuss the thermalization of small

spectral distortions at high redshifts with inclusion of all the necessary corrections.

5.1 General formulation of the thermalization problem

A solution of the full thermalization problem for the isotropic Universe in general can only
be done numerically, especially for large energy injections at high redshifts. Currently we are
developing a code for this purpose but a general discussion and solution is still on the way.
Nevertheless, we obtained some additional insights, which go beyond the standard calculation.

At redshifts z ∼> 108−109 electrons and positrons are very abundant and electron-positron,
electron-electron and positron-positron Bremsstrahlung will be many orders of magnitude more
efficient in producing soft photons than double Compton scattering (DC) or normal electron-
ion Bremsstrahlung (BS). Hence thermalization of CMB spectral distortions will be extremely
rapid. Therefore we shall restrict ourselves to redshifts below z ∼< 108. Here electrons and
positrons have fallen out of equilibrium with the photons and only insignificant amounts of
positrons are left from the era of electron-positron annihilation. During the subsequent evolu-
tion of the Universe the main interactions between the photons and matter are governed by
Compton scattering (CS), double Compton scattering and Bremsstrahlung. Furthermore due
to the expansion of the Universe the photons suffer from redshifting.

The photons do not interact directly with the baryonic matter (hydrogen, helium and the
nuclei of other light elements), but only mediated by electrons, which themselves are strongly
coupled to the baryons via Coulomb scattering. The time scale, on which the electrons and
baryons adjust their energy distributions is much shorter than any other time scale of impor-
tance here (see Appendix E.3). Therefore it can be assumed that the electrons and baryons
always follow a relativistic Maxwell Boltzmann distribution with temperature Te. In this case
the problem can be formulated with the Boltzmann equations for the evolution of the photon
phase space distribution function and a coupled equation describing the time evolution of the
electron (and baryon) temperature. Below we shall now write down the photon Boltzmann
equation in the expanding Universe and the evolution equation for the electron temperature
with inclusion of heating and relevant relativistic corrections.
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5.1.1 The Boltzmann equation in the expanding Universe

The time evolution of the phase space distribution function f(x,p) of a particle is described
by the Boltzmann equation

L̂[f ] = Ĉ[f ] (5.1)

where Ĉ is the collision operator and L̂ is the Liouville operator. In an isotropic, homogeneous
Friedmann-Robertson-Walker (FRW) Universe f(x,p) ≡ f(t, E), where E and p = |p| are
the relativistic energy and momentum of the particle, respectively. In this case the Liouville
operator is given as

L̂ = E
∂

∂t
− ȧ

a
p2 ∂

∂E
, (5.2)

where ȧ/a =: H is the expansion rate of the Universe. With ∂E = E/p · ∂p the Boltzmann
Equation can be cast into the form

∂f

∂t
−H p

∂f

∂p
=

Ĉ[f ]

E
= Icoll . (5.3)

The right hand side of this equation shall henceforth be called the Boltzmann collision term.
In general the collision term is a sum of all the terms describing the different interactions of the
particles. To describe the evolution of a system with different gas species, in general one has to
solve a coupled set of Boltzmann equations for each considered species. Without any simplifying
assumptions this is a highly complex problem. For more details about the formulation of the
relativistic Boltzmann equation see Cercignani & Kremer [29].

5.1.2 Evolution of the number and energy density

If the phase space distribution fi of a particle of species i is given for every time t, instead of
following the evolution with the full Boltzmann equation (5.3) one can use integrated quantities,
like the number and energy density. Therefore, with the definition (A.1) for the number density,
integration of equation (5.3) over d3p making use of integration by parts yields

dNi

dt
+ 3H Ni =

gi

(2π~)3

∫

4π p2Icoll,i dp . (5.4)

The left hand side of this equation can be rewritten as

dNi

dt
+ 3H Ni =

1

a3

da3Ni

dt
. (5.5)

If no particles are produced or destroyed the integral over the collision term Icoll,i vanishes.
Therefore equations (5.4) and (5.5) then simply reflects the conservation of the number of
particles in the Universe and their dilution due to the expansion.

In a similar way, using the definition (A.4a) for the energy density with equation (5.3), for
relativistic particles (E = p c� mic

2) one can find

1

a4

da4ρi

dt

∣

∣

∣

∣

rel

=
gi

(2π~)3

∫

4π E p2Icoll,i dp . (5.6)

Here the fact that the energy of the particle is redshifted is reflected in the additional factor
of 1/a. Thus, if there are no collisions, the particle phase space density undergo adiabatic
expansion and redshifting of the energy (ρi ∝ a−4).

For non-relativistic massive particles (mic� p) it follows:

1

a3

da3ρi

dt

∣

∣

∣

∣

nr

=
gi

(2π~)3

∫

4π E p2Icoll,i dp , (5.7)

where here ρi = mi c
2 Ni. If there are no collisions, non-relativistic particle species do not suffer

from redshifting of their energy but only from the dilution due to the expansion (ρ i ∝ a−3).
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5.2 Evolution of the photons in the expanding Universe

In the early Universe the photons undergo many interactions with the matter (mainly with the
electrons) in the Universe. As mentioned earlier, the most important processes are Compton
scattering, double Compton scattering, Bremsstrahlung and the adiabatic expansion of the
Universe. Among these processes for most of the times Compton scattering is the fastest.
Therefore it is convenient to express all the involved time scales in units of the Compton
scattering time, tC = 1/σT Ne c (see Appendix E.3).

The Boltzmann equation for the evolution of the photon phase space density in the expand-
ing Universe then can be written as:

∂nγ

∂τ
−H tC p

∂nγ

∂p
=

dnγ

dτ

∣

∣

∣

∣

C

+
dnγ

dτ

∣

∣

∣

∣

DC

+
dnγ

dτ

∣

∣

∣

∣

BS

, (5.8)

where we introduced the optical depth dτ = dt/tC to Compton scattering as the dimensionless
time variable. Note that here and in the following nγ is the phase space density of the photons
and not their number density Nγ .

In equation (5.8) the seconds term on the left hand side is due to the expansion of the
Universe and the right hand side terms correspond to the physical processes listed above.
Below we now first give the collision terms with lowest order relativistic corrections and then
discuss the expansion term.

5.2.1 Compton scattering

The contribution of Compton scattering to the right hand side of the photon Boltzmann equa-
tion (5.8) in the non-relativistic limit can be treated by the Kompaneets equation [75]:

dnγ

dτ

∣

∣

∣

∣

C,nr

=
θe

x2

∂

∂x
x4

[

∂nγ

∂x
+ φnγ(nγ + 1)

]

. (5.9)

Here we used the abbreviations x = hν/k Tγ and φ = Tγ/Te. The Kompaneets equation was
found by lowest order Fokker-Planck expansion of the collision term for Compton scattering.
Maintaining the next order terms in electron temperature one can derive first order relativistic
correction to the Kompaneets equation [30, 67, 114]:
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x4

[

F + θe ·
{
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21
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x

∂F
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+
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[

φF− (φ− 6F−) +
∂2F+

∂x2

]}]

(5.10)

where we have defined F (x) = ∂nγ/∂x + φnγ(nγ + 1) and F±(x) = F ± φnγ(nγ + 1).

One can easily verify, that the number of photons is conserved under Compton scattering
in both the non-relativistic and relativistic case by multiplying (5.10) with x2 and integrating
over frequency using integration by parts and the fact that the photon distribution vanishes
sufficiently fast for x→ 0 and x→∞. Furthermore one can also easily check that for photons,
which follow a Bose-Einstein distribution, nBE(x) = 1/[ex+µ − 1], with constant chemical
potential µ, equation (5.10) vanishes identically.

In equation (5.10) only first order corrections in the electron temperature have been in-
cluded. In this order it should be applicable up to θe ∼ 0.01 for x ∼< 5. Since the main emission
due to DC scattering and Bremsstrahlung is coming from regions x ∼< 10−3 − 10−2, we expect
that (5.10) represents the Compton scattering corrections at low frequencies up to even higher
temperatures (θe ∼ 10−1 for x ∼< 1), but it is not obvious how to treat the high frequency part.
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5.2.2 Double Compton scattering and Bremsstrahlung

The contribution of double Compton scattering and Bremsstrahlung to the right hand side of
the photon Boltzmann equation (5.8) can be written in the form [108, 80]:

dnγ

dτ

∣

∣

∣

∣

DC+BS

=
e−x

x3
·
[

1− nγ (eφ x − 1)
]

×K(x, θγ , θe) (5.11)

where the emission coefficient K is given by the sum of the contribution due to double Compton
scattering and Bremsstrahlung, K = KDC + KBS. We now discuss each of them separately.

Double Compton scattering

Due to the large entropy of the Universe at high redshifts (z ∼> few × 105) DC emission dom-
inates over BS by many orders of magnitude. The DC scattering emission coefficient can be
given as

KDC(x, θe) =
4α

3π
θ2
γ ex × gdc(x, θγ , θe) , (5.12)

where α is the fine structure constant and gdc(x, θγ , θe) is the effective DC Gaunt factor.

In Chapter 4 we have discussed the contribution of DC scattering in a hot isotropic thermal
plasma to the kinetic equation in great detail. There we derived different approximations for
the effective DC Gaunt factor gdc(x, θγ , θe). In the most general case, i.e. when DC emission at
low frequencies and the redistribution of photons at high frequencies are taken into account, we
obtained the approximation (4.52). Until now we only checked the applicability of this result
for cases when the temperature difference between the photons and electrons is small and found
excellent agreement. A more general exploration of parameters is still one the way, but as we
have argued in Sect. 4.5.1 at least in cases fairly close to equilibrium the DC energy redistribu-
tion of photons at high frequencies is many orders of magnitude less important than the first
order relativistic corrections to Compton scattering as included in equation (5.10). Therefore
in a more conservative approach we may neglect terms arising due to the redistribution of
photon by DC scattering and only include effects due to DC emission. This then leads to the
approximation for the DC Gaunt factor as given by equation (4.67).

Bremsstrahlung

At low redshifts (z ∼< few × 105) Bremsstrahlung starts to become the main source of soft
photons. One can define the Bremsstrahlung emission coefficient as

KBS(x, θe) =
α λ3

e

2π
√

6π

θ
−7/2
e ex[1−φ]

φ3
·
∑

i

Z2
i Ni · gff(Zi, x, θe) . (5.13)

Here λe = h/me c is the Compton wavelength of the electron, Zi, Ni and gff(Zi, x, θe) are the
charge, the number density and the BS Gaunt factor for a nucleus of species i, respectively. Var-
ious simple analytical approximations exists [108], but nowadays more accurate fitting formulae
may be found in Nozawa et al. [90] and Itoh et al. [68].

In the early Universe hydrogen and helium contribute most to the BS Gaunt factor. In the
non-relativistic case the hydrogen and helium Gaunt factors are approximately equal, gH,ff ≈
gHe,ff , down to a few percent. Therefore at low redshifts the sum in (5.13) may be simplified to
∑ ≈ gH,ff Nb, where Nb is the baryon number density as given by (E.1a). However, for percent
accuracies one should take the full expressions for gH,ff and gHe,ff into account.
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5.2.3 Expansion term

The left hand side of the photon Boltzmann equation (5.8) may be simplified using different
variables. Transforming from p ≡ hν/c to ξ(t, ν) = hν/k T starting from (5.3) one finds
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. (5.14)

Until now we have not specified the choice for Tγ(t), which can be regarded as a free param-
eter to describe the energy density of the photon field (see Appendix B.2). The two natural
possibilities are the electron temperature Te and the effective temperature Tz = T0 (1 + z) of
an undisturbed blackbody with energy density as given today for the CMB.

The effects of the expansion on the evolution of CMB spectral distortions become only
important if the temperature of the electrons and the photons differ significantly. Nevertheless,
here we are interested in percent accuracy and therefore should include this term. On this level
it is also important to include the change of the expansion rate during heating, especially when
one is considering the evolution of initially large distortions.

5.3 Evolution of the electrons and baryons in the Universe

Interactions between the electrons and the baryons in the Universe are extremely rapid. Thus,
it can be safely assumed that the phase space densities for these particles at any time of
interest to us are very close to relativistic Maxwell-Boltzmann distributions (see Appendix A
for definitions) with the same temperature Ti ≡ Te.

Unlike the baryons the electrons in addition are strongly coupled to the photons via Comp-
ton scattering. Below we shall assume that only insignificant amounts of electrons or baryons
are created in the process leading to the injection of energy. Then the number densities for e,
H, He and other light elements are given by Ni ≈ Ni,0(1 + z)3, where Ni,0 is the present day
value. Therefore instead of following the evolution of the phase space distribution it is sufficient
to consider only the evolution of the electron temperature. Below we now derive the equation
governing this evolution including relativistic corrections.

5.3.1 Evolution of the electron temperature

In order to describe the evolution of the electron temperature we consider the first law of
thermodynamics for each species i (γ, e, H, He and other light elements):

dQi = d(a3ρi) + Pi da3 , (5.15)

where the external source of heating is represented by dQi and ρi and Pi are the energy density
and pressure of the particle i, respectively. Then the total, comoving heating rate is

1

a3

dQ

dt
=

∑

i

{

1

a3

da3ρi

dt
+

1

a3

da3

dt
Pi

}

. (5.16)

For photons the pressure is given by Pγ = ργ/3 (see Appendix B). Thus, with the identity
a−3 da3/dt = 3H the contribution of the photons to (5.16) reduces to

1

a3

dQγ

dt
=

1

a4

da4ργ

dt
. (5.17)

This is directly related to the collision integral of the Boltzmann equation describing the photon
phase space density evolution (cf. Eq. (5.6)). We will discuss this term in Section 5.3.2.
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To find the contributions due to e, H, He, etc. for each of them we substitute ρi and Pi from
equations (A.5a) and (A.5b) into (5.16). This then leads to

1

a3

dQ

dt
=

1

a4

da4ργ

dt
+

∑

i6=γ

mi c
2

{

F (θi)
1

a3

da3Ni

dt
+ Ni

dF (θi)

dt
+ 3H Ni θi

}

, (5.18)

where θi = k Ti/mi c
2 and F (x) is given by (A.6). Since we assume that no e or H, He and

other nuclei are destroyed or created the first term in the sum vanishes. To simplify the second
term in the sum we can use the definition of the specific heat capacities, cV,i, as given in the
Appendix A.4. With this one can write

mi c
2 Ni

dF (θi)

dt
= k Ni

dTi

dt

dF (θi)

dθi
= Ni cV,i

dTi

dt
. (5.19)

Since due to Coloumb interactions the temperatures of all particles are Ti ≡ Te and because
the masses of the nuclei of H, He and the other light elements are orders of magnitude larger
than the electron rest mass, for these we neglect relativistic corrections, i.e. cV,i ≈ 3k /2. Now,
one can reformulate equation (5.18) in the following way:

1

a3

dQ̃

dt
=

1

a4

da4ρ̃γ

dt
+ α∗ dθe

dt
+ 2Hα θe (5.20a)

where tilde denotes that the quantity is expressed in units of the electron rest mass and we
introduced the definitions

α =
∑

i6=γ

3

2
Ni (5.20b)

α∗ = α + Ne

[

dF (θe)

dθe
− 3

2

]

. (5.20c)

The second term of (5.20c) arises only due to relativistic corrections of the electron heat
capacity. For θe � 1 it directly follows that α ≡ α∗. If we only consider electrons, hydrogen
and helium, using the definitions (E.3) one can write

α =
3
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[
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(

1− Yp

2
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+

(
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4
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Nb (5.21a)
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Nb +O(θ4
e ) (5.21b)

The characteristic time scale in equation (5.20) is determined by the interaction of electrons
and photons and hence is given by the Compton time tC = 1/σT Ne c. Again it is convenient
to express the time derivative in terms of optical depth to Compton scattering dτ = dt/tC.
With this one finds the equation describing the evolution of the electron temperature

dθe

dτ
=

1

α∗

[

q − 1

a4

da4ρ̃γ

dτ
− 2H tC α θe

]

(5.22)

where we introduced q = 1
a3

dQ̃
dτ . Due to Compton scattering the temperature of the electrons

is always very close to the Compton scattering equilibrium temperature θeq, which will be
discussed in Section 5.3.2. For small spectral distortions this temperature is nearly equal to the
effective CMB temperature. Thus it is convenient to rewrite equation (5.22) in terms of the
relative difference between the photon and electron temperature, [θe − θγ ]/θγ . This leads to

d

dτ

∆θe

θγ
=

1

α∗θγ

[

q − 1

a4

da4ρ̃γ

dτ
−H tC [2α− α∗] θe

]

, (5.23)

where we defined ∆θe = θe − θγ . For numerical applications this form is more suitable, since
even in cases with rather big CMB spectral distortions the relative difference ∆θe/θγ is small.
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Some simple considerations

If we consider the case when the Universe is only filled with matter and no heating by dissipation
of energy or decay of unstable particles is occurring, then, if we neglect relativistic corrections,
equation (5.22) reduces to

dθe

dt
= −2H θe =

d lna−2

dt
θe , (5.24)

which has the simple solution Te = Te,0(1+ z)2. Here Te,0 is the present day temperature of the
electrons. This solution shows that without any photons, due to the expansion the electrons
would cool down faster than Tz = T0(1 + z).

If one now includes undistorted photons and assumes that due to Compton scattering
Te = Tγ ≡ Tz for all times (since there are no initial spectral distortions this should be true),
then it follows that the photons have to continously heat the matter to keep it close to the
temperature Tz. It is easy to find a solution also in this case. Using (5.23) it follows that

1

a4

da4ρ̃γ

dt
= −Hαθγ , (5.25)

which has the simple solution ργ = ργ,0 [1 + λ ln(1 + z)] (1 + z)4, where the subscript ’0’ indi-
cates present day values and λ ≈ 3[1 − 5Yp/8]Nb,0θγ,0/ργ,0 ≈ 6 × 10−10. Luckily due to the
large entropy the heat capacity of the electrons and all the baryonic matter is tiny as compared
to the huge energy reservoir of the photons. Let us now examine the term arising due to the
interactions with the photons.

5.3.2 Interactions with the photons

The heating and cooling of the electrons due to interactions with the photons can be split up
into the contributions due to Compton scattering and due to the emission of low frequency
photons by DC scattering and Bremsstrahlung ( dρ̃e/dτ = −dρ̃γ/dτ):
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. (5.26)

Typically the energy transfer due to Compton scattering is much more important than cooling
due to emission of soft photons. We now shall examine each of these contributions separately.

Compton heating and cooling

To derive the term describing the energy transfer due to Compton scattering one can use the
generalized Kompaneets equation including first order relativistic corrections (see Eq. (5.10)).
Multiply by E = pc and integrating over d3p, making use of integration by parts, one may
obtain (see also Sazonov & Sunyaev [114] for similar expressions):
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, (5.27)

where ρ̃γ = ργ/mec
2 is the energy density of the photons in units of the electron rest mass,

with ργ as given by (B.3b). The integrals Ii, Gi,j and Hi,j are defined in the Appendix (D.4).

Compton equilibrium temperature

The Compton cooling term can be conveniently written in terms of the Compton scattering
equilibrium temperature θeq. This temperature is reached when the energy transfer by Compton
scattering vanishes, i.e. when Compton heating and cooling are balanced. Therefore one can
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find θeq by solving the quadratic equation dρ̃e/dτ = 0 for θe. Expanding in terms of small
photon temperature (θγ � 1) this then leads to

θeq = θeq,0

[

1− 21

5
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{G5,1

I4
+

θeq,0

θγ

[H6,1

I4
− 5

]}]

(5.28)

where θeq,0 = θγ I4/4G3,1 corresponds to the result obtained by using the Kompaneets equation
in lowest order of the electron temperature. The other terms arise due to first order relativistic
corrections to the kinetic equation for Compton scattering. For photons, which follow a Bose-
Einstein distribution, one can verify θeq ≡ θγ .

With (5.28) it is possible to rewrite equation (5.27) as
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(5.29)

Here again the first term in brackets can be found using the Kompaneets equation, whereas
the other terms follow from first order relativistic corrections.

Inserting this result into (5.22) one can derive the time scale, on which the electrons adjust
their temperature in a given photon field, i.e. tγe = α∗ tC/4 ρ̃γ (see Appendix (E.3)). Due to the
large entropy of the Universe this time scale is much shorter than the time needed to transfer
energy from the electrons to the photons, i.e. tK = tC/4 θe (see Appendix (E.3)), because a
given electron has many more photons to collide with than a given photon.

Heating and cooling due to photon production

Since during the thermalization process photons have to be produced also cooling and heating
due to emission occurs. One may obtain the corresponding term in a similar way as given above
using equation (5.11). This then leads to
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∫
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e−x
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1− nγ (eφ x − 1)
]

×K(x, θγ , θe) dx , (5.30)

where the emission coefficient K(x, θγ , θe) was defined in Section 5.2.2. Since most of the
photons are produced at low frequencies usually this term is very small as compared to energy
transfer due to Compton scattering.

5.4 Towards a numerical solution of the problem

Above we have given a detailed formulation of the thermalization problem including relevant
relativistic corrections. The most significant correction arises due to the decrease of the DC
emissivity for higher temperatures. The general problem consists of a system of two coupled
equations, one for the time evolution of the photon phase space distribution, the other for the
time evolution of the electron (and baryon) temperature. Here we want to further point out
some numerical issues, which may be of use.

5.4.1 Representation of the photon spectrum

In equilibrium the photons follow a Planckian distribution, which varies over many orders of
magnitude in the full range of frequencies. Therefore we decided that it is better to describe the
photon distribution as a Bose-Einstein spectrum, with frequency dependent chemical potential
µ(t, x). In this representation equilibrium with respect to Compton scattering is reached, when
the derivative of µ vanishes at all frequencies. This should allow for much higher accuracy
with smaller computational efforts (e.g a smaller number of grid points in frequency). In the
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Appendix B we have given several relations between the photon phase space distribution and
quantities like its derivatives and frequency dependent chemical potential, which have been
very useful in rewriting all the equations given above.

For a complete representation of the photons one also has to choose the temperature θγ . It
turns out, that for T ≡ Tγ = T0 (1 + z) the term in the brackets of equation (5.14) vanishes,
since then Ṫγ/Tγ = −H, so that one has ξ ≡ x. This simplifies the computations significantly,
because the expansion term was found to be liable for numerical instabilities [25]. However, it
still appears in the equation governing the electron temperature evolution (see Sect. 5.3).

5.4.2 Compton scattering relativistic corrections

The contribution of Compton scattering to the collision integral including the first order rela-
tivistic corrections was formulated as a forth order partial differential equation (see Eq. (5.10)).
For numerical applications this is not simple to solve and including higher order corrections
in the Fokker-Planck series is hopeless. Therefore instead we studied an approach combining
the Kompaneets equation and the relativistic Compton kernel. For this we split the evolution
up in to the fast part, which is represented by the Kompaneet equation, and modeled the slow

part resulting from the relativistic corrections by the Compton kernel. Unfortunately, the final
implementation and discussion of results are still not completed.

5.4.3 Double Compton and Bremsstrahlung

The calculation of the contributions due to DC scattering involve 1-dimensional integrals over
the photon spectrum. Neglecting the redistribution of photons by DC scattering, it is sufficient
to update the values of these integrals on much longer time scales than required for Compton
scattering, since these change only when the photon distribution a high frequencies is modified
significantly (the main contribution to the integrals comes form x ∼ 5).

Using the fits to the Gaunt factors for Bremsstrahlung as provided by Nozawa et al. [90] and
Itoh et al. [68] involves sums over many coefficients (∼ 100), which turns out to be very time
consuming. The Bremsstrahlungs Gaunt factors only change significantly when the electron
temperature has evolved. It is possible to analytically derive derivatives of the fitting functions
with respect to x and θe and to calculate these up to some specified order. Given the Gaunt
factor and its derivatives at some temperature in the full frequency range, one can estimate
when the next updating of these coefficients is necessary. This saves a lot of time and the
required accuracy can be controlled easily.

5.4.4 Electron temperature

In general one has to couple equation (5.23) to the photon Boltzmann-equation. This leads to
a very stiff system and a solution is slow. After heating has ceased it is possible to assume
that the electron temperature is always given by the Compton equilibrium temperature θeq

as defined by (5.28). This significantly eases the numerical solution of the problem, but for
high accuracy this may not be adequate, since the energy required for the production of low
frequency photons has to be taken into account properly.

5.5 Thermalization of small spectral distortions

In the previous Section we have given a formulation of the thermalization problem including all
the relevant relativistic corrections. In this Section we want to examine the effects of relativis-
tic corrections on the thermalization of small spectral distortions analytically using suitable
additional assumptions.

From the discussion in Chapter 4 it can be expected that relativistic corrections to Compton
and DC scattering of CMB photons are of the order of a few × 1 − 10 percent at redshifts
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z ∼> few× 106. At lower redshifts relativistic corrections become negligible at least if one is not
considering the details of the heating mechanisms, which may involve electromagnetic cascades
with very hard photons and relativistic particles. Since at these early epochs Bremsstrahlung
is orders of magnitude less efficient than DC emission we shall completely neglect it here.
Furthermore any energy injection at z ∼> few × 105 leads to a µ-type spectral distortion [126,
65, 46, 59], with frequency dependent chemical potential µ(t, x). Therefore we now focus the
discussion on the evolution of small chemical potential distortions, arising after energy injection
in the high-z Universe including relativistic correction.

5.5.1 Time evolution of small chemical potential distortions

Starting with the equations given in Sections (5.2) and (5.3) we now introduce the following
additional simplification: (i) we assume that the photon and electron temperatures are identical,
Te = Tγ . For small spectral distortions this is certainly true, since the Compton equilibrium
temperature is very close to the effective photon temperature. (ii) We use Tγ = Tz = T0(1+ z),
such that the expansion term in the photon Boltzmann equation transforms away. This fixes
the energy density of the photons to be close to the CMB energy density. (iii) We assume that
the photons evolve along a sequence of equilibrium spectra. Therefore the left hand side of
the photon Boltzmann equation (5.8) may be set to zero. At high redshifts Compton and DC
scattering are extremely efficient, which justifies this assumption.

With all these comments the solution of the problem can be obtained in two steps: first one
may solve the equilibrium Boltzmann equation
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, (5.31)

where dnγ/dτ |C is given by (5.10) with φ = 1 and dnγ/dτ |DC has the form (5.11) with
appropriate emission coefficient K = KDC as discussed below. This reduces the problem to
a fourth order non-linear ordinary differential equation in xe ≡ x = hν/k Tγ . After obtaining
the frequency dependence of the chemical potential at a fixed time it can be used to solve the
time dependence of its high frequency amplitude. A similar procedure was first introduced by
Sunyaev & Zeldovich [126] to solve the evolution of CMB chemical potential distortions under
Compton scattering and Bremsstrahlung in the non-relativistic limit (the importance of DC
emission in this context was realized later by Lightman [80]).

Equilibrium spectrum in the limit of small chemical potential

For small chemical potential |µ(t, xe)| � 1 one can approximate the photon phase space distri-
bution by n(t, xe) = 1/[exe+µ(t,xe)− 1] ≈ nPl +µ(t, xe) ·∂xenPl, where nPl is a Planck spectrum.
Using this and the relations (B.3) equation (5.31) can be linearized keeping only the lowest
orders in µ and its derivatives. This then leads to
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e n1

]

µ′

+
7

10
[6− xe n2] xe µ′′ +

7

10
x2

e µ′′′

}

]

= 0 (5.32)

where prime denotes derivative with respect to xe and the abbreviations n1 = nPl(nPl + 1)
and n2 = 2nPl + 1 were used. To define the critical frequency x̂c we have to specify the DC
emission coefficient KDC. Here we shall use the approximation gdc(xe, θe) ≈ e−xe/2 G(θe) for
the effective DC Gaunt factor, as given in Section 4.5.5. We mentioned earlier (Sect. 4.5.4)
that relativistic corrections to DC emission depend only weakly on the value of the chemical
potential. Since we also assumed that spectral distortions are small we may use the results
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obtained for the case of Planckian photons, i.e. Eq. (4.60). This yields G(θe) ≈ GPl
0 /[1+14.16 θe],

where GPl
0 = 4π4/15 ≈ 25.976. Therefore the critical frequency is given by

x̂c =
[ α

3π
θe exe/2gdc(xe, θe)

]1/2
≈ 3.03 × 10−6 Θ

1/2
2.7 (1 + z)1/2 [1 + 14.16 · θe]

−1/2 , (5.33)

which in the non-relativistic limit becomes

x̂nr
c = 3.03 × 10−6 Θ

1/2
2.7 (1 + z)1/2 . (5.34)

The critical frequency strongly depends on the temperature and changes significantly with
redshift. Comparing x̂c and x̂nr

c shows that due to relativistic correction to DC scattering the
critical frequency shifts toward smaller values.

Now, following Sunyaev & Zeldovich [126], we go to the limit xe � 1. Therefore one may
further simplify equation (5.32) with the substitutions n1 → 1/x2

e and 2n2 → 2/xe:

4 x̂2
c

x2
e

µ− ∂

∂xe
x2

e

[

µ′ − θe ·
{

17

10
µ′ − 14

5
xe µ′′ − 7

10
x2

e µ′′′

}

]

= 0 . (5.35)

With the assumption that relativistic corrections are small, it is possible to use a perturbative
approach. Inserting µ = µ(0) + θe µ(1) into (5.35) and collecting terms according to their orders
in θe one may obtain the following system of two 2. order linear differential equations:

4x̂2
c

x2
e

µ(0) − ∂

∂xe
x2

e

∂µ(0)

∂xe
= 0 (5.36a)

4x̂2
c

x2
e

µ(1) − ∂

∂xe
x2

e

∂µ(1)

∂xe
= S(xe, µ

(0)) . (5.36b)

Here the source term S(xe, µ
(0)) may be written as

S(xe, µ
(0)) = − ∂

∂xe
x2

e

[

17

10

∂µ(0)

∂xe
− 14

5
xe

∂2µ(0)

∂x2
e

− 7

10
x2

e

∂3µ(0)

∂x3
e

]

. (5.36c)

The 0. order equation was already derived and solved by Sunyaev & Zeldovich [126]:

µ(0) = µ0 e−2ξ , (5.37)

with ξ(t, xe) = x̂c/xe. At large frequencies (xe � x̂c) µ(0) → µ0 and for xe � x̂c it vanishes.
Inserting µ(0) into equation (5.36b) one may find the solution for the first order correction

µ(1) = −µ(0)

[

C + ξ ·
{

11

4
+

21

10
ξ − 14

15
ξ2

}]

. (5.38)

Since the chemical potential should approach µ0 for xe →∞, the integration constant C is set
to zero. Then the approximate solution for the equilibrium chemical potential at a fixed time
t is given by

µ(t, xe) = µ0(t) e−2ξ

[

1− θe ξ ·
{

11

4
+

21

10
ξ − 14

15
ξ2

}]

. (5.39)

With this the brightness temperature θ∗(xe) can be given by θ∗(xe) = θe/[1 + µ(xe)/xe] (see
Eq. (B.2b) in the Appendix). In the non-relativistic case the maximum of |θ∗(xe)| is at the
frequency xnr

e,max = 2 x̂nr
c . Including first order relativistic corrections to both Compton and DC

scattering, this frequency shifts towards lower values

xe,max ≈ 2x̂c

[

1 +
83

40
θe

]

≈ 2x̂nr
c [1− 5 θe] . (5.40)

In Figure 5.1 the comparison between the equilibrium solution in the non-relativistic and
relativistic limit are shown as functions of xe for z = 5 × 107 and µ0 = 2 × 10−3. Relativistic
corrections lead to a few % differences. Due to relativistic corrections the effective value of
the critical frequency x̂c is shifted towards lower values. Also the position of the maximum
difference in brightness temperature decreases as compared to the non-relativistic case.
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Figure 5.1: Comparison between the equilibrium solution in the non-relativistic and relativistic limit for
µ0 = 2×10−3 at redshift z = 5×107. a) Chemical potential: non-relativistic result µ(0)/µ0 (solid), with
relativistic corrections to CS and DC scattering (dashed) and the difference between the relativistic and
non-relativistic equilibrium chemical potentials, ∆µ/µ0 (dashed-dotted). b) Brightness temperature:
non-relativistic result ∆T/T0 = (T−T0)/T0 (solid), with relativistic corrections to CS and DC scattering
(dashed) and the difference between these two, ∆ = (T rel − T nr)/T0 (dashed-dotted).
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5.5.2 Solving the time evolution in the limit of small chemical potential

In the previous paragraph we have given the equilibrium solution of the chemical potential at
a fixed time. With this one can calculate the number, Nγ(t) = NPl · φµ, and energy density,
ργ(t) = ρPl · fµ, of the photons using the definitions (B.5). The main contributions to the
number and energy density of the photons come from the region x ≥ 1. At these frequencies
µ ≈ µ0 is roughly constant. It follows

1

ργ

dργ

dt
= 4

d lnTγ

dt
+

d ln fµ

dµ0
· dµ0

dt
(5.41a)

1

Nγ

dNγ

dt
= 3

d lnTγ

dt
+

d lnφµ

dµ0
· dµ0

dt
(5.41b)

for the time derivatives of Nγ and ργ . Combining these equations it is possible to eliminate the
time derivative of the temperature:

dµ0(τ)

dτ
=

1

Bµ

[

3
1

ργ

dργ

dτ
− 4

1

Nγ

dNγ

dτ

]

, (5.42)

with Bµ = 3
d ln fµ

dµ0
−4

d ln φµ

dµ0
= 8I1

I2
− 9I2

I3
≈ 2.143 and the integrals Ii =

∫ ∞
0 xi nPl dx, I1 ≈ 1.645,

I2 ≈ 2.404 and I3 ≈ 6.494. Moreover we have already linearized in µ0 and transformed to the
variable τ . This equation was first formulated by Sunyaev & Zeldovich [126].

Change of the number density

The change of the number density of the photons is only due to DC emission, since Compton
scattering conserves the number of photons. Therefore using equation (5.11), in the limit |µ| � 1
one may find:

1

Nγ

dNγ

dτ
==

4 x̂2
c θe

I2
µ0

∫ ∞

0

ey/2 µ̂(t, y)

y(ey − 1)
dy , (5.43)

with µ̂ = µ/µ0. The remaining integral can be solved approximately by splitting the integration
region up into ξ < 1 and ξ ≥ 1:

Iµ =

∫ ∞

0

ey/2 µ̂(t, y)

y(ey − 1)
dy ≈

∫ x̂c/2

0
e−x̂c/2ξ µ̂appr(t, ξ)

dξ

ξ
+

1

x̂c

∫ ∞

x̂c/2
µ̂(t, ξ) dξ , (5.44)

with

µ̂appr = 1−
[

2 +
11

4
θe

]

ξ +

[

2 +
17

4
θe

]

ξ2 −
[

4

3
+

11

30
θe

]

ξ3 . (5.45)

Since for redshifts z ≤ 108 it follows x̂c ∼ few × 10−2 � 1 consistent up to O(θe) Eq. (5.44)
may be written as:

Iµ =
1

2x̂c

[

1− 69

40
θe − (1 + 2σ) x̂c +

{

1

2
− 2

e
− 2σ

}

x̂2
c

]

≈ 1− 1.725 θe − 0.5612 x̂c + 0.2030 x̂2
c

2x̂c
, (5.46)

where σ = Ei(−1) = −
∫ ∞
1 e−t/tdt ≈ −0.2194. The approximation to Iµ given here is accurate

up to better than 0.15% in the range θe < 0.05 and x̂c < 0.01.
It is important to note, that in the integral Iµ the term proportional to the electron tem-

perature is due to the relativistic corrections to CS only. The terms proportional to x̂c arise as
corrections to the non-relativistic result, with the modifications of the critical frequency due
to DC relativistic correction taken into account. We neglected terms ∝ θe x̂c and higher since

they are already of O(θ
3/2
e ).
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Final evolution equation

Now, using (5.43), (5.44) and (5.46) one may rewrite equation (5.42) as:

dµ0

dt
= − µ0

tµ,DC
+ aQ(t) , (5.47)

where a = 3/Bµ ≈ 1.399 and Q(t) = ρ̇γ/ργ is the energy injection rate relative to the CMB
energy density. Here tµ,dc is given by

tµ,dc = tC
Bµ I2

8 θe x̂nr
c

· f−1(z)

= 2.09 × 1033 (1− Yp/2)−1(Ωbh2)−1 ×Θ
−3/2
2.7 · (1 + z)−9/2f−1(z) s , (5.48)

where we used Θ2.7 = T0/2.7K and

f(z) = 2x̂cIµ [1 + 14.16 θe]
−1/2 . (5.49)

For the the Wmap concordance model [11] (the parameters are given in the Appendix E) one
finds tµ,DC ≈ 1.05 × 1035 (1 + z)−9/2f−1(z) s .

Up to z ∼< 108 relativistic corrections to CS and DC scattering are only of the order of a few
percent. Therefore, keeping only terms up to O(θe), we may approximate f(z) in the integrand
of F (z) including all other corrections by

f(z) ≈ 1−A1/2 λ1/2 (1 + z)1/2 −A1 λ (1 + z) , (5.50)

where λ = k T0/mec
2 ≈ 4.55 × 10−10 Θ2.7 and the coefficients A1/2 and A1 for different types

of corrections are given in Table 5.1.

General solution

Assuming radiation domination the expansion time is given as texp = t∗/(1 + z)2, with the
abbreviation t∗ = 4.88 × 1019 Θ−2

2.7 s (see Appendix E.3). Now, the general solution of equation
(5.47) can be written as

µ(z, z0) = µ(z0) ·H+(z) ·H−(z0) + κ̃ H+(z) · L(z, z0) , (5.51)

with κ̃ = a t∗ and where we defined the functions

H±(z) = exp [±F (z)] (5.52a)

F (z) =
5

2

∫ z

−1

(1 + z′)3/2

(1 + zµ)5/2
f(z′) dz′ (5.52b)

L(z, z0) =

∫ z0

z

Q(z′)

(1 + z′)3
H−(z′) dz′ . (5.52c)

Here the thermalization redshift zµ for DC scattering is given by

1 + zµ =

[

5 tµ,dc (1 + z)9/2 f(z)

2 t∗

]2/5

= 4.09 × 105 (1− Yp/2)
−2/5(Ωbh2)−2/5Θ

1/5
2.7 (5.53)

and has the value zµ ≈ 1.97× 106 for the Wmap concordance model. Distortions arising from
redshifts z0 much before the critical redshift, i.e. z0 � zµ, can be completely thermalized,
whereas distortions arising afterwards, i.e. z0 � zµ, can survive. In the following we assume
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Table 5.1: Coefficients A1/2, A1, Ã1/2×103 and Ã1×103 for different types of corrections: x̂nr
c corrections

to the non-relativistic result, DC double Compton temperature correction, CS Compton scattering
temperature corrections, DC & CS temperature corrections.

x̂nr
c DC CS DC & CS

A1/2 0.080 0 0 0

A1 -0.004 7.080 1.725 8.805

Ã1/2 1.994 0 0 0

Ã1 −0.002 4.526 1.103 5.629

that z0 � zµ and therefore set µ(z0) = 0. The time where heating sets in will be called zh and
obeys zh < z0.

Substituting the approximation (5.50) into equation (5.52b), the integral F (z) can be solved
and is given by

F (z) ≈ w5/2
[

1− Ã1/2 w1/2 − Ã1 w
]

. (5.54)

Here the variable w = [1 + z]/[1 + zµ] and the coefficients Ã1/2 = 5
6 A1/2 θ

1/2
µ and Ã1 = 5

7 A1 θµ

(see Table 5.1), with the temperature at the thermalization redshift, θµ = λ (1 + zµ) ≈ 8.95 ×
10−4, were introduced.

In (5.54) the term ∝ w5/2 corresponds to the non-relativistic limit and was obtained earlier
by Danese & de Zotti [46]. The term ∝ w3 arises only from the x̂nr

c correction to the integral Iµ

and is of the same order as the CS and DC scattering temperature corrections. It changes the
non-relativistic result by a few percent. The term ∝ w7/2 mainly corresponds to temperature
corrections to CS and to the DC emission coefficient with a very small contribution from the
(xnr

c )2 correction to Iµ. In the following we will neglect the (xnr
c )2 correction. The effects of

relativistic corrections only enter through the temperature corrections to DC and CS.

5.6 Energy injection by different physical mechanisms

In this Section we will discuss the solution (5.51) of the high frequency time evolution of the
chemical potential for different energy release mechanisms and estimate the residual distortion
at redshift z = 0. We shall assume that energy is injected well before Compton scattering is
able to bring the spectrum into quasi-equilibrium, which roughly happens at z ∼ 4

√
2 zK [25].

Here zK is determined by the condition texp/tK ∼ 1, i.e. where the expansion rate and the rate
of energy transfer from the electrons to the photons become equal. With the relations in the
Appendix E.3 one can find

zK = 7.09 × 103 Θ
1/2
2.7 (1− Yp/2)

−1/2 (Ωbh2)−1/2 , (5.55)

which is zK = 5.09× 104 for the Wmap concordance model. For z ∼< 4
√

2 zK ∼ 2.88× 105 � zµ

CS can no longer efficiently up-scatter photons from low frequencies and hence the number of
photons (and the residual chemical potential) at high frequencies freeze out. On the other hand
at low frequencies DC and (at some point) BS still produce photons, but relativistic corrections
are already negligible. Therefore the low frequency spectrum will subsequently evolve like in
the non-relativistic limit, which has been discussed in Hu & Silk [59].
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Figure 5.2: Remaining high frequency chemical potential µ/µh with µh = µ(zh) for a single energy
injection at heating redshift wh = [1 + zh]/[1 + zµ]: The thin dashed line shows the non-relativistic
result as given by (5.58), whereas the thin solid line shows the result with relativistic corrections to CS
and DC included (Eq. (5.57)). — The heavy lines show the relative difference between the remaining
chemical potential µ and µnr,δ (right ordinate) including CS relativistic correction (dash-dot-dotted),
DC scattering relativistic correction (dash-dotted) and both relativistic corrections (solid). Also shown
is the x̂c correction to the non-relativistic result (dashed).

5.6.1 Single energy injection at zh

For a single energy injection the heating rate is given by Q(z) = Q0 δ(z − zh)/ |dt/dz|, where
Q0 = δργ/ργ is the fractional change of the photon energy density and dt/dz = −texp/(1+ z).
Inserting this into equation (5.52c) yields

µδ(z, zh) = aQ0 H+(z) ·H−(zh) (5.56)

Now, setting z = 0 and substituting wh = (1 + zh)/(1 + zµ) the residual chemical potential
after thermalization can be written as:

µδ(0, zh) = µ(wh)× exp
[

−w
5/2
h

(

1− Ã1/2 w
1/2
h − Ã1 wh

)]

, (5.57)

where µh = µ(wh) = a δργ/ργ . The first term in the exponent of equation (5.57) corresponds
to the result in the non-relativistic limit [46], where the x̂nr

c correction to the integral Iµ is
neglected. Including this correction one may write:

µnr,δ(0, zh) = µ(wh)× exp
[

−w
5/2
h

(

1− βnr w
1/2
h

)]

, (5.58)

where βnr ≡ Ã1/2 = 1.994 × 10−3 (Here we have neglected the small contribution due to the
(xnr

c )2 correction). Since the temperature θµ ≈ 8.95×10−4 at the thermalization redshift is very
small, one may find for the relative difference ∆ = µδ/µnr,δ − 1 between the non-relativistic
(5.58) and the relativistic (5.57) result

∆(zh) ≈ Ã1 w
7/2
h . (5.59)

For wh ∼ 1 the temperature corrections to CS and DC are only of the order of ∆ ∼ few×10−3,
but for wh ∼ 1.2 they reach already percent level. At heating redshifts z ∼ 5× 106 relativistic
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corrections for the Wmap Universe lead to ∼ 15% deviations from the non-relativistic result
(see Fig. 5.2). It is important to note that CS relativistic corrections are a factor of ∼ 4 less
important than DC relativistic correction.

It is important to note that for wh ∼ 2.22 a value of Q0 = δργ/ργ ∼ 0.1 is still compatible
with the Cobe limit on the residual chemical potential, |µ| ∼< 9 × 10−5. In this limiting case
it follows that µh ∼ 1.4 δργ/ργ is not much smaller than unity anymore. Therefore one can
expect that non-linear effects in the evolution of the chemical potential may already become
significant. We will discuss this point again below.

5.6.2 Energy injection from annihilating relict particles

After particle freeze-out the number density of relict particles of species X and its anti-particles
X̄ evolve like nX ≡ nX̄ = nX0 (1 + z)3, where nX0 is the present day number density and we
assumed symmetry between the particle and its anti-particle. Then the annihilation rate is given
as ΓXX̄ = 〈σXX̄ v〉 nX nX̄, where 〈σXX̄ v〉 is the thermally averaged annihilation cross section
times relative velocity. We assume that this quantity is approximately constant, 〈σXX̄ v〉 = σ0,
i.e. s-wave annihilation. From this it follows that the relative heating rate per unit time is given
as Q(z) = Q0 (1 + z)2, where Q0 = 2σ0 mXc2 n2

X0/ργ 0, mX is the rest mass of the particle and
ργ 0 is the present day energy density of the CMB.

To obtain the chemical potential form continuous energy injection one may use the result
(5.57) and integrate aQ(z) |dt/dz|µδ(0, z)/µ(wh) over dz. If heating starts at redshift zs and
ends at ze, then one may approximate the resulting chemical potential as follows:

µXX̄(ze, zs) ≈ Λ

∫ ws

we

dξ

ξ
× exp

[

−ξ5/2
(

1− Ã1/2 ξ1/2 − Ã1 ξ
)]

, (5.60)

with Λ = κ̃ Q0. In the limit θµ � 1 the solution of this integral may be written as

µXX̄(ze, zs) =
2

5
Λ

[

Γ
(

0, ξ5/2
)

+ Ã1/2 Γ
(

1
5 , ξ5/2

)

+ Ã1 Γ
(

2
5 , ξ5/2

)

]we

ws

. (5.61)

Here the convention [g(x)]ab = g(a) − g(b) and the definition of incomplete Gamma-Function,
Γ(a, x) =

∫ ∞
x ta−1 e−t dt were used.

The term ∝ Γ
(

0, ξ5/2
)

corresponds to the exact non-relativistic result. In the limit we � 1
and ws ' 1 it is approximately given by

µXX̄,Θ(ze) = Λ ln

[

1 + zµ

1 + ze

]

, (5.62)

which was used by [86] to constrain the abundance and cross-sections of annihilating relict
particles. Despite a 5 − 10% difference between the exact non-relativistic result and the ap-
proximation (5.62), relativistic corrections to CS and DC scattering are completely negligible
in this context. This is due to the fact that the bulk of the energy from any annihilating particle
is injected during the non-relativistic regime of the chemical potential evolution.

5.6.3 Energy injection by unstable relict particles

For non-relativistic decaying relict particles of type X the energy density at time t is given by

ρX(z) = ρs,X

[

1 + z

1 + zs

]3

exp[−(t− ts)/tX] , (5.63)

where ρs,X is the initial energy density of the particle at the time ts at which the heating by
decay starts and tX is the mean lifetime of the particle. Apparently we assumed ts > tf , i.e. the
decay starts at times after the freeze-out of the particle density. Furthermore, assuming that a
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fraction f of the released energy is finally heating the photon field, the relative photon heating
rate is given by

Q(z) = Q0 w−1 exp[−(t− ts)/tX] , (5.64)

where here Q0 = ΓX r ws, with the decay rate ΓX = 1/tX and r = f ρs,X/ρs,γ is the ratio of the
energy density of the decaying particle and the photons at time ts. In the radiation dominated
era the time-redshift relation is given by t(z) = t∗/2(1 + z)2 ≈ 2.44 × 1019 Θ−2

2.7 (1 + z)−2 s.
Using this relation and inserting (5.64) into (5.52c) the residual chemical potential resulting
from particle decay can be cast into the form:

µX(0, zs) ≈ aΛ

ws
∫

0

dξ e−(ξX/ξ)2

ξ4/ξ2
X

× exp
[

−ξ5/2
(

1− Ã1/2 ξ1/2 − Ã1 ξ
)]

, (5.65)

where Λ = 2 r ws and ξX = wX =
√

tµ/tX ≡ [1 + zX]/[1 + zµ], with zX = z(tX) and tµ = t(zµ):

tµ ≈ 1.46 × 108 (1− Yp/2)
4/5(Ωbh

2)4/5 Θ
−12/5
2.7 s , (5.66)

which has the value tµ ≈ 6.15×106 s for the Wmap concordance model. The parameter Λ may
be rewritten in the following way:

Λ ≈ 7.79 × 106 (1− Yp/2)
2/5(Ωbh

2)2/5 Θ
−1/5
2.7 · χ , (5.67)

with χ = f
[

mXc2

GeV

]

nX(ts)
nγ(ts)

where nX(ts) and nγ(ts) are the relict particle and photon number

densities at the time ts, respectively. Λ ≈ 1.61 × 106χ for the Wmap concordance model.
The integral (5.65) can be easily solved numerically. For its derivation we have assumed

that an negligible amount of photons is injected during the decay. This implies that the number
density of the particles has to obey nX � nγ at any time and that the possible electromagnetic
cascade of particles after the decay will also contain a negligible amount of photons. Calculations
of pair-photon cascades show that in the early Universe this assumption is well justified [140].

Alternative consideration

It is interesting to compare the remaining chemical potential (5.65) to the chemical potential
which results if all the energy injected during the decay is effectively released at t = tX. To do
so, we first calculate the total amount of energy released into the CMB

δργ

ργ
=

∫ ∞

ts

Qdt ≈ Λ

∫ ∞

0

dξ e−(ξX/ξ)2

ξ4/ξ2
X

=

√
π

4
Λ ξ−1

X

≈ 2.86 × 102 Θ2.7

√

tX/1s · χ . (5.68)

Here for simplicity we have neglected any relativistic corrections. Now, using the results ob-
tained in Sect. 5.6.1 and z ∝ 1/

√
t one may easily find

µ(0, zh) = a
δργ

ργ
· exp

[

− (tµ/tX)5/4
]

≈ 4.00 × 102 Θ2.7

√

tX/1s · exp
[

− (tµ/tX)5/4
]

· χ . (5.69)

Despite a factor of 2 difference in the numerical coefficient this equation was previously ob-
tained by Hu & Silk [58] and used to constrain the lifetimes and energy density of decaying
relict particles. In this estimate the visibility function for chemical potential spectral distor-
tions, V ∼ exp[−w5/2], in the low baryon density Universe has been neglected. For long lived
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Figure 5.3: Remaining high frequency chemical potential µX/Λ after energy injection due to unstable
particles with different lifetimes tX: In the non-relativistic case (thin/dashed) and with relativistic
corrections to CS and DC (thin/solid). Also shown is the estimate as given by Hu & Silk [58], were
the effects of the visibility function for DC thermalization has been neglected (thin/dotted) — The
heavy lines show the relative difference between the remaining chemical potential µX and µX,nr (right
ordinate) including CS relativistic correction (dash-dot-dotted), DC scattering relativistic correction
(dash-dotted) and both relativistic corrections (solid). Also shown is the x̂c-correction (dashed).

particles (tX ∼> 107 s) energy injection effectively occurs at late times, where V ∼ 1 and thereby
justifies this approximation. On the other hand, for particles with lifetimes comparable with the
thermalization time tµ the effects of the visibility function have to be taken into account. Ne-
glecting the visibility function leads to an underestimation of the remaining chemical potential
and therefore weakens the constraint significantly.

In Figure 5.3 the remaining chemical potential µX due to the decay of unstable particles is
shown. For short lifetime particles (ξµ ≥ 1) the relativistic corrections change the results by a
few percent. In comparison with the case of single energy injection, relativistic corrections are
less important. For long lifetime particles (ξµ < 1) relativistic corrections can be completely
neglected.

5.7 Summary and discussion

In this Chapter we have reexamined the formulation of the thermalization problem including
relevant relativistic corrections (such as corrections to CS, DC and the heat capacity of the
electrons). Likely, the main corrections arise due to the decrease in the DC photon production
efficiency for higher temperatures. This should slow down the process of thermalization at high
redshifts (z ≥ few × 106) and therefore make the CMB spectrum more vulnerable for large
distortions even beyond the thermalization redshift z ∼ 2 × 106. A full numerical solution of
the problem was not obtained yet.

Furthermore we have studied the thermalization of small chemical potential distortions at
high redshift, where one expects the largest effects due to relativistic corrections. We obtained
analytic approximations for the residual high frequency chemical potential in the case of single
energy injection and for heating by annihilating and unstable particles, including relativistic
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corrections to CS and DC scattering. Our results show that temperature corrections to Comp-
ton scattering are less important (roughly a factor of 4) than DC relativistic corrections, but a
conclusive examination requires the inclusion of non-linear effects, possible temperature differ-
ences between the electrons and photons (especially for large distortions) and deviations from
quasi-equilibrium (especially at lower redshifts). Therefore one has to await a full numerical
solution of this problem. Let us note that in the limit of small distortions we have already
confirmed the results for single energy injections including DC corrections numerically.

Non-linear effects

In the derivations presented above we have assumed that |µ| � 1. Even in the non-relativistic
limit deviations due to non-linear effects lead to significant corrections already for µ ∼> 10−3.
As noted by Burigana, Danese & de Zotti [25] and Hu & Silk [59], for larger initial chemical
potential the value of the critical redshift effectively increases. Here one important effect is
that for larger chemical potential the transition between the high (µ =const) and low (µ = 0)
frequencies becomes much faster. Therefore the region where most of the DC emission is arising
gets more narrow leading to a strong decrease of the photon production rate. As has been noted
by Hu & Silk [59] for µi > 10−2 − 10−1 it is not sufficient to use (5.56) with at larger value of
the critical redshift zµ in order to account for these effects of non-linearity.

Another point is connected with the decrease of the low frequency non-relativistic DC
emission coefficient for larger µ. In Section 4.5.6 we have given approximations for the emission
coefficient of Bose-Einstein spectra in the form

G0,BE ≈
{

4 π4

15 · e−1.055 µ for µ ≤ 1

24 · e−µ for µ > 1
. (5.70)

Here, for µ > 1 the BE spectrum was approximated by a Wien spectrum n(xe) = n0 ·e−xe with
number density n0 = e−µ. This approximation is sufficient within a few percent for 1 < µ < 3
and excellent for µ ≥ 3.

Using this expression we have estimated that the solution shows the right tendency: for
bigger initial chemical potentials the thermalization is slower. But in fact the solution is only
significantly different from (5.56) if the initial chemical potential is µi ≥ 5 · 10−1 and even
then the difference is only a few ten percent. Therefore the modification of the DC emission
coefficient is likely not responsible for the big differences in the thermalization timescales for
µi ∼< 1 and zh > 106.

We conclude that relativistic corrections to DC and possibly to CS may significantly slow
down the thermalization of spectral distortions at high redshifts. Especially for large energy
injections non-linear effects become very important and a full solution of this problem has to
be performed numerically. Due to non-linear effects we expect that corrections exceed the 10
percent level. This may significantly tighten the constraints on the allowed amount of energy
injected at z ≥ 2× 106.



Conclusions

We derived the changes to the SZ cluster brightness, flux and number counts induced by the
motion of the Solar System with respect to the CMB rest frame (Chapt. 2). Since both the
amplitude and direction of this motion are known with high precision it is easy to take these
changes into account in the analysis and interpretation of future SZ data. The corrections to
the SZ cluster brightness and flux have a similar spectral dependence and amplitude as the first
order velocity correction to the th-SZ. Since the motion-induced cluster signal can contribute
∼ 10% of the k-SZ it might be necessary to take it into account in future high precision CMB
surveys, dedicated to accurately measuring the line of sight component of the cluster peculiar
motions. Furthermore, we have shown that the dipolar asymmetry induced in the SZ cluster
number counts in contrast to the counts of more conventional sources can change polarity
depending on the observational frequency (see Sect. 2.3.3). This behavior is due to the very
specific frequency dependence of the SZ effect. Our estimates show that frequencies around the
crossover frequency of the ∼ 217 GHz and in the range ∼ 400 − 500 GHz are most promising
for a detection of this motion-induced number count asymmetry.

We have discussed in detail the spectral distortions arising due to the superposition of black-
bodies with different temperatures in the limit of small temperature fluctuations (Chapt. 3).
The superposition leads to y-distortion with y-parameter yS =

〈

δ2
〉

/2, where
〈

δ2
〉

denotes the
second moment of the temperature distribution function, if the difference in temperatures is
less than a few percent of the mean Rayleigh-Jeans temperature. We have shown that in this
limit even comparing two pure blackbodies leads to a y-distortion. The results of this derivation
were then applied to measurements of the CMB temperature anisotropies with finite angular
resolution and in particular to the CMB dipole and its associated spectral distortions, but in
principle the method developed here can be applied whenever one is dealing with the super-
position of blackbodies with similar temperatures. We have shown that taking the difference
of the CMB intensities in the direction of the maximum and the minimum of the CMB dipole
leads to a y-distortion with y-parameter y = 3.1 · 10−6. This value is 12 times higher than the
y-type monopole, y = 2.6 · 10−7. Since the amplitude of this distortion can be calculated with
the same precision as the CMB dipole, i.e. 0.3% today [51], it may open a way to use it for
calibration issues and to check the response of the detectors on small level signals. The main
obstacle for measuring and utilizing the effects connected with the superposition of blackbodies
is the lack of knowledge about both the spectral and spacial distribution of foregrounds, but
given the fast progress in experimental technology and the increasing amount of data available
there may still be a way to separate all these signals in the future. In any case, for upcom-
ing CMB experiments spectral distortions arising due to the superposition of blackbodies, the
effects of foregrounds and correlated noise should be taken into account simultaneously and
self-consistently. As we discussed, an alternative source for calibration issues in the future may
be clusters of galaxies, especially for experiments covering only small fractions of the sky.

As a first step towards an inclusion of relativistic corrections into the thermalization prob-
lem, in Chapter 4 we have studied the full kinetic equation for the time evolution of the
photon phase space density under double Compton scattering. We included both the creation

of new photons at low frequencies and the redistribution of photons at high frequencies. We
have shown that the double Compton emissivity strongly decreases with higher mean energy
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of the initial photons leading to a suppression of the total number of newly created photons as
compared to the non-relativistic limit. On the other hand boosting leads to an enhancement
of the double Compton emissivity the higher the electron temperature becomes. Furthermore,
an expression for the effective double Compton Gaunt factor has been derived and shortly dis-
cussed in comparison with the full numerical results (Sect. 4.5.1). We have argued that at least
in situations close to thermodynamic equilibrium the evolution of the high frequency photons
is not significantly affected by double Compton scattering, but a more detailed study should
be undertaken to include cases far from equilibrium. Simple and accurate analytic expressions
for the low frequency double Compton scattering emission coefficient of monochromatic initial
photons (Sect. 4.4; in the most general situation see Eq. (4.45)) and in the case of Planck,
Bose-Einstein and Wien spectra were given (see Sect. 4.5.4). We discussed in detail the double
Compton emission for monochromatic initial photons and in the soft photon limit for an incom-
ing Planck spectrum, but expect that our main conclusions also hold for Bose-Einstein, Wien
and more general photon distributions. For more general incoming photon distributions two
analytic approximations for the low frequency double Compton emission coefficient, equation
(4.57) as a direct expansion up to fourth order in temperature and (4.58a) as a inverse ap-
proximation, were deduced, which in combination should describe the full numerical results to
better than 5 % in a very broad range of temperatures and involve only 1-dimensional integrals
over the photon distribution and its derivatives (see Fig. 4.21 and Sec. 4.5.6 for discussion). If
the photons and the electrons have similar temperatures, which is the case in most physical
situations close to equilibrium, especially in the context of the thermalization of CMB spectral
distortions, then the inverse formula (4.58a) may be applicable up to k T ∼ 100 keV with an
accuracy of better than a few percent. Since only first order corrections are necessary for this
inverse formula (4.58a), it it generally more suitable for numerical applications.

In the last Chapter we have reexamined the formulation of the thermalization problem
including relevant relativistic corrections (such as corrections to Compton scattering, double
Compton scattering and the heat capacity of the electrons). Likely, the main corrections arise
due to the decrease in the double Compton photon production efficiency for higher tempera-
tures. This should slow down the process of thermalization at high redshifts (z ≥ few × 106)
and therefore make the CMB spectrum more vulnerable for large distortions even beyond the
thermalization redshift z ∼ 2× 106. A full numerical solution of the problem was not obtained
yet. Furthermore we have studied the thermalization of small chemical potential distortions at
high redshift, where one expects the largest effects due to relativistic corrections. We obtained
analytic approximations for the residual high frequency chemical potential in the case of single
energy injection and for heating by annihilating and unstable particles, including relativistic
corrections to Compton and double Compton scattering. Our results show that temperature
corrections to Compton scattering are less important (roughly a factor of 4) than double Comp-
ton relativistic corrections, but a conclusive examination requires the inclusion of non-linear
effects, possible temperature differences between the electrons and photons (especially for large
distortions) and deviations from quasi-equilibrium (especially at lower redshifts). Therefore one
has to await a full numerical solution of this problem. Let us note that in the limit of small
distortions we have already confirmed the results for single energy injections including double
Compton corrections numerically. We conclude that relativistic corrections to double Compton
and possibly to Compton scattering may significantly slow down the thermalization of spectral
distortions at high redshifts. Especially for large energy injections non-linear effects become
very important and a full solution of this problem has to be performed numerically. Due to
non-linear effects we expect that corrections exceed the 10 percent level. This may significantly
tighten the constraints on the allowed amount of energy injected at z ≥ 2× 106.



Appendix A

Relativistic Maxwell-Boltzmann

distribution

In this Chapter we shall summarize some of the most important properties of a relativistic
Maxwell-Boltzmann distribution for particles of species i in an isotropic plasma. Although
most of the material presented here can be found in standard textbooks, the relations and
approximations given here will be of great use in the discussion of the kinetic equation of DC
scattering and the thermalization of spectral distortions of the CMB in the early universe.

A.1 Number and phase space density

The number density Ni of a gas of particles of species i is defined by the integral

Ni =
gi

(2π~)3

∫ ∞

0
4π p2 fi(p) dp (A.1)

over the phase space density fi(p), where gi gives the number of spin states (γ, e, H, He:
g = 2; ν: g = 1). For Fermions the general phase space distribution can be written in the
form fi(g) ∝ 1/[e(ε+µ)/θi + 1], with chemical potential µ. Here ε = E/mi c

2 =
√

1 + η2 is the
relativistic energy E in units of the rest mass, mi c

2, of the particles with η = p/mi c and the
dimensionless temperature, θi = k Ti/mi c

2, of the gas.

When the gas in non-degenerate (Ni � 1) Fermi-blocking becomes negligible and thus
Maxwell-Boltzmann statistics is applicable. In this case the distribution of the particle mo-
menta p is given by fi(p) ∝ e−ε/θi . Inserting fi(p) = A · e−ε/θi into (A.1) one can deduce the
corresponding normalization A (for some details see Appendix A.5). In a relativistic Maxwell-
Boltzmann gas the phase space density then is described by the distribution function

fi(p) =
λ3

i

gi

Ni

4π K2(1/θi) θi
e−ε/θi , (A.2)

where λi = h/mi c is the Compton wavelength of the particle of species i. Furthermore K2(x)
is the modified Bessel function of second kind [1].

A.2 Low temperature expansion of the relativistic Maxwell-

Boltzmann distribution

In the case θi � 1 a Maxwell-Boltzmann gas becomes non-relativistic. For a given species of
particles this happens at higher temperatures (i.e. earlier times in the history of the universe)
the bigger their mass mi is. Therefore in the history of the expanding universe electrons stay
longer relativistic (up to redshift z ∼ 108 − 109) than for example protons (z ∼ 1011 − 1012).
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The low temperature expansion of (A.2) leads to

fi(p) =
Ni e

−ξ

(2π m6
i θi)3/2

[

1− θi ·
(

15

8
− 1

2
ξ2

)

+ θ2
i ·

(

345

128
− 15

16
ξ2 − 1

2
ξ3 +

1

8
ξ4

)

− θ3
i ·

(

3285

1024
− 345

256
ξ2 − 15

16
ξ3 − 25

64
ξ4 +

1

4
ξ5 − 1

48
ξ6

)

+ θ4
i ·

(

95355

32768
− 3285 ξ2

2048
− 345 ξ3

256
− 855 ξ4

1024
− 13 ξ5

32
+

51 ξ6

128
− ξ7

16
+

ξ8

384

)

,

(A.3)

with ξ = η2/2 θi and η = p/mi c.

A.3 Energy density and pressure

The energy density ρi and pressure Pi of a gas of particles of species i are defined by the
integrals

ρi =
gi

(2π~)3

∫ ∞

0
4π E p2 fi(p) dp (A.4a)

Pi =
gi

(2π~)3

∫ ∞

0
4π

p2c2

3E
p2 fi(p) dp . (A.4b)

Inserting the phase space density (A.2) the results

ρi = mi c
2 Ni F (θi) (A.5a)

Pi = Ni k Ti (A.5b)

can be found (for details see Appendix (A.5)). Here the function F (θi) is defined by

F (θi) =

[

3 θi +
K1(1/θi)

K2(1/θi)

]

, (A.6)

where K1(x) is the modified Bessel function of first kind [1]. As equation (A.5b) shows a
relativistic Maxwell-Boltzmann gas has the same equation of state as a non-relativistic, ideal
gas. For low temperatures (θi � 1) by expanding (A.6) one finds the expression

ρi = mi c
2 Ni +

3

2
Ni k Ti

[

1 +
5

4
θi −

5

4
θ2
i +

45

64
θ3
i +

15

16
θ4
i

]

+O(θ6
i ) (A.7)

In the non-relativistic case this reduces to ρi = mi c
2 Ni + 3

2 Ni k Ti.

A.4 Heat capacity

The specific heat capacity for constant volume cV is defined by Ni cV = dρi/dTi. Using (A.5a)
one may find

cV = k
dF (θi)

dθi
= k

[

3 +
K2(1/θi) [K1(1/θi) + K2(1/θi)]−K1(1/θi) [K1(1/θi) + K3(1/θi)]

2 θi K2(1/θi)

]

≈ 3

2
k

[

1 +
5

2
θi −

15

4
θ2
i +

45

16
θ3
i +

75

16
θ4
i

]

+O(θ5) . (A.8)

In the non-relativistic limit this reduces to cV = 3
2k for an ideal gas.
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A.5 Solving integrals over the relativistic Maxwell-Boltzmann

distribution

To find the normalization of a relativistic Maxwell-Boltzmann distribution one has to solve the
integral of the form

A · gi

(2π~)3

∫ ∞

0
4π p2 e−

√
1+(p/mi c)2/θi dp. (A.9)

Here one can use the substitution p/mi c = sinh(x). With this integral (A.9) reduces to

A · 4π gi (mi c)
3

(2π~)3

∫ ∞

0
sinh2(x) cosh(x) e− cosh(x)/θi dx (A.10)

The solution of the integral then can be found by comparison with

∫ ∞

0
sinh(γ x) sinh(x) e−u cosh(x) dx =

γ

u
Kγ(1/u) (A.11)

From this it follows that the normalization of the relativistic Maxwell-Boltzmann distribution
of particles is given as

A =
λ3

i

gi

Ni

4π K2(1/θi) θi
, (A.12)

where λi = h/mic is the Compton wavelength of the particle and Ni is the number density.
To solve the integrals (A.5a) and (A.5b) for the energy density and the pressure of a

relativistic Maxwell-Boltzmann gas one again can use the substitution p/mi c = sinh(x). This
then leads to integrals of the form

∫ ∞

0
sinh(2x) sinh(2x) e−u cosh(x) dx (A.13a)

∫ ∞

0
sinh4(x) e−u cosh(x) dx (A.13b)

The first one may be solved by the identity cosh(x) e−u cosh(x) = −∂u e−u cosh(x) and inter-
changing the derivation and integration, whereas the second can be solved by the replacement
sinh2(x) = 1 + cosh2(x) and the solution of the first one.
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Appendix B

Relations for the photon phase

space distribution

Any isotropic photon phase space distribution or occupation number can be written in the form

n(x) =
1

ex+µ(x) − 1
, (B.1)

where x = hν/k Tγ is the dimensionless frequency and µ(x) is the dimensionless and frequency
dependent chemical potential. Here the photon temperature Tγ should be regarded as a param-

eter describing the energy density of the photon field (see Sect. B.2).

From (B.1) one can immediately write down the value of the chemical potential and the
brightness temperature

µ(x) = ln

(

1 + n

n

)

− x (B.2a)

T∗(x) =
Tγ

1 + µ(x)/x
(B.2b)

for any kind of spectrum. For µ(x) = 0 one obtains the occupation number for Planckian

photons and for µ(x) = µ0 = const equation (B.1) represents a Bose-Einstein distribution,
which in the limit of µ0 � 1 becomes a Wien distribution. We will now summarize some of the
most important relations for n(x) and quantities like its number and energy density, pressure
and effective temperature.

B.1 Pressure, energy and number density

In Chapter A we have given the definitions of the number density (A.1), the energy density
(A.4a) and pressure (A.4b) of a gas of particles. For photons using p = E/c = hν/c and gγ = 2
one can easily find

Nγ = κγ θ3
γ · G2,1 (B.3a)

ργ = mec
2 κγ θ4

γ · G3,1 (B.3b)

Pγ = ργ/3 , (B.3c)

with the dimensionless temperature θγ = k Tγ/mec
2 and κγ = 8π λ−3

e ≈ 1.7595 × 1030 cm−3,
where λe = h/mec = 2.426 × 10−10 cm is the Compton wavelength of the electron. We also
made use of the definitions (D.14) for Gi,j.

In the case of Planckian photons, nPl(x) = 1/(ex − 1), the integrals Gi,j are given by
GPl

2,1 ≈ 2.4041 and GPl
3,1 ≈ 6.4939 and their ratio GPl

3,1/GPl
2,1 ≈ 2.7012. In the more general case
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one has to evaluate these numerically. For small chemical potential |µ| � 1 one can introduce
the approximation

n ≈ nPl + µ(x) · ∂xnPl = nPl − nPl[1 + nPl] · µ(x) . (B.4)

Now, introducing the number NPl and energy density ρPl for Planckian photons, one can find
that the corresponding energy and number density in this limit are given by ργ = ρPl · fµ and
Nγ = NPl · φµ, respectively, where the functions fµ and φµ were defined as:

fµ = 1− 3I2

I3
·
[

Iµ
2

I2
+

1

3

Iµ′

3

I2

]

(B.5a)

φµ = 1− 2I1

I2
·
[

Iµ
1

I1
+

1

2

Iµ′

1

I1

]

, (B.5b)

with the integrals Ii =
∫ ∞
0 xi nPl dx, I

g(x)
i =

∫ ∞
0 xi g(x)nPl dx and µ′ = ∂xµ. Here 3I2/I3 ≈

1.111 and 2I1/I2 ≈ 1.368. Similar expression where given by Sunyaev & Zeldovich [126] and

Illarionov & Sunyaev [65], assuming constant µ, i.e. Iµ
i = µ Ii and Iµ′

i = 0.

B.2 Effective temperature

For any photon field with given energy density ργ one can define the effective temperature Teff :

k Teff

mec2
=

[

ργ

κγ GPl
3,1

]1/4

. (B.6)

The effective temperature corresponds to the thermodynamic temperature of a blackbody with
total energy density ρPl = ργ . In the definitions (B.3) we have used the temperature Tγ as a
parameter to describe the photon field. Inserting (B.3b) into (B.6) one can obtain the relation

Teff = Tγ

[

G3,1

GPl
3,1

]1/4

(B.7)

between these two quantities.
Note that in numerical applications one can principally chose any Tγ to characterize the

photon distribution. Of course in this case the integrals Gi,j change accordingly, since the
number and energy densities should not depend on this choice. This usually introduced an
artificial frequency dependent chemical potential.

B.3 Useful relations between n(x, µ(x)) and its derivatives ∂ i
xn

Using (B.1) one can easily derive the partial derivatives of the occupation number with respect
to x. Here we present these relations up to third order derivatives. One may find:

∂xn = −n(n + 1)
[

1 + µ′
]

(B.8a)

∂2
xn = +n(n + 1)

[

(2n + 1) · (1 + µ′)2 − µ′′
]

(B.8b)

∂3
xn = −n(n + 1)

[

(6n(n + 1) + 1) · (1 + µ′)3 − 3(2n + 1) · (1 + µ′)µ′′ − µ′′′
]

(B.8c)

where prime denotes the derivative with respect to x.
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Collection of analytic

approximations for the Compton

scattering kernel

In this Chapter we give some of the analytic approximations which were of great use in the
discussion and numerical implementation for the DC emission kernel.

C.1 Compton kernel for cold electrons

The full expression for the Compton kernel of cold electrons can be derived in a similar way as
is presented in Pozdnyakov et al. [100] in lowest order of ω0 = ν0/me. It follows

P0(ν0 → ν1) =
3

8

σT Ne

ω2
0

[

2− 2∆

ω0
+

∆2

1 + ∆
+

∆2

ω2
0

]
ω0�1

↓≈ 3

8

σT Ne

ω2
0

[

1 +

(

ν1 − ν0

ν0

)2
]

, (C.1)

with ∆ = ν0−ν1

ν1
. This expression is valid in the frequency range ν0[1−2 ν0/(1+2 ν0)] ≤ ν1 ≤ ν0.

C.1.1 Normalization, mean energy and dispersion of the Compton kernel

for cold electrons

With (C.1) and similar definitions as (4.21) one may obtain

NP0,CS =
3

8

σT Ne

ω2
0

{

2[2 + ω0(1 + ω0)(8 + ω0)]

(1 + 2ω0)2
− 2 + ω0(2− ω0)

ω0
ln(1 + 2ω0)

}

ω0�1

↓≈ σT Ne

[

1− 2ω0 +
26

5
ω2

0

]

(C.2a)

w̄P0,CS =
3

8NP0,CS

σT Ne

ω2
0

{

ln(1 + 2ω0)

ω0
− 6 + 2ω0[15 + 2ω0(9− ω0[3 + 8ω0])]

3(1 + 2ω0)3

}

ω0�1

↓≈ 1− ω0 +
11

5
ω2

0 (C.2b)

σ2
P0,CS =

σT Ne

NP0,CS

2 + ω0[8 + ω0(14 + 9ω0)]

2(1 + 2ω0)4
− w̄2

P0,CS

ω0�1

↓≈ 2

5
ω2

0 , (C.2c)

Here it is important to note that the integrations over dν1 were carried out in the range
ν0[1− 2 ν0/(1 + 2 ν0)] ≤ ν1 ≤ ν0.
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C.2 Compton kernel for thermal electrons

Sazonov & Sunyaev [113] gave an expression (Eq. 19a in that paper) for the Compton kernel in
a hot, isotropic medium, which is applicable in the range hν0(hν0/mec

2) ∼< k Te ∼< 25 keV and
hν0 ∼< 50 keV. More analytic approximations for the Compton kernel in different limits may be
also found in Sazonov & Sunyaev [113] and references therein.

C.2.1 Normalization, mean energy and dispersion of the Compton kernel

for thermal electrons

In this case we use the approximations for the moments given by Sazonov & Sunyaev [113] (see
Eq. 25 therein) and definition of the mean energy and dispersion similar to (4.21). From this
it follows

NP ,CS ≈ σT Ne

[

1− 2ω0 −
44

5
ω0 θe −

53

10
θ2
e +

63

20
ω2

0

]

(C.3a)

w̄P ,CS ≈ 1 + 4 θe + 10 θ2
e − ω0 −

31

2
ω0 θe +

11

5
ω2

0 (C.3b)

σ2
P ,CS ≈ 2 θe + 31 θ2

e −
66

5
ω0 θe +

2

5
ω2

0 , (C.3c)

In our numerical integrations we used σ2 ≈ [2+31 θe]θe to estimate the width of the DC kernel
and the range of integration for the number and energy densities of the DC emission spectrum.



Appendix D

Double Compton scattering

D.1 Squared matrix element for double Compton scattering

In order to write down the DC differential cross section one has to calculate the squared matrix
element |M|2 describing the DC process. This calculation was first performed by Mandl &
Skyrme [81]. In the book of Jauch & Rohrlich [69] one can find the expression for the squared
matrix element of the double Compton process (pp. 235):

X = 2 (a b− c)
[

(a + b) (2 + x)− (a b− c)− 8
]

− 2x
[

a2 + b2
]

− 2 [a b + c (1− x)] ρ

− 8 c +
4x

AB

[

(A + B) (1 + x) + x2 (1− z) + 2 z − (aA + bB)

(

2 +
(1− x) z

x

)]

,
(D.1)

where the following abbreviations have been used

a =
1

κ0
+

1

κ1
+

1

κ2
b =

1

κ′
0

+
1

κ′
1

+
1

κ′
2

c =
1

κ0 κ′
0

+
1

κ1 κ′
1

+
1

κ2 κ′
2

(D.2a)

x = κ0 + κ1 + κ2 z = κ0 κ′
0 + κ1 κ′

1 + κ2 κ′
2 (D.2b)

A = κ0 κ1 κ2 B = κ′
0 κ′

1 κ′
2 ρ =

κ0

κ′
0

+
κ′

0

κ0
+

κ1

κ′
1

+
κ′

1

κ1
+

κ2

κ′
2

+
κ′

2

κ2
. (D.2c)

For the definitions of κi, κ′
i we used those of the original paper from Mandl & Skyrme [81]:

m2
e κ0 = −P ·K0 m2

e κ1 = +P ·K1 m2
e κ2 = +P ·K2 (D.3a)

m2
e κ′

0 = +P ′ ·K0 m2
e κ′

1 = −P ′ ·K1 m2
e κ′

2 = −P ′ ·K2 , (D.3b)

with the standard signature of the Minkowski-metric (+ − −−). Assuming that the outgoing
photon K2 is soft as compared with K1 one can expand X into orders of the frequency ω2 and
keep only the lowest order term, i.e. terms of the order O(ω−2

2 ). Similar expansions for the
limits ω0 � 1 and β � 1 can be performed. Since the results of these expansions are extremely
complex and not very illuminating, we omitted them here.

D.2 Numerical solution of the Boltzmann integrals

In order to solve the Boltzmann integrals we implemented two different programs, one based on
the Nag routine D01GBF, which uses an adaptive Monte-Carlo method to solve multidimensional
integrals, the other using the Vegas routine of the Cuba Library1 [55]. The latter turned out to

1Download of the Cuba Library available at: http://www.feynarts.de/cuba/
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be much more efficient since it significantly benefitted from importance sampling. The expense
and performance of the calculation critically depend on the required accuracy. For most of the
calculations presented here we chose a relative error of the order of ε ∼ 10−3.

Since at high frequencies the DC spectra (especially for the conditional DC kernel) have
rather complex structure we also implemented an adaptive mesh refinement scheme to decrease
the amount of actually calculated points to a minimum and obtained the rest by polynomial
interpolation. Still a couple of tens to hundreds points were typically necessary for an accurate
representation of the DC emission spectrum in the full frequency range. The typical time the
calculation for one spectrum took was a few hours on a 2.8 GHz processor, for high temperature
cases even up to one night. In order to compare the numerical with the analytical results in
some cases even accuracies up to ε ∼ 10−4 were necessary, making the integration extremely
hard and time consuming.

Treatment of the infrared divergence

The calculation was further complicated by the appearance of the infrared divergence at low
frequencies. Choosing a lower frequency cutoff, ν2,min, we assumed that in any event the energy
of the scattered photon K1 had to be larger than this lower cutoff, i.e. ν1 ≥ ν2,min. Especially
for high frequencies ν2 of the emitted photon, i.e. when it was energetically playing the role
of the scattered photon, this significantly decreases the accessible phase space volume for K1.
In calculations we always made sure that the chosen parameters lay within the allowed phase
space volume by checking their consistency with the energy and momentum equation (4.6a)
and (4.6b). Here one point is very important. Since Σ2 = (P + K0 −K2) · K̂1 ≡ P ′ · K̂1 for
allowed interactions should always be non-negative also Σ1 = P ·K0 − P ·K2 −K0 · K2 has
to fulfill the same condition. Although for Σ1 < 0 ∧ Σ2 < 0 it still follows that 0 ≤ ω1 the
4-vector P ′ would lie outside the light-cone and therefore violate causality.

Integration over the electron momenta

In oder to restrict the integration region over the electron momenta for low electron temperature
we determined the maximal Lorentz factor, γmax, such that the change in the normalization of
the electron distribution was less than a fraction of the required accuracy. Furthermore, instead
of p we used the variable ξ = η2/2 θe with η = p/me.

For high electron temperature it turned out to be more efficient to use the normalization
of the electron distribution itself as a variable. For this we defined

N(x) =

∫ x

1
γ
√

γ2 − 1 f(γme) dγ , (D.4)

which for x → ∞ becomes N ≡ Ne. For calculations one now had to invert this equation
and find the function x(N). This was done numerically before the integrations were performed
for a sufficiently large number of points (n ∼ 512), such that the function x(N) during the
integrations could be accurately given by spline interpolation.

Domains of integration for the photons

Using energetic arguments one can obtain constraints on the allowed range of photon frequen-
cies. Since the energy of the scattered photon should be non-negative, the condition 0 ≤ ω1 leads
to different regions of integration. To obtain these regions one should consider the inequality

0 ≤ γω0λ0 − ω2[γλ2 + ω0α02]

γλ1 + ω0α01 − ω2α12
≡ Σ1

Σ2
, (D.5)

where we used the abbreviations λi = P̂ ·K̂i and αij = K̂i ·K̂j . Since Σ2 = (P +K0−K2) ·K̂1 ≡
P ′ · K̂1 ≥ 0 for allowed interactions should always be non-negative the quantities Σi have to
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fulfill Σ1 > 0 ∧ Σ2 > 0 in order to satisfy (D.5) and causality. Therefore one can define the
frequencies ω2,Σi

ω2,Σ1
=

γω0λ0

γλ2 + ω0α02
ω2,Σ2

=
γλ1 + ω0α01

α12
, (D.6)

for which Σi|ω2=ω2,Σi
= 0 is fulfilled. This then lead to the interval

0 ≤ ω2 ≤ min(ω2,Σ1
, ω2,Σ2

) (D.7)

for integrations over dω2. In calculations of moments of the DC kernel this condition signif-
icantly reduces the required phase space volume. Note that ω2,Σ1

is equivalent to the energy
conservation equation for Compton scattering.

In calculations of the full Boltzmann collision integral for incoming distributions of photons
one has to integrate over dω0. For the reaction channels (4.1a) and (4.1b) again one can restrict
the range of integrations using (D.5). In this case the frequencies ωab

0,Σi
, for which the condition

Σi|ω0=ωab
0,Σi

= 0 is fulfilled, can be defined as

ωab
0,Σ1

=
γω2λ2

γλ0 − ω2α02
ωab

0,Σ2
=

ω2α12 − γλ1

α01
. (D.8)

If ω2 ≥ γλ0/α02 only Σ1 < 0 is possible for all values of ω0. Therefore one finds

ω2 ≥
γλ0

α02
⇒ no allowed region for ω0 (D.9a)

ω2 <
γλ0

α02
⇒ max(ωab

0,Σ1
, ωab

0,Σ2
) ≤ ωab

0 . (D.9b)

Here one in principle may use the condition ω2 ≥ γλ0/α02 to for example limit the range
of possible scattering angles θ02. This then leads to an inequality of the form a1

√

1− µ2
02 ≥

a2 µ02 + a3, which has various solutions for different coefficients ai. In our calculations we did
not make use of this restrictions until now. Especially for large electron temperature (θe ≥ 0.01)
and at high frequencies this will lead to a significant increase of efficiency.

For the reaction channels (4.1c) and (4.1d) the inequality

0 ≤ γω2λ2 − ω0[γλ0 + ω2α02]

γλ1 + ω2α12 − ω0α01
≡ Σ̃1

Σ̃2

, (D.10)

in a similar way as described above yields

ωcd
0,Σ1

=
γω2λ2

γλ0 + ω2α02
ωcd

0,Σ2
=

ω2α12 + γλ1

α01
(D.11)

and

0 ≤ ωcd
0 ≤ min(ωcd

0,Σ1
, ωcd

0,Σ2
) . (D.12)

In actual integrations one would in addition introduce a lower and upper energy cutoff and
modify the equations accordingly. We have checked the correctness of the conditions obtained
above setting ωmin ≤ ω ≤ ωmax, where in the cases of kernel integrations we used the assumed
lower energy cutoff as ωmin and a constant large value for ωmax (this value was estimated
using the mean and dispersion of the Compton kernel and then multiplying it by a factor
of 20), of course with significant loss of efficiency, since many evaluations of the functions
were done outside the accessible phase space volume. For Planckian photons we typically used
ωmin = 10−6 θγ and ωmax = 25 θγ .



130 Double Compton scattering

D.3 Results for the integrals Ik’s up to O(θ4
e)

Here the Ik following from (4.55d) are given for the lowest order in frequency xe,2.

I0 =

[

1 + θe

(

6− 21

5
xe

)

+ θ2
e

(

15− 441

10
xe +

357

25
x2

e

)

+ θ3
e

(

45

4
− 8379

40
xe +

5712

25
x2

e

−7618

175
x3

e

)

+ θ4
e

(

−45

4
− 3969

8
xe +

8568

5
x2

e −
34281

35
x3

e +
21498

175
x4

e

)]

x2
e (D.13a)

I1 =
7

5
θe

[

6− xe + θe

(

63 − 109

2
xe +

44

7
x2

e

)

+ θ2
e

(

1197

4
− 6031

8
xe +

78276

245
x2

e

−13409

490
x3

e

)

+ θ3
e

(

2835

4
− 43185

8
xe +

278322

49
x2

e −
297369

196
x3

e +
4908

49
x4

e

)]

x3
e (D.13b)

I2 =
7

5
θe

[

1 + θe

(

109

2
− 132

7
xe +

11

14
x2

e

)

+ θ2
e

(

6031

8
− 37824

49
xe +

77169

490
x2

e

−320

49
x3

e

)

+ θ3
e

(

43185

8
− 629280

49
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181407
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x2

e −
46124

49
x3

e +
8504

245
x4

e

)]

x4
e (D.13c)

I3 =
11

5
θ2
e

[

8− xe + θe

(

25216

77
− 12752

77
xe +

1280

77
x2

e −
64

231
x3

e

)

+ θ2
e

(

419520
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− 486240
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135416

77
x2

e −
55708

385
x3

e +
20

7
x4
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x5
e (D.13d)

I4 =
11

10
θ2
e

[

1 + θe

(

12752

77
− 3200

77
xe +

128

77
x2

e

)

+θ2
e

(

486240
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− 314000

77
xe +

249208

385
x2

e −
200

7
x3

e +
5

21
x4

e

)]

x6
e (D.13e)

I5 =
64

35
θ3
e

[

10− xe + θe

(

3925

4
− 5805

16
xe +

495

16
x2

e −
55

96
x3

e

)]

x7
e (D.13f)

I6 =
64

105
θ3
e

[

1 + θe

(

5805

16
− 1155

16
xe +

165

64
x2

e

)]

x9
e (D.13g)

I7 =
22

21
θ4
e [12− xe]x

8
e (D.13h)

I8 =
11

42
θ4
ex

10
e . (D.13i)

The Ik are fifth-order or higher in θe for k > 8.

D.4 Integration over the frequency of the incoming photons

The integrals J1 and J2 can be reduced analytically using integration by parts, assuming that
the incoming photon distribution and all its derivatives up to sixth order in x vanish faster than
x−12 for very high frequencies. The calculation is rather lengthy and is therefore not presented
here. The integrals Ji can be expressed in terms of the following functions:

Īi =

∫

xi
e n(n + 1) dxe = φi+1

∫

xi n(n + 1) dx = φi+1 Ii (D.14a)

Ḡi,j =

∫

xi
e nj dxe = φi+1

∫

xi nj dx = φi+1 Gi,j (D.14b)

H̄i,j =

∫

xi
e

[

∂jn

∂ xj
e

]2

dxe = φi+1−2 j

∫

xi

[

∂jn

∂ xj

]2

dx = φi+1−2 j Hi,j (D.14c)

where n(x) is the photon phase space distribution and x = hν/k Tγ , xe = φx and φ = θγ/θe.
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With equation (4.54), collecting the different orders in θe, one can define the functions Gi

in equation (4.56) as

G0 = Ī4 (D.15a)

G1 = 6 Ī4 −
21

5
Ḡ5,1 −

7

5
H̄6,1 (D.15b)

G2 = 15 Ī4 −
441

10
Ḡ5,1 +

357

25
Ī6 −

147

10
H̄6,1 +

11

10

[

H̄8,2 − H̄8,1

]

(D.15c)

G3 =
45

4
Ī4 −

8379

40
Ḡ5,1 +

5712

25
Ī6 −

7618

175
Ḡ7,1 −

2793

40
H̄6,1

+
11

350

[

560 H̄8,2 − 1779 H̄8,1

]

− 64

105

[

H̄10,3 − 3 H̄10,2

]

(D.15d)
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34281

35
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21498

175
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175
H̄10,1 +
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175
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7
H̄10,3 +

11

42
H̄12,2 −

11

7
H̄12,3 +

11

42
H̄12,4 .

(D.15e)

If induced scattering is negligible one has to drop the integrals H̄i,j and replace Īi → Ḡi,1. This
is equivalent to setting J1 = J2 = 0 and in addition replacing n(n + 1)→ n in the definition of
the integral J0.

In the derivation of the Gi the following relations between the photon phase space distri-
bution n and the integrals Ii, Gi,j and Hi,j have been very useful:

∫

xi ∂j
x ndx =

(−)j i!

(i− j)!
Gi−j,1 (D.16a)

∫

xm n∂xndx = −1

2

m!

(m− 1)!
Gm−1,2 (D.16b)

∫

xm n∂2
xndx = +

1

2

m!

(m− 2)!
Gm−2,2 −Hm,1 (D.16c)

∫

xm n∂3
xndx = −1

2

m!

(m− 3)!
Gm−3,2 +

3

2

m!

(m− 1)!
Hm−1,1 (D.16d)

∫

xm n∂4
xndx = +
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m!

(m− 4)!
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m!

(m− 2)!
Hm−2,1 +Hm,2 (D.16e)

∫

xm n∂5
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∫

xm n∂6
xndx = +
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(m− 6)!
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Appendix E

Summary of useful relations in the

cosmological context

In this Chapter we summarize some of the equations and relations, which have been used in
the derivations of the thermalization of small chemical potential distortions in the cosmological
context. Most of these equations can be found in standard textbooks [108, 94, 93] and have
only been given here to clarify the notation and to guide the reader.

Here we also explicitly give the expressions for the values of the Wmap concordance model
(a more complete list of parameters including error bars can be found in Bennett et al. [11]):
Yp = 0.2485 (this value was taken from Cyburt [41]), Ωmh2 = 0.135, Ωbh

2 = 0.0224, h = 0.71
and T0 = 2.725K, where Yp is the primordial mass fraction of helium, Ωmh2 and Ωbh

2 are the
total matter density and baryon density of the universe, respectively, and T0 is the temperature
of the CMB today. We use the definition h = H0/100 km s−1 Mpc−1, where H0 is the Hubble-
parameter at redshift z = 0.

E.1 Electron, hydrogen and helium number densities

The electron, hydrogen and helium number densities, due to the fact that the universe as a
whole is neutral, can all be related to the baryon density Nb, which is defined as

Nb = Ωbh
2 ρc/h

2 (1 + z)3

[me (1− Yp/2) + mp (1− Yp/2) + mn (Yp/2)]
(E.1a)

≈ 1.1225 · 10−5 Ωbh
2 (1 + z)3 cm−3

Wmap
↓≈ 2.5144 · 10−7 (1 + z)3 cm−3 .

Here me, mp and mn are the electron, proton and neutron rest mass, respectively, and the
critical density of the universe is given by

ρc =
3H2

0

8π G
≈ 1.8788 × 10−29h2g cm−3 . (E.2)

With this one can write down the electron, Ne, hydrogen, NH, and helium, NH, number densities
using the Helium mass fraction, Yp:

Ne = (1− Yp/2)χe Nb (E.3a)

NH = (1− Yp)Nb (E.3b)

NHe = (Yp/4)Nb (E.3c)

where χe is the ionization fraction of the hydrogen and helium atoms. At high redshifts (z ∼> 104)
the ionization fraction is χe ≡ 1, but as helium and hydrogen recombination at low redshifts
(800 ∼< z ∼< 104) proceeds it drops very fast toward zero and only increases again at low redshifts
(z ≤ 20− 100) when reionization by the first sources occurs.
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E.2 Photon energy and number density

The photons in the universe are very close to Planckian and therefore the energy and number
densities are completely fixed by the temperature Tγ . With (B.3) and Tγ = T0(1 + z) for the
photon energy density it follows

ργ ≈ 4.911 × 10−7 Θ4
2.7 mec

2 (1 + z)4 cm−3 (E.4)

≈ 4.474 × 10−34 Θ4
2.7 c2 (1 + z)4 g cm−3 ,

where we defined Θ2.7 = Tγ/2.7K. Similarly for the photon number density one obtains

Nγ ≈ 399.3 ×Θ3
2.7 (1 + z)3 cm−3 . (E.5)

With equation (E.1a) one finds

Nb

Nγ
= 2.811 × 10−8 Ωbh

2 Θ−3
2.7 (E.6)

for the baryon to photon ratio. In the Wmap concordance model Nb/Nγ ≈ 6.125 × 10−10.
This huge difference in the number of photons and baryons is normally referred to as the large
entropy of the universe.

E.3 Time scales

In this Section we shall give some of the most important timescales and their scaling with
redshift and the adopted parameters of the underlying universe, which are involved in the
description of the thermalization of CMB spectral distortions. Similar expressions can be found
in Hu [62].

Expansion time texp = 1/H

The expansion rate of the universe is determined by the Hubble parameter H, which depends
on the energy densities of the photons, neutrino species, matter and dark energy. Assuming
spatial flatness and neglecting the Λ-term (which only becomes important very low redshifts)
one can write

texp = 6.32 × 1019 κ−1/2 Θ−2
2.7 [1 + (1 + zeq)/(1 + z)]−1/2 (1 + z)−2 s (E.7)

z�zeq

↓
= 4.88 × 1019 Θ−2

2.7 (1 + z)−2 s
z�zeq

↓
= 3.08 × 1017 (Ωmh2)−1/2 (1 + z)−3/2 s ,

where κ = 1 + Nν (7/8) (4/11)4/3 ≈ 1.68 is effective number of spin states, with Nν being the
number of relativistic neutrino species. Here the redshift of matter and radiation equality is

zeq = 4.20 × 104 Θ−4
2.7 κ−1 Ωmh2 . (E.8)

For the standard Wmap concordance model one obtains zeq ≈ 3.25 × 103 and in the limit
z � zeq the expansion time texp ≈ 8.38× 1017 (1 + z)−3/2 s.

Compton scattering time tC = 1/σT Ne c

Using the expression (E.1a) for the baryon number density one finds

tC ≈ 4.46 × 1018 χ−1
e (1− Yp/2)

−1 (Ωbh
2)−1 (1 + z)−3 s , (E.9)

which for the standard Wmap concordance model is tC ≈ 2.27 × 1020 χ−1
e (1 + z)−3 s.
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Comptonisation time tK = tC/4 θe ≡ teγ

The time scale for energy being transfered form the electrons to the photons is given by

tK ≈ 2.45 × 1027 Θ−1
2.7 φχ−1

e (1− Yp/2)
−1 (Ωbh

2)−1 (1 + z)−4 s , (E.10)

where we used Θ2.7 = T0/2.7K and φ = Tγ/Te. For the standard Wmap concordance model
we have: tK ≈ 1.24 × 1029 φχ−1

e (1 + z)−4 s.

Cooling time for Electrons tγe = α∗ tC/4 ρ̃γ

The time scale, on which the electrons (and baryons due to Coulomb interactions with the
electrons) adjust their temperature in a given photon field is given by

tγe ≈ 7.65 × 1019 Θ−4
2.7 ξcool (1 + z)−4 s , (E.11)

where we defined ξcool = α∗/3Ne. If one assumes Yp = 1/4 and χe = 1 then in the non-
relativistic case ξcool = 27/28. For the standard Wmap concordance model we have (χe ≡ 1):
teγ ≈ 7.11 × 1019 (1 + z)−4 s. Due to the large entropy of the universe tγe � teγ . For Yp = 0 it
follows that tγe ≡ 3χemec/8σT ργ .

Coulomb cooling time tpe

The time needed for protons to transfer energy to the electrons is determined by [122, 124]

tpe =
tC

lnΛ

√

π

2

mp

me
× θ3/2

e

≈ 4.98 × 106 φ3/2χ−1
e (1− Yp/2)

−1 (Ωbh2)−1Θ
3/2
2.7 (1 + z)−3/2 s , (E.12)

for θe � mp/me. Here lnΛ ≈ 20 is the Coulomb logarithm, which results from shielding of the
Coulomb force for large distances of the interacting particles. This time scale is always many
orders of magnitude shorter than any other time scale discussed here.
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