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Lecture I: Theory of CMB Spectral Distortions

Les Houches, August 1st, 2013

CMB Spectral Distortions as New Probe of            
Early-Universe Physics
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temperature-shift, zh > few x 106

µ-distortion at zh ~ 3 x 105

y-distortion, zh < 104



Cosmic Microwave Background Anisotropies

Planck all sky map • CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5
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Planck all sky map • CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5

Not today!!!



Here we are Interested in the CMB Monopole Signal!!!

Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen, 2003, ApJ, 594, 67
Fixsen, 2009, ApJ, 707, 916  

COBE/FIRAS

• CMB monopole is 10000 - 100000 times  
larger than fluctuations!

T0 = (2.726± 0.001)K



Main Questions for this Lecture

• What do we know about CMB spectral distortions?

• How are CMB spectral distortions created?

• How do distortions evolve / thermalize?

• Which physical processes are important?

• Definition of different types of distortions

• Simple approximations for spectral distortions



References for the Theory of Spectral Distortions

• Original works
- Zeldovich & Sunyaev, 1969, Ap&SS, 4, 301
- Sunyaev & Zeldovich, 1970, Ap&SS, 7, 20
- Illarionov & Sunyaev, 1975, SvA, 18, 413

Rashid SunyaevYakov Zeldovich
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• More recent work
- JC & Sunyaev, 2012, MNRAS, 419, 1294
- Khatri & Sunyaev, 2012, JCAP, 9, 16
- JC, MNRAS, 2013, in print (ArXiv:1304.6120)



Current Spectral Distortion Constraints



Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen et al., 2003, ApJ, 594, 67  

COBE / FIRAS (Far InfraRed Absolute Spectrophotometer)

Nobel Prize in Physics 2006!

 Error bars a small fraction 
of the line thickness!

Theory and Observations

Average spectrum



(Te >> Tγ)

thermal SZ effect

Sunyaev & Zeldovich, 1980, ARAA, 18, 537

Compton y-distortion

• also known from thSZ effect
• up-scattering of CMB photon
• important at late times (z<50000)
• scattering inefficient • important at very times (z>50000)

• scattering very efficient

Chemical potential µ-distortion

Sunyaev & Zeldovich, 1970, ApSS, 2, 66

Small Sneak Preview....

Blackbody 
restored



Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen et al., 2003, ApJ, 594, 67  

COBE / FIRAS (Far InfraRed Absolute Spectrophotometer)

Nobel Prize in Physics 2006!

 Error bars a small fraction 
of the line thickness!

Theory and Observations

Only very small distortions of CMB spectrum are still allowed!

Average spectrum



ARCADE                                                      
(Absolute Radiometer for Cosmology, Astrophysics and Diffuse Emission)

• Balloon experiment
• Several flights (2001, 2003, 2005, 2006)
• Frequencies ! = {3, (5), 8, 10, 30, 90} GHz

Kogut et al. 2006, New Astronomy Rev., 50, 925
Kogut et al., 2011, ApJ, 734, 9 
Fixsen et al., 2011, ApJ, 734, 11
Seiffert et al., 2011, ApJ, 734, 8
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|µ| < 6⇥ 10�4
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• No limit on y-parameter 



ARCADE                                                      
(Absolute Radiometer for Cosmology, Astrophysics and Diffuse Emission)

Kogut et al. 2006, New Astronomy Rev., 50, 925
Kogut et al., 2011, ApJ, 734, 9 
Fixsen et al., 2011, ApJ, 734, 11
Seiffert et al., 2011, ApJ, 734, 8

• Found low frequency excess

• Spectrum:

T (⌫) = (24.1± 2.1)K(⌫/⌫0)
�2.599±0.036

• Origin of excess unclear

• New population of radio sources?

• Systematic effect?

⌫0 = 310MHz

• In tension with TRIS results? (next slide)



TRIS and Other Low Frequency Measurements

TRIS • Ground-based radio antenna
• Grand Sasso Lab, Italy
• Frequencies ! = {0.6, 0.82, 2.5} GHz

Zannoni et al. 2008, ApJ, 688, 12 
Gervasi et al., 2008, ApJ, 688, 24
Tartari et al., 2008, ApJ, 688, 32

FIRAS

• Distortion constraints:

• No limit on y-parameter (too low !)
�6.3⇥ 10�6 < Y↵ < 1.3⇥ 10�5

|µ| < 6⇥ 10�5 (30% improvement over FIRAS)



Why bother? No distortion detected so far!??



Physical mechanisms that lead to spectral distortions

• Cooling by adiabatically expanding ordinary matter: Tγ ~ (1+z) ↔ Tm ~ (1+z)²                                                                     

(JC, 2005; JC & Sunyaev 2011; Khatri, Sunyaev & JC, 2011)

• continuous cooling of photons until redshift z ~ 150 via Compton scattering
• due to huge heat capacity of photon field distortion very small  ( Δρ/ρ ~ 10-10-10-9 )

• Heating by decaying or annihilating relic particles
• How is energy transferred to the medium?
• lifetimes, decay channels, neutrino fraction, (at low redshifts: environments), ... 

• Evaporation of primordial black holes & superconducting strings                                                                            
(Carr et al.  2010; Ostriker & Thompson, 1987; Tashiro et al. 2012)

• rather fast, quasi-instantaneous but also extended energy release

• Dissipation of primordial acoustic modes & magnetic fields                                                                
(Sunyaev & Zeldovich, 1970; Daly 1991; Hu et al. 1994; Jedamzik et al. 2000)

• Cosmological recombination
•                                                                                  

• Signatures due to first supernovae and their remnants                                        
(Oh, Cooray & Kamionkowski, 2003)

• Shock waves arising due to large-scale structure formation                                    
(Sunyaev & Zeldovich, 1972; Cen & Ostriker, 1999)

• SZ-effect from clusters; effects of reionization (Heating of medium by X-Rays, Cosmic Rays, etc) 

„high“ redshifts

„low“   redshifts
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Much more tomorrow!



PIXIE: Primordial Inflation Explorer

• 400 spectral channel in the frequency 
range 30 GHz and 6THz (Δν ~ 15GHz)

• about 1000 (!!!) times more sensitive than 
COBE/FIRAS 

• B-mode polarization from inflation (r ≈ 10-3)
• improved limits on µ and y 
• was proposed 2011 as NASA EX mission 

(i.e. cost ~ 200 M$)

Kogut et al, JCAP, 2011, arXiv:1105.2044

Average spectrum



Instruments:
• L-class ESA mission
• White paper, May 24th, 2013
• Imager:

- polarization sensitive
- 3.5m telescope [arcmin resolution 
at highest frequencies]

- 30GHz-6THz [30 broad (Δν/ν~25%) 
and 300 narrow (Δν/ν~2.5%) bands] 

• Spectrometer:
- FTS similar to PIXIE
- 30GHz-6THz (Δν~15 & 0.5 GHz) 

Sign up at:
http://www.prism-mission.org/

Polarized Radiation Imaging and Spectroscopy Mission 

Spokesperson: Paolo de Bernardis 
e-mail: paolo.debernardis@roma1.infn.it — tel: + 39 064 991 4271 

PRISM 
Probing cosmic structures and radiation  
with the ultimate polarimetric spectro-imaging  
of the microwave and far-infrared sky 

1

http://www.prism-mission.org
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Some of the science goals:
• B-mode polarization from 

inflation (r ≈ 5x10-4)
• count all SZ clusters >1014 Msun

• CIB/large scale structure
• Galactic science
• CMB spectral distortions

http://www.prism-mission.org
http://www.prism-mission.org
http://www.prism-mission.org
http://www.prism-mission.org




        

     CMB distortions probe the 
thermal history of the 
Universe at z < few x 106
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Measurements of CMB spectrum will open a new 
unexplored window to the early Universe!



Why should one expect some spectral distortion?
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Full thermodynamic equilibrium (certainly valid at very high redshift)

• CMB has a blackbody spectrum at every time (not affected by expansion)

• Photon number density and energy density determined by temperature Tγ

 Tγ  ~ 2.726 (1+z) K
  Nγ ~ 411 cm-3 (1+z)3 ~ 2×109 Nb   (entropy density dominated by photons)

 ργ  ~ 5.1×10-7 mec² cm-3 (1+z)4 ~ ρb x (1+z) / 925 ~ 0.26 eV cm-3 (1+z)4
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Perturbing full equilibrium by 

• Energy injection  (interaction matter  photons)
• Production of (energetic) photons and/or particles (i.e. change of entropy)

 CMB spectrum deviates from a pure blackbody
 thermalization process (partially) erases distortions            

(Compton scattering, double Compton and Bremsstrahlung in the expanding Universe)
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 Tγ  ~ 2.726 (1+z) K
  Nγ ~ 411 cm-3 (1+z)3 ~ 2×109 Nb   (entropy density dominated by photons)

 ργ  ~ 5.1×10-7 mec² cm-3 (1+z)4 ~ ρb x (1+z) / 925 ~ 0.26 eV cm-3 (1+z)4

Perturbing full equilibrium by 

• Energy injection  (interaction matter  photons)
• Production of (energetic) photons and/or particles (i.e. change of entropy)

 CMB spectrum deviates from a pure blackbody
 thermalization process (partially) erases distortions            

(Compton scattering, double Compton and Bremsstrahlung in the expanding Universe)

Measurements of CMB spectrum place very tight 
constraints on the thermal history of our Universe!
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• Energy release inevitably creates distortions (need additional photons)
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The thermalization problem really is about redistributing 
photons over energy and adjusting their number!
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How does the thermalization process work?
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• Plasma fully ionized before recombination (z~1000)

 free electrons, protons and helium nuclei
 photon dominated (~2 Billion photons per baryon)

• Coulomb scattering 
  electrons in full thermal equilibrium with baryons 

  electrons follow thermal Maxwell-Boltzmann distribution

  efficient down to very low redshifts (z ~ 10-100)

• Medium homogeneous and isotropic on large scales
  

  thermalization problem rather simple!
  in principle allows very precise computations

• Hubble expansion
  

  adiabatic cooling of photons [Tγ ~ (1+z)] and ordinary matter [Tm ~ (1+z)2]      
  redshifting of photons 

Some important conditions
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• Reaction: 

  no energy exchange ⇒ Thomson limit           

                              ⇒ important for anisotropies
 

 energy exchange included

• up-scattering due to the Doppler effect for 
 

• down-scattering because of recoil                                        
(and stimulated recoil) for

• Doppler broadening 

Redistribution of photons by Compton scattering
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Important Timescales for Compton Process
• Thomson scattering

Expansion time

Thomson scattering

Last scattering surface 
& CMB anisotropies

tC = (�TNec)
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e (1 + z)�3 sec

t
exp

= H�1 ' 4.8⇥ 1019(1 + z)�2 sec

' 8.4⇥ 1017(1 + z)�3/2 sec

Radiation dominated

Matter dominated
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• Initially developed to describe repeated scattering of thermal neutrons
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Something is missing? How do you fix Te and µ0?
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At this point it is 100% at all time!!!

We also need to include photon 
production to have thermalization!
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em/abs

⇡ K(x)

x

3
[1� n⇥ (exe � 1)]

xe =
h⌫

kTe
with

Vanishes for blackbody spectrum 
at the temperature of the electrons

Emission coefficient K(x) depends on 
type of process, temperature (Te ~ T" 
sufficient) and also weakly on x for x ≪ 1

• emission/absorption term

• emission/absorption most efficient at low frequencies!



Thermal Bremsstrahlung

• Reaction:  



Thermal Bremsstrahlung

• Reaction:  



Thermal Bremsstrahlung

• Reaction:  

 1. order α correction to Coulomb scattering

 production of low frequency photons



Thermal Bremsstrahlung

• Reaction:  

 1. order α correction to Coulomb scattering

 production of low frequency photons

 include dependence on composition 
(Gaunt-factors; simple fits: Itoh et al, 2000) 

Gaunt-Factor 
- depends on temperature
- depends on charge

Karzas & Latter, 1961, ApJS, 6, 167



Thermal Bremsstrahlung

• Reaction:  

 1. order α correction to Coulomb scattering

 production of low frequency photons

 include dependence on composition 
(Gaunt-factors; simple fits: Itoh et al, 2000) 

Illarionov & Sunyaev, 1975, Sov. Astr, 18, pp.413

Comptonization & 
free-free emission

Gaunt-Factor 
- depends on temperature
- depends on charge

Karzas & Latter, 1961, ApJS, 6, 167



Thermal Bremsstrahlung

• Reaction:  

 1. order α correction to Coulomb scattering

 production of low frequency photons

 include dependence on composition 
(Gaunt-factors; simple fits: Itoh et al, 2000) 

Illarionov & Sunyaev, 1975, Sov. Astr, 18, pp.413

Comptonization & 
free-free emission

Gaunt-Factor 
- depends on temperature
- depends on charge

Karzas & Latter, 1961, ApJS, 6, 167

Thermalization inefficient 
already at z ≲107 with 
Bremsstrahlung alone!
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1298 J. Chluba and R. A. Sunyaev

where α is the fine structure constant and gdc(x, θ z, θ e) is the ef-
fective DC Gaunt factor. In lowest order of the photon and electron
energies the DC Gaunt factor factorizes (see Chluba 2005 for more
details). Furthermore, if the photon distribution is not too far from
full equilibrium one can approximate gdc(x, θ z, θ e) using a black-
body ambient radiation field and assuming that Te ∼ Tz. In this
case, one has (e.g. see Chluba 2005; Chluba et al. 2007)

gdc(x, θz, θe) ≈ Ipl
4

1 + 14.16 θz

× Hdc(x) , (11)

where Ipl
4 =

∫
x4nPl(nPl + 1) dx = 4π4/15 ≈ 25.976. Here we

have included the first-order relativistic correction in the pho-
ton temperature; however, this term only becomes significant at
z ! few × 106.

The second factor in equation (11) allows us to go beyond the soft
photon limit, for which x $ 1 was assumed. In lowest order, Hdc(x)
only depends on the ambient photon distribution, but is independent
of the electron temperature. It can be computed using (see Chluba
2005 for more details)

Hdc(x) ≈ 1

Ipl
4

∫ ∞

2x

x ′4nPl(x ′)[1 + nPl(x ′ − x)]
[ x

x ′ HG

( x

x ′

)]
dx ′,

(12)

where HG(w) = (1 − 3y + 3y2/2 − y3)/y with y = w(1 − w).
The factor HG(w) was first obtained by Gould (1984) to describe
the corrections to the DC emissivity when going beyond the soft
photon limit but assuming resting electrons.10 In the limit x → 0,
one finds w HG(w) → 1, so that Hdc(x) → 1.

Expression (12) was also used in the work of Burigana et al.
(1991b). There, the approximation Hdc(x) ≈ e−x φ/2 was given.
However, as mentioned above, with the assumptions leading to
equation (12) the electron temperature is irrelevant, and hence one
should set φ → 1. Furthermore, we re-examined the integral and
found that for background photons that follow a blackbody spec-
trum,

H
pl
dc(x) ≈ e−2x

(
1 + 3

2
x + 29

24
x2 + 11

16
x3 + 5

12
x4

)
(13)

provides a much better approximation to the full numerical result
for Hdc (cf. Fig. 1). This approximation was obtained by replacing
nPl(x) ≈ e−x and neglecting the induced term in equation (12). Fur-
thermore, the resulting expression was rescaled to have the correct
limit for x → 0. In particular, for x ) 1 equation (13) captures
the correct scaling Hdc(x) ∼ x4 e−2x . However, since most of the
photons are produced at low frequencies x $ 1 we do not expect
any significant difference because of this improved approximation.
Nevertheless, when using the old approximation we found that at
early times the spectrum is erroneously brought into full equilibrium
at very high frequencies, just by DC emission and absorption.

We note here that if the distortions are not small, then in lowest
order the correction to the DC emission can be accounted for by
replacing nPl with the solution nx in the expression for Ipl

4 . How-
ever, from the observational point of view, it seems unlikely that
distortions of interest ever exceeded the level $nν /nν ∼ 10−3, even
at z ∼ 107. Therefore, the above approximation should be sufficient.
Of course this does not include DC emission from very high energy
photons that are directly related to the energy injection process.
However, in that case the simple approximation used above will

10 Note that HG(w) is 1/2 of F(w) given by equation (27) of Gould (1984).
The factor of 2 is to avoid double counting of photons.
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Figure 1. Effective double Compton correction factor Hdc(x). We com-
pare the result from a full integration of a blackbody spectrum with the
approximation given by equation (13). For comparison the approximation
of Burigana et al. (1991b) is also shown. Close to the maximum of the CMB
blackbody spectrum the differences are ∼20–40 per cent.

anyhow need revision, although the total contribution to the photon
production is still expected to be small.

Bremsstrahlung. At lower redshifts (z " few × 105),
Bremsstrahlung starts to become the main source of soft photons.
One can define the Bremsstrahlung emission coefficient by (cf.
Burigana et al. 1991b; Hu & Silk 1993a)

KBR(x, θe) = α λ3
e

2π
√

6π

θ−7/2
e e−x φ

φ3

∑

i

Z2
i Ni gff (Zi, x, θe) . (14)

Here, λe = h/me c is the Compton wavelength of the electron, Zi, Ni

and gff (Zi, x, θ e) are the charge, the number density and the BR
Gaunt factor for a nucleus of the atomic species i, respectively. Var-
ious simple analytical approximations exist (Rybicki & Lightman
1979), but nowadays more accurate fitting formulae, valid over
a wide range of temperatures and frequencies, may be found in
Nozawa, Itoh & Kohyama (1998) and Itoh et al. (2000). In compar-
ison with the expressions summarized in Burigana et al. (1991b),
we find differences at the level of 10–20 per cent for small x.

In the early Universe, only hydrogen and helium contribute to the
BR Gaunt factor, while the other light elements can be neglected.
In the non-relativistic case, the hydrogen and helium Gaunt factors
are approximately equal, i.e. gH,ff ≈ gHe,ff to within a few per cent.
Therefore, assuming that the plasma is still fully ionized, the sum
in equation (14) may be simplified to

∑
≈ gH,ff Nb, where Nb is

the baryon number density. However, for per cent accuracy, one
should take the full expressions for gH,ff and gHe,ff into account,
which does not lead to any significant computational burden using
the expressions of Itoh et al. (2000).

Furthermore, at redshifts z " 7000–8000, the plasma enters the
different epochs of recombination. Therefore, the mixture of the
different species (Ne, H I, H II, He I, He II and He III) in the primordial
medium has to be followed. We use the most recent computations of
the recombination process including previously neglected physical
corrections to the recombination dynamics according to Chluba &
Thomas (2011).

C© 2011 The Authors, MNRAS 419, 1294–1314
Monthly Notices of the Royal Astronomical Society C© 2011 RAS

JC, 2005 (PhD Thesis); JC, Sazonov & Sunyaev, 2007; 
JC & Sunyaev, 2012

 was only included later (Danese & De Zotti, 1982)

 DC Gaunt-factor and temperature 
corrections included by latest 
computations, but the effect is small



Example: Energy release by decaying relict particle
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Let’s try to understand the evolution of distortions 
with photon production analytically!
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⇒ neglect photon production 
for high frequency spectrum 
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Is there a simple way to 
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with photon production?

Distortion visibility just step function!
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heating rate



Analytic Approximation for µ-distortion



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

chemical potential 
at high frequencies



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

chemical potential 
at high frequencies

critical frequency



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

chemical potential 
at high frequencies

critical frequency

10-4 10-3 10-2 10-1 100 101

x= h ν / k T
γ

0

0.2

0.4

0.6

0.8

1

µ
 / 

µ
0

critical frequency

xc ' 10�2



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

chemical potential 
at high frequencies

critical frequency

10-4 10-3 10-2 10-1 100 101

x= h ν / k T
γ

0

0.2

0.4

0.6

0.8

1

µ
 / 

µ
0

critical frequency

xc ' 10�2

“Blackbody” 
restored (µ=0)



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

chemical potential 
at high frequencies

critical frequency

10-4 10-3 10-2 10-1 100 101

x= h ν / k T
γ

0

0.2

0.4

0.6

0.8

1

µ
 / 

µ
0

critical frequency

xc ' 10�2

“Blackbody” 
restored (µ=0)

Bose-Einstein 
spectrum with 
µ ≃ const



10-4 10-3 10-2 10-1 100 101

x= h ν / k T
γ

-40

-30

-20

-10

0

Δ
T 

/ T
   

no
rm

al
iz

ed
 to

 µ
0

Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

chemical potential 
at high frequencies

critical frequency

�T

T

⇡ �µ(x)

x



10-4 10-3 10-2 10-1 100 101

x= h ν / k T
γ

-40

-30

-20

-10

0

Δ
T 

/ T
   

no
rm

al
iz

ed
 to

 µ
0

Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

chemical potential 
at high frequencies

critical frequency

Temperature dip 
at pretty low 
frequencies

⌫ = 57xGHz

�T

T

⇡ �µ(x)

x



10-4 10-3 10-2 10-1 100 101

x= h ν / k T
γ

-40

-30

-20

-10

0

Δ
T 

/ T
   

no
rm

al
iz

ed
 to

 µ
0

Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

chemical potential 
at high frequencies

critical frequency

Temperature dip 
at pretty low 
frequencies

⌫ = 57xGHz

�T

T

⇡ �µ(x)

x

For future 
observations high 
frequency part 
more relevant



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

Last step: How does µ0(z) depend on z?



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

• Use µ(x, z) to estimate the total photon production rate at low 
frequencies ⇒ know at which rate the high frequency µ reduces



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

• Use µ(x, z) to estimate the total photon production rate at low 
frequencies ⇒ know at which rate the high frequency µ reduces

=) µ0 ⇡ 1.4

Z 1

zK

d(Q/⇢�)

dz0
Jµ(z

0)dz0



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

• Use µ(x, z) to estimate the total photon production rate at low 
frequencies ⇒ know at which rate the high frequency µ reduces

=) µ0 ⇡ 1.4

Z 1

zK

d(Q/⇢�)

dz0
Jµ(z

0)dz0

• µ-distortion visibility function:                                    withJµ(z) ⇡ e�(z/zµ)
5/2

zµ ⇡ 2⇥ 106



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn

d⌧

����
C

+
dn

d⌧

����
em/abs

⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

• Use µ(x, z) to estimate the total photon production rate at low 
frequencies ⇒ know at which rate the high frequency µ reduces

=) µ0 ⇡ 1.4

Z 1

zK

d(Q/⇢�)

dz0
Jµ(z

0)dz0

• µ-distortion visibility function:                                    withJµ(z) ⇡ e�(z/zµ)
5/2

zµ ⇡ 2⇥ 106

Set by photon 
DC process



Analytic Approximation for µ-distortion

• Comptonization efficient! =) dn
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⇡ 0

• low frequency limit & small distortion
(e.g., see Sunyaev & Zeldovich, 1970, ApSS, 7, 20; Hu 1995, PhD Thesis)

=) µ(x, z) ⇡ µ0(z) e
�xc(z)/x

• Use µ(x, z) to estimate the total photon production rate at low 
frequencies ⇒ know at which rate the high frequency µ reduces

=) µ0 ⇡ 1.4

Z 1

zK

d(Q/⇢�)

dz0
Jµ(z

0)dz0

• µ-distortion visibility function:                                    withJµ(z) ⇡ e�(z/zµ)
5/2

zµ ⇡ 2⇥ 106

• Transition between µ and y modeled as simple step function

Set by photon 
DC process
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Very simple way to estimate 
the spectral distortion for a 
given energy release history!



What about the µ-y transition regime? 
Is the transition really as abrupt?
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Temperature shift ↔ y-distortion ↔ µ-distortion
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Transition from y-distortion → µ-distortion

Figure from Wayne Hu’s PhD thesis, 1995

increasing num
ber of scatterings 

Intermediate distortion 
is not just superposition 
of y- and µ- case!!!

Photon production 
neglected
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Thermalization from y → µ at low frequencies

Burigana, De Zotti & Danese, 1991, ApJ
Burigana, Danese & De Zotti, 1991, A&A

• amount of energy 

↔ amplitude of distortion
↔ position of ‘dip’

• Intermediate case (3x105 ≥ z ≥ 10000)   
⇒ mixture between µ & y + residual

• details at very low frequencies change



Distortion not just µ and y-distortion

Computation carried out with CosmoTherm      
(JC & Sunyaev 2011)

Decaying particle with 
lifetime tX ~ 2.4 x 109 sec



Distortion not just µ and y-distortion

Computation carried out with CosmoTherm      
(JC & Sunyaev 2011)

Decaying particle with 
lifetime tX ~ 2.4 x 109 sec

   Final distortion not just 
µ + y! More information!
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Quasi-Exact Treatment: Thermalization Green’s Function

• But: distortions are small ⇒ thermalization problem becomes linear!

• Case-by-case computation of the distortion (e.g., with CosmoTherm, JC & 
Sunyaev, 2012, ArXiv:1109.6552) still rather time-consuming 

• Simple solution: compute “response function” of the thermalization 
problem ⇒ Green’s function approach (JC, 2013, ArXiv:1304.6120) 

• Final distortion for fixed energy-release history given by

�I⌫ ⇡
Z 1

0
Gth(⌫, z

0)
d(Q/⇢�)

dz0
dz0

• Fast and quasi-exact! No additional approximations!

• For real forecasts of future prospects a precise & fast method for 
computing the spectral distortion is needed!

Thermalization Green’s function



What does the spectrum look like after energy injection?
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takes mix of µ and y into 
account (JC, 2013, ArXiv:1304.6120)
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 ⇒ define visibility functions
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     CMB distortions probe the 
thermal history of the 
Universe at z < few x 106

pre- post-recombination epoch
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