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Summary. — Since the measurements of COBE/FIRAS in the mid-90’s we know that the en-
ergy spectrum of the cosmic microwave background (CMB) is extremely close to that of a per-
fect blackbody at an average temperature T0 ' 2.726 K. However, a number of early-universe
processes are expected to create CMB spectral distortions – departures of the average CMB
energy spectrum from a blackbody – at a level that is within reach of present-day technology.
This provides strong motivation to study the physics of CMB spectral distortions and ask what
these small signals might be able to tell us about the Universe we live in. In this lecture, I will
give a broad-brush overview of recent theoretical and experimental developments, explaining
why future spectroscopic measurements of the CMB will open an unexplored new window
to early-universe and particle physics. I will give an introduction about the different types of
distortions, how they evolve and thermalize and highlight some of the physical processes that
can cause them. I hope to be able to convince you that CMB spectral distortions could open
an exciting new path forward in CMB cosmology, which is complementary to planned and
ongoing searches for primordial B-mode polarization signals. Spectral distortions should thus
be considered very seriously as part of the activities in the next decades.
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1. – Overview and motivation

Cosmology is now a precise scientific discipline, with detailed theoretical models that fit a
wealth of very accurate measurements. Of the many cosmological data sets, the cosmic mi-
crowave background (CMB) temperature and polarization anisotropies provide the most strin-
gent and robust constraints to theoretical models, allowing us to determine the key parameters
of our Universe with unprecedented precision and address fundamental questions about inflation
and early-universe physics. Clearly, by looking at the statistics of the CMB anisotropies with
different experiments over the past decades we have learned a lot about the Universe we live in,
entering the era of precision cosmology and establishing the ΛCDM concordance model [1, 2, 3].

But the quest continues. Today we are in the position to ask exciting questions about exten-
sions of the standard cosmological model [4, 5, 6, 7]. For instance, what do the CMB anisotropies
tell us about Big Bang Nucleosynthesis (BBN) and in particular the primordial helium abun-
dance, Yp? How many neutrino species are there in our Universe? This question is often ad-
dressed through the effective number of relativistic degree’s of freedom, Neff . What are the
neutrino masses and their hierarchy? Are there some decaying or annihilating particles? What
about dark radiation? And regarding the initial conditions of our Universe: what is the running of
the power spectrum of curvature perturbations? How about the gravitational wave background,
parametrized through the tensor-to-scalar ratio, r, which determines the energy scale of inflation,
at least when assuming the standard inflation scenario. And to top it up, what about dark energy
and the accelerated expansion of our Universe?

All these questions are extremely exciting and define todays cutting-edge research in cos-
mology, driving present-day theoretical and experimental efforts. The CMB anisotropies in
combination with large-scale structure, weak lensing and supernova observations deliver ever
more precise answers to these questions [8, 9]. But the CMB holds another, complementary
and independent piece of invaluable information: its frequency spectrum. Departures of the
CMB frequency spectrum from a pure blackbody – commonly referred to as spectral distortion
– encode information about the thermal history of the early Universe (from when it was a few
month old until today). Since the measurements with COBE/FIRAS in the early 90’s, the av-
erage CMB spectrum is known to be extremely close to a perfect blackbody at a temperature
T0 = (2.726 ± 0.001) K [10, 11] at redshift z = 0, with possible distortions limited to one part
in 105. This impressive measurement was awarded the Nobel Prize in Physics 2006 and already
rules out cosmologies with extended periods of significant energy release, disturbing the thermal
equilibrium between matter and radiation in the Universe.

1.1. Why are spectral distortions so interesting today. – So far no spectral distortion of the
average CMB spectrum was found. Thus, why is it at all interesting to think about spectral dis-
tortions now? First of all, there is a long list of processes that could lead to spectral distortions.
These include: reionization and structure formation; decaying or annihilating particles; dissipa-
tion of primordial density fluctuations; cosmic strings; primordial black holes; small-scale mag-
netic fields; adiabatic cooling of matter; cosmological recombination; and several new physics
examples [12, 13, 14, 15, 16, 17]. This certainly makes theorists very happy, but most impor-
tantly, many of these processes (e.g., reionization and cosmological recombination) are part of
our standard cosmological model and therefore should lead to guaranteed signals to search for.
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Fig. 1. – CMB spectral distortions probe the thermal history of the Universe at various stages during the
pre- and post-recombination era. Energy release at z & few× 106, when the Universe was only a few month
old, merely causes a change of the CMB temperature. A µ-type distortion arises from energy release at
3 × 105 . z . few × 106, while y-type distortions are created at z . 104. The signal caused during the
µ/y-transition era (104 . z . 3 × 105) is described by a superposition of µ- and y-distortion with some
small residual distortion that allows probing the time-dependence of the energy-release mechanism. In the
recombination era (103 . z . 104), additional spectral features appear due to atomic transitions of hydrogen
and helium. These could allow us to distinguish pre- from post-recombination y-distortions.
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Fig. 2. – Over the past decades, CMB experiments have seen a dramatic improvement in sensitivity and
angular resolution, illustrated here with a comparison of COBE, WMAP and PLANCK. In contrast, CMB
spectral distortion measurements are still in the state of some 25 years ago, with COBE/FIRAS defining the
unchallenged standard.
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This shows that studies of spectral distortions offer both the possibility to constrain well-known
physics but also to open up a discovery space for non-standard physics, potentially adding new
time-dependent information to the picture (Fig. 1).

The second reason for spectral distortion being interesting is due to impressive technologi-
cal advances since COBE. Although measurements of the CMB temperature and polarization
anisotropies have improved significantly in terms of angular resolution and sensitivity since
COBE/DMR, our knowledge of the CMB energy spectrum is still in a similar state as more than
25 years ago (Fig. 2). Already in 2002, improvements by a factor of ' 100 over COBE/FIRAS
were deemed feasible [18], and today even more ambitious experimental concepts like PIXIE
[19, 20] and PRISM [4], possibly reaching & 103 in spectral sensitivity, are being seriously
considered. These types of experiments provide a unique way to learn about processes that are
otherwise hidden from us. At this stage, CMB spectral distortion measurements at high fre-
quencies are furthermore only possible from space, so that, in contrast to B-mode polarization
science, competition from the ground is largely excluded, making CMB spectral distortions a
unique target for future CMB space missions [21]. These efforts could be complemented from
the ground at low frequencies (ν . 10 GHz), targeting the cosmological recombination ripples,
as suggested for APSERa [22], or µ and y-distortions using COSMO.

The immense potential of spectral distortions was realized in the NASA 30-year Roadmap
study, where improved characterization of the CMB spectrum was declared as one of the fu-
ture targets [23]. The strong synergy between spectral distortion and B-mode polarization mea-
surements in terms of challenges related to foregrounds and systematic effects further motivate
serious consideration of both science cases as part of the future experimental activities.

1.2. Overview and goal of the lecture. – The main goal of the lectures is to convince you
that CMB spectral distortion studies provide us with a new and immensely rich probe of early-
universe physics, making it an exciting direction of cosmology for the future. These notes are
based on extensive lectures on thermalization physics given as part of the CUSO lecture series in
2014, with extended lecture notes available at www.chluba.de/science. I will briefly review
the physics of CMB spectral distortions, explaining the different types of distortions and how
to compute them for different scenarios. I will then highlight different sources of distortions
and what we might learn by measuring distortion signals in the future. Particular attention will
be payed to the dissipation of small-scale perturbations and decaying particle scenarios, which
illustrate the potential of distortion science. I will also briefly talk about the recombination era
and the associated distortion signals and then mention a few of the challenges related to CMB
foregrounds. This will also emphasize some of the synergies of distortion and B-mode searches.

2. – The physics of CMB spectral distortions

In this section, I briefly review the main ingredients to describe CMB spectral distortions. The
pioneering works on this topic are mainly due to Yakov Zeldovich and Rashid Sunyaev in the 60’s
and 70’s [24, 25, 26, 27]. These early works were later extended by [28, 29], to include the effect
of double Compton emission, and [30, 31], with refined numerical and analytical treatments.
Latest considerations of spectral distortion and their science can be found in [12, 13, 14, 15, 16,
17] and [32, 33, 34] for the recombination radiation.
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2.1. Simple Blackbody relations. – Before talking about CMB spectral distortions, let us
briefly remind ourselves of a few important blackbody relations. We shall denote the blackbody
intensity or Planckian as, Bν(T ), where ν is the frequency and T the blackbody temperature. The
Planck law reads:

Bν(T ) =
2h
c2

ν3

ehν/kT − 1
=

2h ν3

c2 nbb
ν (T ) = I0

x3

ex − 1
,(1)

having units [Bν(T )] = ergs sec−1 cm−2Hz−1sr−1 = 1017 MJy sr−1. The spectrum of the Sun is
approximately represented by this expression (let’s be a theorists and forget about all the Fraun-
hofer lines and existence of the atmosphere with all its absorption bands) with a temperature
Tph ' 6000 K (photosphere). Also, we already heard about the CMB blackbody spectrum, which
is unbelievably close to a blackbody at a temperature T0 = 2.726 K [10, 11].

In Eq. (1), we also indicate the connection of Bν to the blackbody occupation number,
nbb
ν (T ) = 1/(ehν/kT − 1) = 1/(ex − 1), and transformed to the dimensionless frequency, x = hν/kT

(redshift-independent), introducing I0(T ) = (2h/c2)(kT/h)3 ≈ 270 MJy sr−1(T/2.726K)3. It is
useful to remember that x = 1 corresponds to ν ≈ 56.8 GHz for the CMB. Also, the maximum
of the blackbody spectrum (Wien’s displacement law) is located at νmax ≈ 160 GHz

[
T

2.726 K

]
or

xmax ≈ 2.821. We furthermore have the important limiting cases

Bν(T ) ≈


2ν2

c2 kT for hν � kT (Rayleigh-Jeans limit),

2hν3

c2 e−hν/kT for hν � kT (Wien law),
(2)

for the blackbody spectrum. In the Wien part of the spectrum, very few photons are found but
their energy is large. The opposite is true in the Rayleigh-Jeans part.

2.2. Photon energy and number density. – For our discussions, the total photon number and
energy densities, ργ and Nγ, will be important. These are defined by the integrals, ργ =

∫
Iν
c dν dΩ

and Nγ =
∫

Iν
c hν dν dΩ, over all photon energies and directions. Here, Iν is the photon intensity.

For blackbody radiation, this simply gives

ρPl
γ =

2h
c3

∫
ν3

ex − 1
dν dΩ =

8πh
c3

(
kT
h

)4 ∫
x3 dx
ex − 1

=
8π5(kT )4

15 c3h3

= aRT 4 ≈ 5.10 × 10−7 mec2cm−3
( T
2.726K

)4

≈ 0.26 eV cm−3
( T
2.726K

)4

(3a)

NPl
γ =

2
c3

∫
ν2

ex − 1
dν dΩ =

8π
c3

(
kT
h

)3 ∫
x2 dx
ex − 1

=
16πζ3(kT )3

c3h3

= bRT 3 ≈ 410 cm−3
( T
2.726K

)3

,(3b)

where ζi denotes the Riemann ζ-function. Here, aR = 4σ/c ≈ 7.566 × 10−15 ergs cm−3 K−4 is the
radiation constant, where σ is the Stefan-Boltzmann constant. We also have the useful relation
ρPl
γ ≈ 2.701kT NPl

γ . In particular, we have ρPl
γ ∝ T 4 and NPl

γ ∝ T 3, the crucial blackbody relations.
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2.3. What do we need to do to change the blackbody temperature. – The blackbody spectrum
is fully characterized by one number, its temperature T . Thus, one simple question is, what do
we have to do to shift the temperature to T ′ , T? Let’s suppose we increase the temperature by
adding some energy to the photon field (let’s say we just move all photons upwards in frequency
in some way; no change of the volume or photon number), ε = ∆ργ/ρ

Pl
γ (T ) ≡ (T ′/T )4 − 1, then

the expected change in the photon temperature is

∆T
T

= (1 + ε)1/4 − 1 ≈ 1
4

∆ργ

ρPl
γ

,(4)

for small ∆ργ/ρ
Pl
γ . Clearly, if we stopped here, the new spectrum cannot be a blackbody any-

more, since we did not change the photon number density. Thus, pure energy release/extraction
inevitably leads to a spectral distortion, no matter how the photons are distributed in energy.

To keep the blackbody relation, NPl
γ ∝ T 3, unchanged we simultaneously need to add

∆Nγ

NPl
γ

= (T ′/T )3 − 1 = (1 + ε)3/4 − 1 ≈ 3
∆T
T

=⇒ ∆Nγ

NPl
γ

≈ 3
4

∆ργ

ρPl
γ

(5)

of photons to avoid creating a non-blackbody spectrum. This condition is necessary but not
sufficient, since it does not specify how the missing photons are distributed in energy! For ex-
ample, let us assume we add photons to the blackbody spectrum at one frequency only. Then
∆ργ = hν∆Nγ and ε ≈ (hν/2.701kT ) ∆Nγ/NPl

γ . To satisfy the condition Eq. (5), we just need to
tune the frequency to hν/kT ≈ (4/3) 2.70 ≈ 3.60. Clearly, a blackbody spectrum with a single
narrow line at hν ' 3.6 kT is no longer a blackbody even if Eq. (5) is satisfied. We thus also need
to add photons to the CMB spectrum in just the right way and the question is how?

To go from one blackbody with temperature T to another at temperature T ′, we need to have
a change of the photon occupation number by

∆nν = nbb(T ′) − nbb(T ) =
1

ex′ − 1
− 1

ex − 1
= −x∂xnbb

∆T
T

+ O
(
∆T
T

)2

=
xex

(ex − 1)2

∆T
T

+ O
(
∆T
T

)2

with x′ = x T/T ′. In what follows, we will frequently use the definition

G(x) = −x∂xnbb =
x ex

(ex − 1)2 ≈


1
x for x � 1

x e−x for x � 1,
(6)

which determines the spectrum of a temperature shift: T∂T Bν ∝ x3G(x), for small ∆T/T . Its
spectral shape is shown in Fig. 5. It is easy to prove that a change with this spectral distribution
does not lead to any distortion as long as ∆T/T is sufficiently small. We will thus refer to G(x)
as the spectrum of a temperature shift. In the thermalization problem, it is created through the
combined action of Compton scattering and photon creation processes (i.e., double Compton and
Bremsstrahlung emission).
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2.4. What is the thermalization problem all about. – When considering the cosmological
thermalization problem we are asking: how was the present CMB spectrum really created? As-
suming that everything starts off with a pure blackbody spectrum, the uniform adiabatic ex-
pansion of the Universe alone (absolutely no collisions and spatial perturbations here!) leaves
this spectrum unchanged – a blackbody thus remains a blackbody at all times. However, as the
simple discussion in the proceeding section already showed, processes leading to photon produc-
tion/destruction or energy release/extraction should inevitably introduce momentary distortions
to the CMB spectrum. Then the big question is: was there enough time from the creation of the
distortion until today to fully restore the blackbody shape, pushing distortions below any observ-
able level? For this, we need to redistribute photons in energy through Compton scattering by
free electrons. However, this is not enough to restore the blackbody spectrum. We also need to
adjust the number of photons through double Compton and Bremsstrahlung. By understanding
the thermalization problem and studying the CMB spectrum in fine detail we can thus learn about
different early-universe processes and the thermal history of our Universe. This can open a new
window to the early Universe, allowing us to peek behind the last scattering surface which is so
important for the formation of the CMB temperature and polarization anisotropies.

2.5. General conditions relevant to the thermalization problem. – In the early Universe, pho-
tons undergo many interactions with the other particles. We shall mainly concern ourselves
with the average CMB spectrum and neglect distortion anisotropies when describing their evo-
lution.(1) Distortion anisotropies can be created through anisotropic energy release processes;
however, these are usually very small, such that we only briefly touch on them below. We also
assume that the distortions are always minor in amplitude, so that the problem can be linearized.
This allows us to resort to a Green’s function approach when solving the thermalization problem
[38, 39], which greatly simplifies explicit thermalization calculations for different energy release
scenarios as can be carried out using the full thermalization code CosmoTherm [12].

We furthermore assume the standard ΛCDM background cosmology [9] with standard ioniza-
tion history computed using CosmoRec [40]. Also, the electron and baryon distribution functions
are given by Maxwellians at a common temperature, Te, down to very low redshifts (z . 10),
when thermalization process is already extremely inefficient. We furthermore need not worry
about the evolution of distortions before the electron-positron annihilation era (z & 107 − 108),
since in this regime rapid thermalization processes always ensure that the CMB spectrum is very
close to that of a blackbody. We are thus just dealing with non-relativistic electrons, protons and
helium nuclei immersed in a bath of CMB photons. We can also neglect the traces of other light
elements for the thermalization problem and usually assume that neutrinos and dark matter are
only important for determining the expansion rate of the Universe.

2.6. Photon Boltzmann equation for average spectrum. – The study of the formation and evo-
lution of CMB fluctuations in both real and frequency space begins with the radiative transport,
or Boltzmann equation for the photon phase space distribution, n(xµ, pµ). Here, we are only in-

(1) Some distortion anisotropies are created by SZ clusters [35]. Primordial distortion anisotropies can
also be created by anisotropic acoustic heating [36, 37].
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terested in the evolution of the average spectrum. In this case, perturbations can be neglected,
such that n(xµ, pµ)→ n(t, p) and we may express the photon Boltzmann equation as

∂n
∂t
− H p

∂n
∂p

= C[n],(7)

omitting the any spatial dependence. Here, H(t) is the standard Hubble expansion rate and C[n]
denotes the collision term, which accounts for interactions of photons with the other species
in the Universe. The collision term incorporates several important effects. Most importantly,
Compton scattering couples photons and electrons, keeping the two in close thermal contact until
low redshifts, z . 100 − 200. Bremsstrahlung and double Compton emission allow adjusting the
photon number and are especially fast at low frequencies, as we explain below.

Neglecting collisions (C[n] = 0), we directly recover n(t, p) = n[t0, p a(t)/a(t0)], which
means that the shape of the photon distribution is conserved by the universal expansion and
only the photon momenta are redshifted. Introducing the variable x = p/kTγ(t) = hν/kTγ(t),
with Tγ(t) = Tγ(t0) a(t0)/a(t) ∝ (1 + z), the photon Boltzmann equation takes the more compact
form ∂n(t, x)/∂t = C[n(t, x)] (see [12] for more details), which highlights the conservation law.

2.7. Collision term for Compton scattering. – We already mentioned that Compton scatter-
ing is responsible for redistributing photons in energy. This problem has been studied a lot in
connection with X-rays from compact objects [41, 42] and the cosmological context [24, 25]. In
reality, electron-photon scattering also helps isotropizing the photon field (Thomson scattering
limit), although for this energy exchange is not as crucial [43, 44].

To account for the Comptonization of photons by free thermal electrons, we can use the
so-call Kompaneets equation [45]:

∂n
∂τ

∣∣∣∣∣
CS
≈ θe

x2
e

∂

∂xe
x4

e

[
∂

∂xe
n + n(1 + n)

]
≡ θe

x2

∂

∂x
x4

[
∂

∂x
n +

Tγ
Te

n(1 + n)
]
,(8)

where dτ = NeσTc dt is the Thomson optical depth, θe = kTe/mec2 is the dimensionless electron
temperature and xe = hν/kTe is the chosen frequency variable. This expression can be obtained
by computing the Compton collision term in the limit hν � kTe and kTe � mec2, keeping only
terms up to first order in θe and hν/mec2 [46]. This is equivalent to considering the first two
moments of the photons frequency shift, ∆ν/ν over the scattering kernel [47]. The Kompaneets
equation can be used to describe the repeated scattering of photons by thermal electrons in the
isotropic medium. The first term in the brackets describes Doppler broadening and Doppler
boosting and the last term accounts for the recoil effect and stimulated recoil. These latter terms
are especially important for reaching full equilibrium in the limit of many scatterings.

Below we discuss some analytic solutions of the Kompaneets equation in limiting cases.
Here, a couple of words about limitations of this equation. First of all, we assumed that the
change in the energy of the photon by the scattering is small. For hot electrons this is no longer
correct and one has to go beyond the lowest orders in ∆ν/ν. This is for example important for
the Sunyaev-Zeldovich effect of very hot clusters [48, 49, 50], but this procedure only converges
asymptotically [51, 52]. The second limitation is that if the photon distribution has sharp features
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Fig. 3. – Comparison of the Thomson scattering time-scale with the Hubble expansion time-scale.

(more narrow than the width of the scattering kernel) then the shape of the scattered photon
distribution is not well represented with the diffusion approximation. In this case, a scattering
kernel approach can be used to describe the scattering problem [47], although efficient numerical
scheme for many scatterings are cumbersome.

2.7.1. Comptonization efficiency. With the Kompaneets equation, we can already understand
some of the important aspects of Comptonization, by simply looking at characteristic time-scales.
One important quantity is the Thomson scattering time-scale, tT = (σTNec)−1. It describes how
rapidly photons scatter with electrons. For the standard cosmology with 24% of helium (by
mass), we have

tT = (σTNec)−1 ' 2.7 × 1020 X−1
e (1 + z)−3 sec ' 4.0 × 104

[ Xe

0.16

]−1 [
1 + z
1100

]−3

years,(9)

where Xe = Ne/NH is the free electron fraction relative to the number of hydrogen nuclei. At
z = 1100, this corresponds to ' 40 000 years between scatterings! To put this into perspective
we have to compare with the typical expansion time-scale given by the inverse Hubble rate:

texp = H−1 '


4.8 × 1019 (1 + z)−2 sec (radiation domination)

8.4 × 1017 (1 + z)−3/2 sec (matter domination),
(10)

where the transition between matter and radiation (photons + neutrinos) domination occurs
around zeq ' 3400. From Fig. 3 we see that the Thomson scattering rate (shorter time-scales) is
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much higher than the Hubble expansion rate until after decoupling around z ' 103. But even then,
the time-scale for scattering only exceeds the expansion time by a factor of ' 102 − 104. How-
ever, this is when the isotropization process of CMB temperature and polarization anisotropies
becomes inefficient and we start seeing the primordial CMB fluctuations.

The most important aspect of Comptonization is energy exchange between electrons and
photons. The time-scale on which electrons transfer energy to the photons is [24, 53]

teγ ≈ tT
4θe
' 4.9 × 105 tT

[
1 + z
1100

]−1

' 1.2 × 1029(1 + z)−4 sec .(11)

In simple words, the time-scale for scattering is tT ' [NeσTc]−1 and per scattering the fractional
energy-exchange between photons and electrons is ∆ν/ν ' 4θe. Comparing teγ with the Hubble
rate one finds that at zµy ' 5 × 104, Comptonization becomes inefficient (see Fig. 4). At this red-
shift, the characteristic of spectral distortions changes, transitioning from a so-called µ-distortion
to a y-type distortion (see below). Evidently, the transition is not abrupt and the characteristic
shape of the distortion changes over a range of redshift between z ' 104−3×105 (e.g., see [38]).

The Comptonization time-scale is quite long compared to the time-scale over which electrons
are heated by photons. The big difference is that every electron has ' 1.9×109 photons to scatter
with, making the number of interactions much larger. This fact influences many phases in the
history of the Universe. For example, the cosmological recombination process is delayed until
the temperature of the CMB has dropped below kTγ ' 0.26 eV, which is two orders of magnitude
smaller than the ionization potential, Eion ' 13.4 eV. Similarly, BBN occurs significantly later
than what is expected from naively assuming kT ' mc2.
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From ρth = (3/2)
∑

i NikTe = (3/2)NH(1 + fHe + Xe) kTe for the thermal energy of the plasma,
by comparison with the energy density of photons, we have

tγe =
ρth

ργ
teγ ' 3NH(1 + fHe + Xe)

8ργ/(mec2)
tT ' 0.31 tT (1 + z)−1 ' 7.3 × 1019(1 + z)−4 sec .(12)

where for the estimate we used Xe = 1 + 2 fHe (fully ionized) and fHe ≈ Yp/[4(1 − Yp)] ≈ 0.079.
Before recombination, the Compton cooling time is about ' 1.6 × 109 times shorter than the
Comptonization time. This means that electrons and baryons (through Coulomb scatterings)
remain in full thermal contact with the photon field until very late. From Fig. (4) one can see that
thermal decoupling is expected to happen somewhere around z ' 100 − 200 [54]. This is when
the earliest signals from the 21cm era are produced [55].

2.8. Bremsstrahlung and double Compton emission. – So far we have only considered the re-
distribution of photons in energy. As discussed above, this alone is insufficient for thermalizing
the radiation field. In addition, we need to adjust the photon number, which in the expanding
early Universe is achieved by thermal Bremsstrahlung (BR) and double Compton (DC) emis-
sion. BR is the first and most obvious suspect for photon production and absorption in the early
Universe. However, it turns out that in our Universe DC emission is much more important [29].
Nevertheless, at late times BR has to be included for accurate computations [30, 31, 12].

The collision term for BR and DC emission can be expressed as

∂n(τ, x)
∂τ

∣∣∣∣∣
em/abs

=
KBR e−xe + KDC e−2x

x3

[
1 − n(τ, x) (exe − 1)

]
(13a)

KBR =
α

2π
λ3

e√
6π θ7/2

e

(
Te

Tγ

)3 ∑

i

Z2
i Ni ḡff(Zi,Te,Tγ, xe), KDC =

4α
3π

θ2
γ Idc gdc(Te,Tγ, x)(13b)

ḡff(xe) ≈


√
3
π

ln
(

2.25
xe

)
for xe ≤ 0.37

1 otherwise
, gdc ≈

1 + 3
2 x + 29

24 x2 + 11
16 x3 + 5

12 x4

1 + 19.739θγ − 5.5797θe
.(13c)

where α ≈ 1/137, Idc =
∫

x4n(1 + n) dx ≈ 4π4/15 and λe = h/mec ' 2.43 × 10−10 cm. The
approximation for the DC Gaunt factor, gdc, was taken from [12] and is based on [56]. It should
provide a very good approximation for our purpose. For the BR Gaunt factors, ḡff , we normally
use fits from [57] in numerical calculations or the above approximation for estimates.

One can already see that both BR and DC push the radiation field into equilibrium with a
blackbody at the temperature of the electrons, ne = 1/(exe − 1). Also, due to the 1/x3 scaling of
the emissivity it is clear that BR and DC emission both are most important at low frequencies.
Inserting typical numbers for z & 103 and assuming Te ≈ Tγ, we have

KBR ' 1.4 × 10−6
[ ḡff

3.0

] [
Ωbh2

0.022

]
(1 + z)−1/2(14a)

KDC ' 1.7 × 10−20 (1 + z)2.(14b)

This implies that at zdc,br ' 3.7×105
([

ḡff

3.0

] [
Ωbh2

0.022

])2/5
BR and DC emission are similarly important

[30, 31]. At z > zdc,br, DC emission is more crucial, while at lower redshifts BR dominates.
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3. – Types of spectral distortions from energy release

We are now in the position to discuss the main types of spectral distortions created by energy
release. In section 2.7, we learned that around zµy ' 5 × 104 the Comptonization time-scale
(transfer of energy from electrons to photons) becomes longer than the Hubble time. It is clear
that this marks an important transition in the efficiency of Compton scattering and redistribution
of photons. Let us try to quantify this a little better by looking at the photon evolution equation,
for now neglecting photon emission

∂n
∂τ
≡ θe

x2

∂

∂x
x4

[
∂

∂x
n +

Tγ
Te

n(1 + n)
]
,(15)

setting n = n(τ, x). This equation has no general analytic approximation, but we can solve
it for limiting cases. As we explain next, the Compton-y distortion is created by scatterings
with inefficient energy exchange between electrons and photons, while the chemical potential
µ-distortion is formed in the regime of extremely efficient energy exchange.

3.1. Scattering of CMB photons in the limit of small y-parameter. – Assuming that at τ = 0
we start with n = nbb = 1/(ex − 1), then after a very short time ∆τ � 1 we find

∆n ≈ ∆τ θe

x2

∂

∂x
x4

[
∂

∂x
nbb +

Tγ
Te

nbb(1 + nbb)
]
≈ ∆τ (θγ − θe)

x2

∂

∂x
x4nbb(1 + nbb)

≈ ∆τ (θγ − θe)
[
4xnbb(1 + nbb) − x2nbb(1 + nbb)(1 + 2nbb)

]

≈ ∆τ (θe − θγ) G(x)
[
x

ex + 1
ex − 1

− 4
]
≡ ∆τ (θe − θγ) YSZ(x),(16)

where we used ∂xnbb = −nbb(1+nbb) = −ex/(ex−1)2 = −G(x)/x and (1+2nbb) = (ex+1)/(ex−1) =

coth(x/2). This is the definition of the so called Compton-y distortion, YSZ(x), which arises in
the limit of scatterings with inefficient energy exchange. This distortion of the CMB was first
studied by [24] and then applied to hot electrons residing inside the potential wells of clusters of
galaxies, giving rise to the thermal Sunyaev-Zeldovich (SZ) effect. The important variable is the
Compton-y parameter

y =

∫ τ

0

k(Te − Tγ)
mec2 dτ′ =

∫ t

0

k(Te − Tγ)
mec2 σTNec dt′,(17)

which depends on the number of scattering (related to τ) and the net energy exchange(2), ∆ν/ν '
4(θe − θγ) � 1, per scattering. Clearly, for Te ≡ Tγ one has y = 0 and ∆n = 0, no matter
how many scattering actually take place! The solution Eq. (16) for the distortion is thus valid
as long as |y| � 1. This also ensures that the electron temperature does not change much by

(2) To some extent it would be better to immediately write y∗ =
∫ τ

0
4 k(Te−Tγ)

mec2 dτ′, so that y∗ = 4y = ∆ργ/ργ
evidently gives the total amount of energy transfer.
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Fig. 5. – Comparison of a Compton y-distortion, YSZ(x), and µ-distortion, M(x), with the blackbody spec-
trum and temperature shift, G(x). For convenience, we plot the spectrum as a function of x = hν/kT
and normalize the left y-axis by I0(T ) = (2h/c2)(kT/h)3 ≈ 270 MJy sr−1(T/2.726K)3. The y-distortion
has its crossover frequency around x ' 3.830 (≡ 217GHz), while the µ-distortion has its zero around
x ' 2.192 (≡ 124GHz). The upper x-axis and right y-axis also give the corresponding frequency and
spectral intensity for T = 2.726 K.

the scattering. One possible way to violate this condition even if the number of scattering is
tiny (τ � 1) is by having a very large difference in the electron and photon temperature. Note,
however, that θe � 1 is needed since otherwise relativistic corrections to the Compton process
appear, which are not accounted for by the Kompaneets equation [58]. For the cosmological
thermalization problem, we are always in the situation that the y-parameter is increased beyond
unity by increasing the number of scatterings. In this case, Compton scattering pushes electrons
and photons into kinetic equilibrium until a µ-distortion is formed (Sect. 3.2).

Assuming that we are in the regime |y| � 1, there are two cases of interest:

• y > 0: overall energy is transferred from the electrons to the photons→ Comptonization

• y < 0: energy flows from the photons to the electrons →Compton cooling

For most conditions in our Universe, y > 0 is relevant, since most processes tend to heat the
matter in the Universe. Therefore negative y-distortions are usually not being considered, how-
ever, the adiabatic cooling of matter in the expanding Universe (in the absence of heating) allows
Te < Tγ, so that y < 0 does occur [59, 12, 60].
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In Fig. 5, we illustrate frequency dependence of the y-distortion for T0 = 2.725 K. It has a
very characteristic shape, with a deficit of photons in the Rayleigh-Jeans part and an increment
of photon in the Wien tail of the CMB spectrum. The limiting behaviors are

YSZ(x) = G(x)
[
x

ex + 1
ex − 1

− 4
]
≈


− 2

x for x � 1

x(x − 4)e−x for x � 1.
(18)

This corresponds to ∆I/I ' ∆T/T ' −2y for x � 1 and ∆T/T ' (x − 4)y for x � 1.
The y-distortion vanishes close to ν ' 217GHz (≡ x ' 3.830), which in principle makes it
distinguishable from the µ-distortion (Sect. 3.2). One can easily verify that for a y-distortion
∆Nγ = 0 ∝

∫
x2YSZ(x) and ∆ργ = 4y ρPl

γ ∝
∫

x3YSZ(x) dx. Clearly, Compton scattering should
not change the number of photons, as reflected by ∆Nγ = 0. The second relation means that
4y ≡ ∆ργ/ρ

Pl
γ defines the fractional energy exchange of the electrons with the initial blackbody

spectrum. Thus, starting from a pure blackbody, by computing y = (1/4)∆ργ/ρPl
γ � 1 one can

directly give a simple approximation for the distortion [24]. In detail, it may be a little more
involved to compute ∆ργ/ρ

Pl
γ for some process, but all one really needs to know is how much

energy was pumped into the CMB by energy exchange with the thermal electrons.

3.1.1. Thermal Sunyaev-Zeldovich effect. Clusters of galaxies are the largest virialized ob-
jects in our Universe, with typical masses M ' (1013−1014)M� (M� ≈ 2×1033 g) and up to ' 103

galaxies. Cluster also host a hot plasma with free electrons at temperature Te ' few × 107K (≡
few × keV) at typical densities Ne ' 10−3 cm−3. We know this already for a while since clus-
ters show a X-ray glow produced by thermal Bremsstrahlung. The hot electrons can scatter
CMB photons and create a Compton-y distortion. The typical y-parameter of massive clusters is
y ' few × 10−5 − 10−4 with θe ' few × 10−2 and τ ' few × 10−3. Because for clusters Te � Tγ,
the y-parameter reduces to

y =

∫ τ

0

kTe

mec2 dτ′ ≈ θe τ(19)

and thus directly probes the integrated electron pressure, P̄e '
∫

NeTe dl, through the cluster
medium. More than 103 clusters have been now seen using the SZ effect [61].

One of the great properties of the thermal SZ effect that is it independent of redshift (ignoring
evolutionary effects) [62, 63, 35]. The reason is that CMB temperature increases ∝ (1 + z) with
redshift, so that the ‘light bulb’ illuminating the hot electrons residing inside the cluster becomes
brighter the higher the redshift. The cosmological redshift dimming of the signals, which for
example reduces the X-ray fluxes for high redshift clusters, is therefore compensated since the
CMB itself brightens, and no matter what the redshift of the cluster is it will have the same
signal relative to the CMB. The redshift-independence of the SZ signal makes SZ clusters a
powerful cosmological probe, since one can in principle track the growth of structures out to
high redshifts (z ' 1 − 2) and thus constrain cosmological parameters and the evolution of dark
energy [64, 35, 65].

But the thermal SZ effect is even more rich. For a cluster with kTe = 5keV, the thermal
velocities of the electrons are 3th '

√
2θec ' 0.14c. That is quite fast and relativistic corrections
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become important. In this regime the Kompaneets equation is no longer valid and one has to
include higher order corrections [50, 49, 48, 66]. In addition, if the cluster is moving with
respect to the CMB, the Doppler kick adds a change in the CMB temperature towards the cluster
by ∆I ' βcτT∂T Bν(T ), also knows as kinematic SZ effect [62]. This can in principle be used to
study large-scale bulk flows in the Universe.

3.2. Chemical potential or µ-distortion. – We now understand that for inefficient energy ex-
change between electrons and photons (i.e., y � 1) the shape of the distortion is determined by
the y-parameter and has a spectral dependence, YSZ(x) = G(x)[x coth(x/2) − 4], shown in Fig. 5.
Let us now consider the other extreme, when many scatterings are taking place and the redistri-
bution of photons in frequency is very efficient (i.e., y � 1). In the early Universe, this regime is
found at z & 5 × 104 and the distortion is given by a µ-distortion.

3.2.1. Compton equilibrium solution. When many scatterings occur, the spectrum is driven
towards an equilibrium with respect to Compton scattering. Neglecting emission and absorption
processes, the kinetic equation thus becomes quasi-stationary

0 ≈ θe

x2

∂

∂x
x4

[
∂

∂x
n +

Tγ
Te

n(1 + n)
]
.(20)

One solution of this equation is nbb = 1/(ex − 1) if Te ≡ Tγ, since ∂xnbb = −nbb(1 + nbb), as it
should be for full equilibrium. However, this is not the general solution of the problem. To find
a more general solution we have to solve the equation ∂xn = − Tγ

Te
n(1 + n). The factor Tγ/Te can

be absorbed by redefining the frequency scaling x → xe so that this becomes ∂xe n = −n(1 + n).
This can be integrated to ln(1 + n) − ln(n) ≡ xe + const, or

nBE =
1

exe+µ0 − 1
,(21)

where we introduced the integration constant µ0. This is a Bose-Einstein spectrum with constant
chemical potential(3) µ0. Let’s pause for a moment. Photons have no rest mass, so the chemical
potential should vanish, shouldn’t it? This statement is only true if we are in full equilibrium,
i.e., we have a blackbody at the temperature of the medium. More generally, for fixed photon
number and energy densities the chemical potential can be non-zero.

The chemical potential can in principle be both positive or negative:

• µ0 > 0: fewer photons than a in blackbody at Te → energy release / photon destruction

• µ0 ≡ 0: blackbody at temperature Te → full equilibrium

• µ0 < 0: more photons than a in blackbody at Te → energy extraction / photon injection

In practice, the solution µ0 < 0 is unphysical unless µ0 is actually a function of frequency. The
reason is that xe + µ0 can vanish at xe = −µ0 > 0, but this state is never reached or even passed

(3) Notice that the sign is different from the normal convention used in thermodynamics.
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through during the evolution, since instead excess photons would form a Bose-condensate at
x = 0 with µ0 = 0 elsewhere [67, 68]. In a real plasma, BR and DC emission will prevent this
from happening though [27, 69].

3.2.2. Definition of the µ-distortion. In the previous section, we found that n = 1/(exe+µ0 − 1)
is approached for many scatterings in the plasma. But how do we fix the constant µ0 and what is
the definition of the distortion really? Let us assume we start with a blackbody and electrons at
temperature Tγ = Te = Ti. Let us change the number and energy densities of the photon field by
some εN = ∆Nγ/NPl

γ (Ti) and ερ = ∆ργ/ρ
Pl
γ (Ti), respectively, and then wait until everything has

equilibrated by Compton scattering. This means

NBE
γ = NPl

γ (Ti)(1 + εN) ≡ NPl
γ (T f )

GPl
2

∫ x2
f dxf

exf+µ0 − 1
(22a)

ρBE
γ = ρPl

γ (Ti)(1 + ερ) ≡
ρPl
γ (T f )

GPl
3

∫ x3
f dxf

exf+µ0 − 1
,(22b)

where T f is the final electron temperature in the distorted (Bose-Einstein spectrum) radiation
field, xf = hν/kT f and GPl

2 ≈ 2.404 and GPl
3 ≈ 6.494. These two equations allow us to fix T f and

µ0 as a function of the parameters εN and ερ. Assuming that all changes are small we have

NBE
γ ≈ NPl

γ (T f )
[
1 − µ0Mc

2

]
≈ NPl

γ (Ti)
[
1 + 3

∆T
Ti
− µ0Mc

2

]
(23a)

ρBE
γ ≈ ρPl

γ (T f )
[
1 − µ0Mc

3

]
≈ ρPl

γ (Ti)
[
1 + 4

∆T
Ti
− µ0Mc

3

]
,(23b)

whereMc
2 ≈ 1.3684 andMc

3 ≈ 1.1106. With the conditions Eq. (22), we then find [25, 53]

µ0 ≈ 3
κc

[
∆ργ

ργ
− 4

3
∆Nγ

Nγ

]
≈ 1.401

[
∆ργ

ργ
− 4

3
∆Nγ

Nγ

]
(24a)

∆T
Ti
≈ M

c
2

κc

∆ργ

ργ
− M

c
3

κc

∆Nγ

Nγ
≈ 0.6389

∆ργ

ργ
− 0.5185

∆Nγ

Nγ
≈ 0.4561µ0 +

1
3

∆Nγ

Nγ
(24b)

with κc = 4Mc
2−3Mc

3 ≈ 2.1419. From Eq. (24a) we see that for ∆ργ/ργ ≡ (4/3)∆Nγ/Nγ we have
no distortion (µ0 = 0), as we already understood from the adiabatic condition, Eq. (5). In this
case, only the temperature of the blackbody is increased(4) after Compton scattering redistributed
all photons, ∆T/Ti ≈ 1

3 ∆Nγ/Nγ.
In Fig. 6 we illustrate a Bose-Einstein spectrum with µ0 = 0.5 and Ti = T0 = 2.726 K. Only

energy was added to the photons but the number of photons was not changed with respect to
the initial CMB spectrum. One can see that in the Rayleigh-Jeans tail of the CMB the Bose-
Einstein spectrum shows a deficit of photons, while in the Wien tail more photons than in the
CMB blackbody spectrum are present. We have nBE ≈ nbb at νµ ≈ 124 GHz although for large
chemical potential νµ ≈ 124 GHz (1 − 0.304 µ ln µ) is more accurate [58].

(4) we neglect the small heat capacity of the electrons and baryons.
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Figure A1. Shape of the CMB spectrum with large chemical potential. For
the considered case, the crossover frequency is at ν ≈ 158GHz. Number
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APPENDIX A: BOSE-EINSTEIN SPECTRUM FOR FIXED
NUMBER AND ENERGY DENSITY

Assuming that the photon occupation number is given by a Bose-Einstein
spectrum, we can determine the precise shape from the number and energy
density of the distribution. Using the ansatz, n = 1/(exφ+  µ − 1) [φ is needed
to fix the correct number density and µ > 0 is constant], we can write

φ =


2 Li3(e−µ)

GPl
2


1/3

≈ 1 − 0.4561µ − 0.137µ2 ln µ, (A1)

where Lin(x) is the polylogarithm. We assumed that the number density of
the photon distribution did not change. With this solution, one can obtain
the correct Bose-Einstein spectrum as a function of x and µ (see Fig. A1).
Fixing the energy density, we find that

1 +
∆ργ

ργ
=

6 Li4(e−µ)
ρ4GPl

3
≈ 1 + 0.7140µ + (0.815 + 0.555 ln µ)µ2 (A2)

can be used to determine the value of µ. Evidently, at lowest order one has
µ ≈ 1.401∆ργ/ργ , as expected.

One interesting aspect is that for larger values of µ, the zero crossing
of the distortion with respect to the blackbody increases. The crossover fre-
quency is roughly given by νcr ≈ 124GHz(1− 0.304 µ ln µ), so that even for
very large values of µ # 0.01 the zero does not change dramatically.

APPENDIX B: ENTROPY OF A NON-EQUILBRIUM
BOSE-EINSTEIN SPECTRUM

In terms of the photon occupation number, n = 1/(ex+  µ − 1), the photon
entropy density can be written as (Landau & Lifshitz 1980)

sγ = 8πk
(
kTγ
hc

)3 ∫
x2 [(1 + n) ln(1 + n) − n ln n] dx

= 8πk
(
kTγ
hc

)3 ∫
x2 [ln(1 + n) + n(x +  µ)] dx

=
4
3
ργ

Tγ
− 8πk

3

(
kTγ
hc

)3 ∫
x3  µ ∂xn dx

 µ$1
↓≈ 4

3
ρPl
γ (Tγ)
Tγ

[
1 + 3

∆Te
Tγ

]
− ρ

Pl
γ (Tγ)
Tγ

µ∞M3

=
4GPl

3
3GPl

2
kNγ +

κρ

3
ρPl
γ (Tγ)
Tγ

µ∞ ≈ 3.601kNγ[1 + 0.5355µ∗∞], (B1)

where we used ρPl
γ (T ) = (GPl

3 /GPl
2 )kTNPl

γ (T ) ≈ 2.701kTNPl
γ (T ) and the

effective chemical potential µ∗∞ = κ̂ρµ∞.
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Fig. 6. – Bose-Einstein spectrum for large chemical potential µ = 0.5 and Ti = T0 = 2.726 K. Only
energy was added to the photon field, but the number of photons was not changed with respect to the initial
CMB spectrum. For large chemical potential, the cross over frequency shifts towards higher frequencies
according to νµ ≈ 124 GHz (1 − 0.304 µ ln µ) ≈ 158 GHz. The figure was taken from [58].

3.2.3. But how do we define the distortion. To derive the expressions from above, we used

nBE =
1

exe+µ0 − 1
≈ 1

exe − 1
− G(xe)

xe
µ0 + O(µ2

0)(25)

for µ0 � 1. This suggest that ∆n = −G(xe) µ0/xe could be called the distortion with respect to the
blackbody part at temperature Te and in fact this definition has been used frequently. However,
since also the final electron temperature, Te = T f , depends on µ0, this definition does not separate
the distortion cleanly. Motivated by the fact that Compton scattering conserves photon number,
one natural definition is to fix the µ-distortion such that

∫
x2M(x) dx = 0. Integrating ∆n gives∫

x2∆n dx = −2µ0
∫

x dx/(ex − 1) = −µ0 π
2/3 ≈ −3.2899 µ0, so that M(x) = G(x)[αµ − 1/x] with

αµ = π2/18ζ(3) ≈ 0.4561 fulfills
∫

x2M(x) dx = 0. If in addition we now normalize the relative
change of the photon energy density to unity (∆ρM/ρ

Pl = 1), we obtain the spectral shape of the
µ-distortion

M∗(x) =
3
κc M(x) ≈ 1.401G(x)

[
0.4561 − 1

x

]
≈


− 1.401

x2 for x � 1

0.6390 x e−x for x � 1,
(26)

where 3/κc ≈ 1.401. This implies ∆I/I ' ∆T/T ' −µ0/x for x � 1 and ∆T/T ' 0.4561 µ0

at x � 1. The frequency dependence of M(x) is illustrated in Fig. (5) in comparison with the
y-distortion and spectrum of a temperature shift. The important feature of a µ-distortion is that
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Fig. 7. – Simplest zeroth order picture for the formation of primordial distortions. At low redshifts (z .
5 × 104), a y-distortion is formed, while at high redshifts we expect a µ-distortion. At this point we have
not included any photon production and we will see that this strongly attenuates the amplitude of the µ-
distortion at z & 2 × 106.

it is shifted towards lower frequencies with respect to the y-distortion. This makes it in principle
distinguishable and observing a µ-distortion is a clear indication for a signal created in the pre-
recombination era, deep into the thermal history of our Universe.

3.3. Simple description of primordial distortions. – We now have all the pieces for a simplest,
zeroth order description of primordial distortions. At late times, (z . zµy ' 5 × 104), the redistri-
bution of photons by Compton scattering becomes inefficient and a y-type distortion is formed,
in the other extreme we have a µ-distortion (see Fig. 7) with the approximations [24, 25]

y ≈ 1
4

∆ργ

ργ

∣∣∣∣∣∣
y

(27a)

µ0 ≈ 1.401


∆ργ

ργ

∣∣∣∣∣∣
µ

− 4
3

∆Nγ

Nγ

∣∣∣∣∣∣
µ

 ,(27b)

such that the total distortion is given by ∆n ≈ YSZ y + M(x) µ0. Here, we indicate that to estimate
the distortion one needs to consider the partial energy release and photon production relative to
the CMB blackbody in the respective y- and µ-era. If extra photons are injected in the y-era (e.g.,
by particle decay), the distortion generally is not just a y-distortion, since these extra photons are
not redistributed very efficiently, but in the µ-era they can be ingested and modify the effective
chemical potential. Photon injection during the y-era was considered in detail in [39].
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Two important aspects are still missing. Firstly, we have not included any thermal photon
production by BR or DC but assumed that only Compton scattering changes the photon field.
Photon production will be mostly relevant for the evolution of µ-distortions, implying that not
all energy release or photon production is eventually visible as a distortion. That is, at very early
phases the distortion visibility (see explanation below) is smaller than unity because thermaliza-
tion reduces the effective amount of energy release that survives as a distortion. This is implicitly
hidden in the definition of ∆ργ/ργ|µ and ∆Nγ/Nγ|µ. We will consider this problem in Sect. 3.3.1.
The second point is that the transition between µ and y distortions is not abrupt at z ' 5 × 104

but occurs over a range of redshifts, where in the intermediate regime the distortion is not only
given by the superposition of µ and y-distortion. This makes the distortion signal much richer, as
pointed out only recently [12, 70, 38]. We will consider this problem in Sect. 3.4.

3.3.1. Inclusion of photon production in the µ-era. It is straightforward to approximately
include the effect of BR and DC in the µ-distortion era. For a detailed discussion of the approx-
imations and its limitations we refer the interested reader to [58]. Since scattering is efficient,
we can assume that the spectrum evolves along a sequence of quasi-stationary stages. However,
now we also have to account for emission and absorption, such that

0 ≈ θe

x2

∂

∂x
x4

[
∂

∂x
n +

Tγ
Te

n(1 + n)
]

+
K
x3

[
1 − n(exe − 1)

]
(28)

determines the CMB spectrum. Inserting n ≈ 1/(exe −1)−µ(z, xe) G(xe)/xe and assuming xe � 1
yields a simple differential equation for µ(z, xe) � 1, which has the approximate solution

µ(z, xe) ≈ µ0(z) e−xc(z)/xe .(29)

This solution was first derived by [25]. Including both DC and BR, the critical frequency, xc,
which is determined by the competition between photon emission and absorption and Compton
up-scattering of photons, is usually xc(z) ' 10−3−10−2 during the thermalization period [30, 31].

Equation (29) shows that at x � xc, the chemical potential becomes constant, µ(z, xe) ≈ µ0(z),
while at low frequencies it vanishes exponentially, returning to a blackbody at the temperature
of the electrons, with a smooth transition between these regimes around x ' xc. The solution
has the expected limiting behavior, even if strictly speaking it is only valid at low frequencies.
Indeed, the correct high-frequency behavior is µ(z, x) ' µ∗0(z) + C(z) ln x, where the coefficient,
C(z), is related to the time derivative of the electron temperature [58].

With Eq. (29), one can now compute the total photon production rate at any redshift. From
that one can estimate how the high-frequency photon chemical potential is affected by photon
production. This essentially boils down to a differential equation for µ0(z), which for single
energy release ∆ργ/ργ|i has the solution

µ0(z) ≈ 1.401
∆ργ

ργ

∣∣∣∣∣∣
i
e−(zi/zµ)5/2+(z/zµ)5/2

= µiJ(zi, z)(30)

with zdc ≈ 1.98 × 106 [30, 31]. Here, we defined µi = 1.401∆ργ/ργ|i. The factor J(zi, z) defines
the spectral distortion visibility between the injection redshift zi and z (with z < zi). It determines
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the fraction of energy injected at zi that is still visible as a distortion at z. For J(zi, z) ' 1, most
of the energy is still stored in the distortion, while for J(zi, z) � 1, most of the energy was
thermalized and converted into a temperature shift. This implies that after a single energy release
event, today’s remaining chemical potential is heavily suppressed if the energy injection happens
at z & zdc ≈ 1.98 × 106 or some ' 3 months after the big bang. For continuous energy release in
the µ-era, we can then estimate the final distortion measured today using [25, 30, 31]

µ0 ≈ 1.401
∆ργ

ργ

∣∣∣∣∣∣
µ

≈ 1.401
∫ ∞

zµy

d(Q/ργ)
dz

J(z′, 0) dz′.(31)

Here, d(Q/ργ)/ dz describes the energy release relative to the CMB blackbody and depends on
the specific energy release mechanism (see Sect. 4). We neglected any extra photon production,
but refer to [39] for additional discussion.

3.3.2. The importance of double Compton emission. In the above, the DC process dominated
in the definition of the thermalization redshift [29, 30, 31]

zdc ≈ 1.98 × 106
[

Ωbh2

0.022

]−2/5 [ T0

2.725K

]1/5 [
(1 − Yp/2)

0.88

]−2/5

,(32)

assuming Neff = 3.046. At z � zdc, thermalization is very efficient and the distortion visibility
drops exponentially. If alternatively we only include BR emission, we find [25, 29, 31]

JBR(zh) = exp
(
−[zh/zbr]1.328

)
(33)

with zbr ≈ 5.27 × 106. In the classical result, given first by [25], the power-law coefficient is
5/4 = 1.25 because a different approximation for the BR Gaunt factor was utilized. This shows
that the thermalization redshift is significantly higher when only BR is included. In addition, the
distortion visibility function drops less steeply at z & 5.27 × 106.

In Fig. 8 we compare the distortion visibility functions for DC and BR only with the full nu-
merical result for the distortion visibility obtained from CosmoTherm [12, 58]. Clearly, DC emis-
sion increases the thermalization efficiency significantly. If only BR were taken into account, we
would still expect to see some small distortion even from the tail of the electron-positron annihi-
lation era around z ' 2×107! In full detail, this would be quite complicated to compute, but luck-
ily the distortion visibility is exceedingly small, even if only DC is included, providing a rough
but tiny upper limit. Comparing with the full numerical result, JDC(zh) = exp

(
−[zh/zdc]5/2

)
,

provides a very good approximation, which, for simple estimates, is more than sufficient. Im-
provements to J can be added analytically [58, 71], but for refined computations it is easier to
simply use the Green’s function method (e.g., [38, 39]), described in the next Section.

3.4. Modeling the transition between µ and y. – In what was presented so far we modeled the
transition between µ and y-era as a simple step-function around z ' zµy. Even in the early studies
of the evolution of distortions it was realized that this is not quite correct and that the transition
is much more gradual [27, 30, 53]. However, only more recently it was explicitly highlighted
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Fig. 8. – Distortion visibility function (adapted from [58]). We compareJDC(zh),JBR(zh) and the numerical
result obtained with CosmoTherm. DC emission significantly change the thermalization efficiency.

Fig. 9. – Spectral distortion signal (in terms of brightness temperature) caused by a decaying particle
scenario at different stages of the evolution (Figure taken from [12]). The total energy release was
∆ργ/ργ ' 1.3 × 10−6 assuming a particle lifetime tX ' 2.4 × 109 s or zX = 105. The final distortion is
not described by a simple superposition of µ and y and thus contains valuable time-dependent information
teaching us about the lifetime of the partcle.
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Fig. 10. – Change in the CMB spectrum after a single energy release at different heating redshifts, zh. Top
panel: thermalization Green’s function, Gth(ν, zh) – lower panel: residual distortion. At z & few × 106,
a temperature shift is created. Around z ' 3 × 105 a pure µ-distortion appears, while at z . 104 a pure
y-distortion is formed. At all intermediate stages, the signal is given by a superposition of these extreme
cases with a small residual (non-µ/non-y) distortion that contains information about the time-dependence of
the energy-release process (Figures adapted from [38] and [72]).
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Fig. 11. – Improved picture for the formation of primordial distortions. At low redshifts (z . zµy ' 5×104), a
y-distortion is formed with distortion visibility close to unity, while at high redshifts a µ-distortion appears.
The energy release has to be weighted with distortion visibility function which drops exponentially at
zdc & 2 × 106, leading to a pure temperature shift in that regime from inside the cosmic photosphere.

that the distortion in the intermediate-regime (z ' 104 − 3 × 105), contains valuable additional
information, allowing us in principle to distinguish different types of distortions [12, 70, 14, 72].

In Fig. 9, we illustrate the shape of the distortion caused by a decaying particle scenario at
different stages of the evolution. The final distortion is not simply given by the sum of µ and y dis-
tortions and thus could allow determining the lifetime of the particle [12]. The description of the
distortion in the intermediate regime was later refined by [70] and [38]. For single energy release,
the distortion response (↔ Green’s function) is illustrated in Fig. 10. Eliminating the leading
order µ and y-distortion contributions, one is left with a smaller signal, the so called residual dis-
tortion or r-type distortion (see Fig. 10), which can be conveniently parametrized using distortion
eigenmodes [72]. The r-type distortion is what contains the extra time-dependent information
and detection limits for different energy release scenarios are presented in [72]. However, the
thermalization problem is even richer when including the effect of pre-recombination (z & 103)
atomic transitions [73, 74]. This might allow us to reach even deeper into the µ- and y-eras by
using spectral features of the cosmological recombination radiation [33].

For computational purposes, efficient modeling of the r-type distortion is best handled using
the Green’s function method [38]. For even more accurate results, the flexible thermalization
code CosmoTherm [12] can be used, which now runs in ' 30 s for a given model on a stan-
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dard laptop. However, we can still improve the analytical description of the µ and y-distortion
contributions using simple representations of the total distortion. From the full Green’s func-
tion response, one can determine the best-fitting µ and y distortion representation. The obtained
approximation can then be used to improve the distortion visibility functions in the different
regimes. This approach was used in [38] and can be summarized using

y =
1
4

∆ργ

ργ

∣∣∣∣∣∣
y

=
1
4

∫ ∞

0
Jy(z′)

d(Q/ργ)
dz′

dz′(34a)

µ = 1.401
∆ργ

ργ

∣∣∣∣∣∣
µ

= 1.401
∫ ∞

0
Jµ(z′)

d(Q/ργ)
dz′

dz′(34b)

with the distortion visibilities

Jy(z) ≈


(
1 +

[
1+z

6×104

]2.58
)−1

for zrec ' 103 ≤ z

0 otherwise
(35a)

Jµ(z) ≈ Jbb(z)

1 − exp

−
[

1 + z
5.8 × 104

]1.88
 .(35b)

These expression should represent the exact fractions of µ and y to ' 10% − 20% precision. To
ensure full energy conservation (no leakage of energy to the r-distortion), instead one can use
Jµ(z) ≈ [1−Jy(z)]Jbb(z). These approximation were presented in [75] and [17]. The distortion
visibilities are illustrated in Fig. 11.

3.5. Distortions from photon injection. – To finish our discussion of spectral distortion physics,
we briefly mention distortions created by photon injection. As shown by [39], these can have a
much more rich phenomenology than just the simple and broad µ and y-distortion created by
energy release. This is illustrated in Fig. 12 for several cases, showing that the final distortion
depends on both the injection time and frequency.

In terms of physics, distortions created by photon injection do not directly heat the elec-
trons or baryons. Only once Comptonization becomes relevant do the electrons start heating
or cooling. The net effect depends on the injection frequency of the photons. For frequencies
xi & 3.6 − 3.8, photons on average loose energy heating the matter. This causes a broad µ- and
y-type contribution to the total distortion signal, which for extremely high frequency injection,
xi & 10, can dominate. At lower frequencies, cooling of the medium occurs since photons are on
average up-scattered. This can create negative µ and y-type contributions [39].

Photon injection distortions are by no means exotic. For example, the cosmological recom-
bination radiation [33], one of the standard ΛCDM distortions, is created by photon injection.
Injection of photons can also occur in decaying or annihilating particle scenarios or evaporation
of primordial black holes. In light of recent measurements of EDGES [76] and the ARCADE
low-frequency excess [77, 78, 79], photon injection distortions of the CMB could become very
interesting. This is because these observations potentially point towards a connection with pho-
ton injection (or absorption) from decaying or annihilating particles and their low energy by-
products in form of non-thermal Bremsstrahlung or synchrotron emission [39, 80, 81, 82].
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Fig. 12. – Spectral distortions created by photon injection at different frequencies and initial redshifts. The
Figure is taken from [39].

4. – CMB spectral distortion signals from various scenarios

Several exhaustive reviews on various spectral distortion scenarios exist [12, 13, 14, 15, 16,
17], covering both standard and non-standard processes. Here we highlight some of the main
distortion signals expected within ΛCDM and only briefly mention more exotic sources of dis-
tortions. A summary of the relevant ΛCDM distortions is shown in Fig. 13. The distortion
templates are available at www.Chluba.de/CosmoTherm.

4.1. Reionization and structure formation. – The first sources of radiation during reioniza-
tion [84, 85], supernova feedback [86] and structure formation shocks [87, 88, 89, 90] heat the
intergalactic medium at low redshifts (z . 10), producing hot electrons (in a wide range of
temperatures Te ' 104 K − 106 K) that partially up-scatter CMB photons, causing a Compton
y-distortion [24]. Although this is the largest expected average distortion of the CMB caused
within ΛCDM, its amplitude is quite uncertain and depends on the detailed structure and tem-
perature of the medium, as well as scaling relations (e.g., between halo mass and temperature).
Several estimates for this contribution were obtained, yielding values for the total y-parameter at
the level y ' few × 10−6 [89, 91, 83, 92, 16].

Following [83], we use a fiducial value of y = 2 × 10−6 (see Fig. 13). This is dominated by
the low-mass end of the halo function (M ' 1013 M�) and the signal should be detectable with a
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Fig. 13. – Comparison of several CMB monopole distortion signals produced in the standard ΛCDM cos-
mology. The low-redshift distortion created by reionization and structure formation is close to a pure
Compton-y distortion with y ' 2 × 10−6. Contributions from the hot gas in low mass haloes give rise to a
noticeable relativistic temperature correction, which is taken from [83]. The damping and adiabatic cool-
ing signals were explicitly computed using CosmoTherm [12]. The cosmological recombination radiation
(CRR) was obtained with CosmoSpec [34]. The estimated sensitivity (∆Iν ≈ 5 Jy/sr) of PIXIE is shown for
comparison (dotted line). The figure was taken from [17].

PIXIE-type experiment at more than 103 σ. The detection significance reduces to a few hundred
σ when including estimates for the CMB foregrounds [93], but still this provide a sensitive probe
of reionization and structure formation physics. Future CMB imagers (e.g., CORE and PICO)
furthermore have the potential to separate the spatially varying signature caused by the warm hot
intergalactic medium (often referred to as WHIM) and proto-clusters [89, 91], if the challenge of
accurate channel intercalibration can be overcome.

Because the signal is so easily detectable, small corrections due to the high gas temperature
(kTe ' 1 keV) become noticeable [83]. The relativistic correction can be computed using the
temperature moment method of SZpack [66, 52] and differs from the distortions produced in the
early Universe (see Fig. 14). This correction should be detectable with PIXIE at ' 10 − 20σ
[83, 93] and could teach us about the average temperature of the intergalactic medium, promising
a way to solve the missing baryon problem [88]. Both distortion signals are illustrated in Fig. 13.
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Fig. 14. – Illustration for the effect of relativistic temperature corrections on the distortion signal. In the
primordial Universe, electrons hardly reach temperatures ' 1 keV during the thermalization era (z . 106).
Therefore even repeated Compton scattering can never push the distortion signals beyond the standard non-
relativistic y-distortion signal. Inside clusters of galaxies, electrons can have temperatures kTe & 1 keV. In
this case, the distortion signals can extend to much higher frequencies.

4.2. Damping of primordial small-scale perturbations. – The damping of small-scale fluc-
tuations of the CMB temperature set up by inflation at wavelength λ < 1 Mpc causes another
inevitable distortion of the CMB spectrum [95, 96, 97, 98, 99]. The idea behind this mecha-
nism is extremely simple and just based on the mixing of blackbodies with varying temperatures
through Thomson scattering (see Fig. 15). However, the process was only recently described
rigorously [43, 100], allowing us to perform detailed computations of the associated distortion
signal for different early-universe models [43, 101, 102, 103, 14, 104, 105]. The distortion is
sensitive to the amplitude and shape of the power spectrum at very small scales (wavenumbers
1 Mpc−1 . k . 2 × 104 Mpc−1 corresponding to multipoles 105 . ` . 108) and thus provides a
promising new way for constraining inflation while modes are still evolving in the linear regime.

In the early days of CMB cosmology, this effect was already used to derive first upper lim-
its on the spectral index of scalar perturbations, yielding nS . 1.6 from COBE/FIRAS [98].
Perturbation modes with 1 Mpc−1 . k . 50 Mpc−1 create y-distortions, while modes with
50 Mpc−1 . k . 2 × 104 Mpc−1 yield µ-distortions. These scales are hard to access by any
other means but spectral distortions provide a new sensitive probe in this regime (Fig. 16).
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Fig. 15. – llustration for the superposition of blackbodies. We envision blackbody photons inside a box at
two temperatures T1 and T2, and mean Tb = 1

2 (T1 + T2) initially (left panel). Thomson scattering mixes the
two photon distributions without changing the photon number or energy. The averaged distribution is not a
pure blackbody but at second order in the temperature difference exhibits a y-type distortion in the Wien tail
(right panel). This then starts the thermalization process and repeated Compton scattering slowly converts
the distortion to a µ-distortion.

Fig. 16. – Current constraints on the small-scale power spectrum. At large scales (k . 3 Mpc−1), CMB
anisotropies and large scale structure measurements provide very stringent limits on the amplitude and
shape of the primordial power spectrum. At smaller scales, the situation is much more uncertain and at
3 Mpc−1 . k . 104 Mpc−1 which can be targeted with CMB spectral distortion measurements wiggle room
of at least two orders of magnitude is present. CMB distortion measurements could improve these limits to
a level similar to the large-scale constraints. The figure is adapted from [94].
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For a given initial power spectrum of perturbations, the effective heating rate in general has
to be computed numerically [43]. However, at high redshifts the tight coupling approximation
can be used to simplify the calculation. An excellent approximation for the effective heating rate
can be obtained using(5) [43, 106]

d(Q/ργ)
dz

≈ 4A2∂zk−2
D

∫ ∞

kmin

k4 dk
2π2 Pζ(k) e−2k2/k2

D ,(36)

where Pζ(k) = 2π2 As k−3 (k/k0)nS−1+ 1
2 nrun ln(k/k0) defines the usual curvature power spectrum of

scalar perturbations and kD is the photon damping scale [107, 108], which early on scales
as kD ≈ 4.048 × 10−6 (1 + z)3/2Mpc−1. For adiabatic modes, we obtain a heating efficiency
A2 ≈ (1 + 4Rν/15)−2 ≈ 0.813, where Rν ≈ 0.409 for Neff = 3.046. The k-space integral is trun-
cated at kmin ≈ 0.12 Mpc−1, which reproduces the full heating rate across the recombination era
quite well [14]. With this we can directly compute the associated distortion using CosmoTherm
[12]. The various isocurvature perturbations can be treated in a similar manner [106]; however,
in the standard inflation model these should be small. Tensor perturbations also contribute to
the dissipation process, but the associated heating rate is orders of magnitudes lower than for
adiabatic modes even for very blue tensor power spectra and thus can be neglected [109, 110].

For As = 2.207 × 10−9, nS = 0.9645 and nrun = 0 [9], we present the result in Fig. 13. The
adiabatic cooling distortion (see Sect. 4.3) was simultaneously included. The signal is uncertain
to within ' 10% in ΛCDM, simply because of the remaining uncertainties in the measurement
of As and nS. It is described by a sum of µ- and y-distortion with µ ≈ 2.0 × 10−8 and y ≈
3.6 × 10−9 and a non-vanishing overall residual at the level of ' 20% − 30% [17]. In terms of
raw sensitivity, this signal is close to the detection limit of a PIXIE-like experiment; however,
foregrounds in particular at low frequencies make a detection more challenging [93]. Still, a
PIXIE-like experiment could place interesting upper limits on the amplitude of scalar fluctuations
around k ' 103 Mpc−1 [101, 72], potentially helping to shed light on the small-scale crisis [111]
and rule out models of inflation with increased small-scale power [104, 112].

The damping signal is also sensitive to primordial non-Gaussianity in the squeezed-limit,
leading to a spatially varying spectral signal that correlates with CMB temperature anisotropies
as large angular scales [36, 37]. This effect therefore provides a unique way for studing the
scale-dependence of fNL [113, 114, 115, 116, 117]. CMB spectral distortions hence deliver a
complementary and independent probe of early-Universe physics, which allows capitalizing on
the synergies with large-scale B-mode polarization measurements.

4.3. Adiabatic cooling for baryons. – The adiabatic cooling of ordinary matter continuously
extracts energy from the CMB photon bath by Compton scattering, leading to another small
but guaranteed distortion that directly depends on the baryon density and helium abundance.
The distortion is characterized by negative µ- and y-parameters at the level of ' few × 10−9

(5) Here, we define the heating rate such that
∫ ∞

z
d(Q/ργ)

dz dz > 0.
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[59, 12, 69]. The effective energy extraction history is given by

d(Q/ργ)
dz

=−3
2

NtotkTγ
ργ(1 + z)

≈−5.7 × 10−10

(1 + z)

[
(1 − Yp)

0.75

][
Ωbh2

0.022

] [
(1 + fHe + Xe)

2.25

] [ T0

2.726 K

]−3

(37)

where Ntot = NH(1 + fHe + Xe) is the number density of all thermally coupled baryons and
electrons; NH ≈ 1.881 × 10−6 (1 + z)3 cm−3 is the number density of hydrogen nuclei; fHe ≈
Yp/4(1 − Yp) ≈ 0.0819 and Xe = Ne/NH is the free electron fraction, which can be computed
accurately with CosmoRec [40]. For Planck 2015 parameters, the signal is shown in Fig. 13. It
is uncertain at the ' 1% level in ΛCDM and cancels part of the damping signal; however, it is
roughly one order of magnitude weaker and cannot be separated at the currently expected level
of sensitivity of next generation CMB spectrometers.

Additional interactions of dark matter with photons, electrons or protons could further in-
crease the cooling distortion [60]. This allows placing interesting constraints on the nature of
dark matter and its interactions with the standard sectors. The recent EDGES measurements [76]
have spurred increased interest in this possiblity [118, 119, 120].

4.4. The cosmological recombination radiation. – The cosmological recombination process is
associated with the emission of photons in free-bound and bound-bound transitions of hydrogen
and helium [54, 121, 122]. This causes a small distortion of the CMB and the redshifted recom-
bination photons should still be visible as the cosmological recombination radiation (CRR), a
tiny spectral distortion (' nK-µK level) present at mm to dm wavelength (for overview see [33]).
The amplitude of the CRR depends directly on the number density of baryons in the Universe.
The helium abundance furthermore affects the detailed shape of the recombination lines, while
the number of neutrinos has a minor effect [34]. Finally, the line positions and widths depend
on when and how fast the Universe recombined. The CRR thus provides an independent way to
constrain cosmological parameters and map the recombination history [123].

Several computations of this CRR have been carried out in the past [124, 125, 126, 127, 32,
128, 129, 130, 131, 132]. These calculations were very time-consuming, taking a few days of
supercomputer time for one cosmology [129, 132]. This big computational challenge was re-
cently overcome [133, 34], today allowing us to compute the CRR in about 15 seconds on a
standard laptop using CosmoSpec(6) [34]. The fingerprint from the recombination era shows
several distinct spectral features that encode valuable information about the recombination pro-
cess (Fig. 13). Many subtle radiative transfer and atomic physics processes [129, 131, 40, 134]
can now be included by CosmoSpec, yielding the most detailed and accurate predictions of the
CRR in the standard ΛCDM model to date (see Fig. 17). In ΛCDM, the CRR is uncertain at the
level of a few percent, with the error being dominated by atomic physics rather than cosmological
parameter values [34].

The CRR is currently roughly ' 6 times below the estimated detection limit of PIXIE (cf.
Fig. 13) and a detection from space will require several times higher sensitivity [135]. In the
future, this could be achieved by experimental concepts similar to PRISM [4] or Millimetron

(6) www.Chluba.de/CosmoSpec
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Fig. 17. – CRR from hydrogen and helium for 500-shell calculations. The different curves show individual
contributions (without feedback) as well as the total distortion with and without feedback processes. At
low frequencies, free-free absorption becomes noticeable. The effect is stronger for the contributions from
helium due to the larger free-free optical depth before recombination ends at z ' 103. In total, some 6.1γ
are emitted per hydrogen atom when all emission and feedback are included. Hydrogen alone contributes
about 5.4γ/NH and helium ' 0.7γ/NH (' 8.9γ/NHe). The Figure was taken from [34].

[136]. At low frequencies (1 GHz . ν . 10 GHz), the significant spectral variability of the CRR
may also allow us to detect it from the ground with APSERa [22]. This could open a new way
for directly studying the conditions of the Universe at z ' 103 (HI-recombination), z ' 2000
(HeI-recombination) and z ' 6000 (HeII-recombination). Furthermore, if something unexpected
happened during different stages of the recombination epoch, atomic species will react to this
[74] and produce additional distortion features that can exceed those of the normal recombination
process. This will provide a unique way to distinguish pre- from post-recombination energy
release [74, 137].

To appreciate the importance of the cosmological recombination process at z ' 103 a little
more, consider that today measurements of the CMB anisotropies are sensitive to uncertainties
of the ionization history at a level of ' 0.1% − 1% [138, 139]. For a precise interpretation of
CMB data, uncertainties present in the original recombination calculations had to be reduced
by including several previously omitted atomic physics and radiative transfer effects [140, 138].
This led to the development of the new recombination modules CosmoRec [40] and HyRec [134]
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Fig. 18. – Decaying particle detection limits (1σ) for a PIXIE-like experiment. The eigenamplitudes µi char-
acterize the non-µ/non-y distortion signal [72], which provides time-dependent information of the energy
release history. CMB distortion limits could be ' 50 times tighter than those derived from light element
abundances [142]. A separate determination of lifetime and particle abundance could be possible for life-
times tX ' 108 sec − 1011 sec, being complementary to constraints derived using the CMB anisotropies
[143, 144]. The figure is adapted from [72].

which are used in the analysis of Planck data [3]. Without these improve treatments of the re-
combination calculation the value for nS would be biased by ∆nS ' −0.01 to nS ' 0.95 instead of
' 0.96 [139]. We would be discussing different inflation models [141] without these corrections
taken into account! Conversely, this emphasizes how important it is to experimentally confirm
the recombination process and CMB spectral distortions provide a way to do so.

4.5. Dark matter annihilation. – Today, cold dark matter is a well-established constituent
of our Universe [2, 3, 9]. However, the nature of dark matter is still unclear and many groups
are trying to gather any new clue to help unravel this big puzzle [145, 146, 147, 148, 149, 94,
150]. Similarly, it is unclear how dark matter was produced, however, within ΛCDM, the WIMP
scenario provides one viable solution [151, 152]. In this case, dark matter should annihilate at a
low level throughout the history of the Universe and even today.

For specific dark matter models, the level of annihilation around the recombination epoch
is tightly constrained with the CMB anisotropies [146, 153, 154, 155, 149, 156, 157, 9]. The
annihilation of dark matter can cause changes in the ionization history around last scattering (z '
103), which in turn can lead to changes of the CMB temperature and polarization anisotropies
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[143, 158, 159]. Albeit significant dependence on the interaction of the annihilation products
with the primordial plasma [160, 155, 161, 162, 163], the same process should lead to distortions
of the CMB [164, 137, 12]. Sadly, it turns out that for the standard WIMP scenario with s-
wave annihilation cross section, the expected signal is even smaller than the adiabatic cooling
distortion [14]. We will thus not go into more details here.

4.6. Decaying particle scenarios. – The CMB spectrum also allows us to place stringent limits
on decaying particles in the pre-recombination epoch [165, 164, 137, 12]. This is especially
interesting for decaying particles with lifetimes tX ' 108 sec − 1011 sec [14, 72], as the exact
shape of the distortion encodes when the decay occurred. Decays associated with significant
low-energy photon production could furthermore create a unique spectral signature that can be
distinguished from simple energy release [39]. This would provide an unprecedented probe of
early-universe particle physics (e.g., dark matter in excited states [166, 167]), with many natural
particle candidates found in supersymmetric models [168, 169]. This could also shed light on
gravitinos physics [170], axions [171] and primordial black holes [172, 173].

The expected 1σ detection limits for a PIXIE-like experiment are illustrated in Fig. 18. The
bounds obtained from measurements of light-elements [142] could be superseded by more than
one order of magnitude. Similar improvements from light-elements are not expected any time
soon, and most recent updated only improved the limits by ' 10% [174]. Spectral distortions
thus provide a powerful new probe of particle physics.

4.7. Anisotropic CMB distortions. – To close the discussion of different distortion signals,
we briefly mention anisotropic (↔ spectral-spatial) CMB distortions. Even in the standard
ΛCDM cosmology, anisotropies in the spectrum of the CMB are expected. The largest source
of anisotropies is due to the Sunyaev-Zeldovich effect caused by the hot plasma inside clusters
of galaxies [24, 62, 64, 35], as mentioned above. The y-distortion power spectrum has already
been measured directly by Planck [175, 176] and encodes valuable information about the at-
mospheres of clusters [89, 177, 178, 179, 180, 181, 92]. Similarly, the warm hot intergalactic
medium contributes and should become visible [91, 92].

In the primordial Universe, anisotropies in the µ and y distortions are expected to be tiny
(relative perturbations . 10−4, e.g., see [182]) unless strong spatial variations in the primordial
heating mechanism are expected [43]. As mentioned above, this could in principle be caused
by non-Gaussianity of perturbations in the squeezed limit [36, 37, 113, 114, 115, 116]; how-
ever, a present detectable levels of non-Gaussianity are beyond ΛCDM cosmology (see [117] for
discussion of some of the foreground issues) and will not be considered further.

Another guaranteed anisotropic signal is due to Rayleigh scattering of CMB photons in the
Lyman-series resonances of hydrogen around the recombination era [183, 184]. The signal is
strongly frequency dependent, can be modeled precisely and may be detectable with future CMB
imagers (e.g., COrE+) or possibly PIXIE at large angular scales [184]. In a very similar manner,
the resonant scattering of CMB photons by metals appearing in the dark ages [185, 186, 187,
188] or scattering in the excited levels of hydrogen during recombination [189, 188] can lead to
anisotropic distortions. To measure these signals, precise channel intercalibration and foreground
rejection is required.
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Due to our motion relative to the CMB rest frame, the spectrum of the CMB dipole should
also be distorted simply because the CMB monopole has a distortion [190, 191]. The signal
associated with the large late-time y-distortion could be detectable with PIXIE at the level of a
few σ [191]. Since for these measurements no absolute calibration is required, this effect will
allow us to check for systematics. In addition, the dipole spectrum can be used to constrain
monopole foregrounds [191, 16, 192].

Finally, due to the superposition of blackbodies of different temperatures (caused by the
spherical harmonic expansion of the intensity map), the CMB quadrupole spectrum is also dis-
torted, exhibiting a y-distortion related to our motion [193, 194]. The associated effective y-
parameter is yQ = β2/6 ≈ (2.525±0.012)×10−7 and should be noticeable with PIXIE and future
CMB imagers [192].

5. – Conclusions

CMB spectral distortion measurements provide a unique way for studying physical processes
leading to energy release or photon injection in the pre- and post-recombination eras. In the
future, this could open a new unexplored window to early-universe and particle physics, deliv-
ering independent and complementary pieces of information about the Universe we live in. We
highlighted several processes that should lead to distortions at a level within reach of present-day
technology. Different distortion signals can be computed precisely and efficiently for various
scenarios using both analytical and numerical schemes. Time-dependent information, beyond
the standard µ- and y-type parametrization, may allow us to independently constrain lifetime and
abundance of decaying relic particles, learn about the shape and amplitude of the small-scale
power spectrum of primordial perturbations and shed light on dark matter. The cosmological re-
combination radiation will allow us to check our understanding of the recombination processes at
redshifts of z ' 103. It furthermore should allow us to distinguish pre- from post-recombination
y-distortions. All this emphasizes the immense potential of CMB spectroscopy, both in terms
of discovery and characterization science, and we should make use of this invaluable source of
information with the next CMB space mission and worldwide ground-based efforts.
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[66] Chluba J., Nagai D., Sazonov S. and Nelson K., MNRAS, 426 (2012) 510.
[67] Zeldovich Y. B. and Levich E. V., SJETP, 28 (1969) 1287.
[68] Zeldovich Y. B. and Sunyaev R. A., Zhurnal Eksperimentalnoi i Teoreticheskoi Fiziki, 62 (1972)

153.
[69] Khatri R., Sunyaev R. A. and Chluba J., A&A, 540 (2012) A124.
[70] Khatri R. and Sunyaev R. A., JCAP, 9 (2012) 16.
[71] Khatri R. and Sunyaev R. A., JCAP, 6 (2012) 38.
[72] Chluba J. and Jeong D., MNRAS, 438 (2014) 2065.
[73] Lyubarsky Y. E. and Sunyaev R. A., A&A, 123 (1983) 171.
[74] Chluba J. and Sunyaev R. A., A&A, 501 (2009) 29.
[75] Chluba J., Hamann J. and Patil S. P., International Journal of Modern Physics D, 24 (2015)

1530023.
[76] Bowman J. D., Rogers A. E. E., Monsalve R. A., Mozdzen T. J. and Mahesh N., Nature, 555 (2018)

67.
[77] Fixsen D. J., Kogut A., Levin S., Limon M., Lubin P., Mirel P., Seiffert M. and Wollack E., ApJ,

612 (2004) 86.



38 Jens Chluba

[78] Seiffert M., Fixsen D. J., Kogut A., Levin S. M., Limon M., Lubin P. M., Mirel P., Singal J.,
Villela T., Wollack E. and Wuensche C. A., ApJ, 734 (2011) 6.

[79] Fixsen D. J., Kogut A., Levin S., Limon M., Lubin P., Mirel P., Seiffert M., Singal J., Wollack E.,
Villela T. and Wuensche C. A., ApJ, 734 (2011) 5.

[80] Feng C. and Holder G., ApJL, 858 (2018) L17.
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