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Future of Cosmology with CMB Spectral Distortions

Jens Chluba
“Cosmology after Planck: what is next?”

Ecole de Physique, Les Houches, April 27th, 2016



Main Goals of the lectures

• Convince you that future CMB distortions science will 
be extremely exciting and lots of fun!

• Explain in detail how distortions evolve and thermalize

• Definition of different types of distortions (µ, y and r)

• Computations of spectral distortions (afterwards you 
should be able to do simple estimates yourself...)

• Provide an overview for different sources of primordial 
distortions

• Show you why CMB spectral distortions provide a 
complementary probe of inflation and particle physics



References for the Theory of Spectral Distortions

• Original works
- Zeldovich & Sunyaev, 1969, Ap&SS, 4, 301
- Sunyaev & Zeldovich, 1970, Ap&SS, 7, 20
- Illarionov & Sunyaev, 1975, Sov. Astr., 18, 413
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see also, Lecture notes at: 
www.Chluba.de/Science



Part I: Theory of CMB spectral distortions



Cosmic Microwave Background Anisotropies

Planck all-sky 
temperature map

• CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5



Cosmic Microwave Background Anisotropies

Planck all-sky 
temperature map

• CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5

Let’s forget about 
this for today!



CMB provides another independent piece of information!

Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen, 2003, ApJ, 594, 67
Fixsen, 2009, ApJ, 707, 916  

COBE/FIRAS

• CMB monopole is 10000 - 100000 times  
larger than the fluctuations

T0 = (2.726± 0.001)K

Absolute measurement required!
One has to go to space...



Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen et al., 2003, ApJ, 594, 67  

COBE / FIRAS (Far InfraRed Absolute Spectrophotometer)

Nobel Prize in Physics 2006!

 Error bars a small fraction 
of the line thickness!

Theory and Observations

Average spectrum



(Te >> Tγ)

thermal SZ effect

Sunyaev & Zeldovich, 1980, ARAA, 18, 537

Compton y-distortion

• also known from thSZ effect
• up-scattering of CMB photon
• important at late times (z<50000)
• scattering inefficient • important at very times (z>50000)

• scattering very efficient

Chemical potential µ-distortion

Sunyaev & Zeldovich, 1970, ApSS, 2, 66

Standard types of primordial CMB distortions

Blackbody 
restored



Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen et al., 2003, ApJ, 594, 67  

COBE / FIRAS (Far InfraRed Absolute Spectrophotometer)

Nobel Prize in Physics 2006!

 Error bars a small fraction 
of the line thickness!

Theory and Observations

Only very small distortions of CMB spectrum are still allowed!

Average spectrum



No primordial distortion found so far!? Why are we 
at all talking about this then?



Physical mechanisms that lead to spectral distortions

• Cooling by adiabatically expanding ordinary matter                                                                     

(JC, 2005; JC & Sunyaev 2011; Khatri, Sunyaev & JC, 2011)

• Heating by decaying or annihilating relic particles                                                       
(Kawasaki et al., 1987; Hu & Silk, 1993; McDonald et al., 2001; JC, 2005; JC & Sunyaev, 2011; JC, 2013; JC & Jeong, 2013)

• Evaporation of primordial black holes & superconducting strings                                                                            
(Carr et al.  2010; Ostriker & Thompson, 1987; Tashiro et al. 2012; Pani & Loeb, 2013)

• Dissipation of primordial acoustic modes & magnetic fields                                                                
(Sunyaev & Zeldovich, 1970; Daly 1991; Hu et al. 1994; JC & Sunyaev, 2011; JC et al. 2012 - Jedamzik et al. 2000; Kunze & Komatsu, 2013)

• Cosmological recombination radiation                                                                     
(Zeldovich et al., 1968; Peebles, 1968; Dubrovich, 1977; Rubino-Martin et al., 2006; JC & Sunyaev, 2006; Sunyaev & JC, 2009)

•                                                                                  

• Signatures due to first supernovae and their remnants                                        
(Oh, Cooray & Kamionkowski, 2003)

• Shock waves arising due to large-scale structure formation                                    
(Sunyaev & Zeldovich, 1972; Cen & Ostriker, 1999)

• SZ-effect from clusters; effects of reionization                                                              
(Refregier et al., 2003; Zhang et al. 2004; Trac et al. 2008)

• more exotic processes                                                                                          
(Lochan et al. 2012; Bull & Kamionkowski, 2013; Brax et al., 2013; Tashiro et al. 2013)

„high“ redshifts

„low“   redshifts
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Standard sources 
of distortions



Dramatic improvements in angular resolution and 
sensitivity over the past decades!

~ 7 degree 
beam

~ 0.3 degree 
beam

~ 0.08 degree 
beam



Dramatic improvements in angular resolution and 
sensitivity over the past decades!

~ 7 degree 
beam

~ 0.3 degree 
beam

~ 0.08 degree 
beam

Measurements of the CMB energy spectrum on the other 
hand are still in the same state as some ~20+ years ago!



PIXIE: Primordial Inflation Explorer

• 400 spectral channel in the frequency 
range 30 GHz and 6THz (Δν ~ 15GHz)

• about 1000 (!!!) times more sensitive than 
COBE/FIRAS 

• B-mode polarization from inflation (r ≈ 10-3)
• improved limits on µ and y 
• was proposed 2011 as NASA EX mission 

(i.e. cost ~ 200 M$)

Kogut et al, JCAP, 2011, arXiv:1105.2044

Average spectrum



PIXIE Nulling Polarimeter 

Measured Fringe Pattern  
Samples Frequency Spectrum  

of Polarized Sky Emission 

FIRAS With Polarization! 

Stokes'Q'

Interfere 
Two Beams From Sky 

Polarizing  
Fourier Transform 
Spectrometer 

Beam-Forming 
Optics 

Multi-Moded 
Polarizing Detectors 

Instrument 
Isothermal 
With CMB 

€ 

PLx =
1
2

EAy
2 + EBx

2( ) +∫ EBx
2 − EAy

2( )cos(zω /c) dω

PLy =
1
2

EAx
2 + EBy

2( ) +∫ EBy
2 − EAx

2( )cos(zω /c) dω

courtesy Al Kogut



NASA 30-yr Roadmap Study
(published Dec 2013)

How does the Universe work?

“Measure the spectrum of the 
CMB with precision several orders 
of magnitude higher than COBE 
FIRAS, from a moderate-scale 
mission or an instrument on CMB 
Polarization Surveyor.”

New call from NASA  
expected end 2016



Instruments:
• L-class ESA mission
• White paper, May 24th, 2013
• Imager:

- polarization sensitive
- 3.5m telescope [arcmin resolution 
at highest frequencies]

- 30GHz-6THz [30 broad (Δν/ν~25%) 
and 300 narrow (Δν/ν~2.5%) bands] 

• Spectrometer:
- FTS similar to PIXIE
- 30GHz-6THz (Δν~15 & 0.5 GHz) 

More info at:
http://www.prism-mission.org/

Polarized Radiation Imaging and Spectroscopy Mission 

Spokesperson: Paolo de Bernardis 
e-mail: paolo.debernardis@roma1.infn.it — tel: + 39 064 991 4271 

PRISM 
Probing cosmic structures and radiation  
with the ultimate polarimetric spectro-imaging  
of the microwave and far-infrared sky 

1

Some of the science goals:
• B-mode polarization from 

inflation (r ≈ 5x10-4)
• count all SZ clusters >1014 Msun

• CIB/large scale structure
• Galactic science
• CMB spectral distortions

http://www.prism-mission.org
http://www.prism-mission.org
http://www.prism-mission.org
http://www.prism-mission.org
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thermal history of the 
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pre- post-recombination epoch
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Measurements of CMB spectrum will open a new 
unexplored window to the early Universe!
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Why should one expect some spectral distortion?



Why should one expect some spectral distortion?

Full thermodynamic equilibrium (certainly valid at very high redshift)

• CMB has a blackbody spectrum at every time (not affected by expansion)

• Photon number density and energy density determined by temperature Tγ

 Tγ  ~ 2.726 (1+z) K
  Nγ ~ 411 cm-3 (1+z)3 ~ 2×109 Nb   (entropy density dominated by photons)

 ργ  ~ 5.1×10-7 mec² cm-3 (1+z)4 ~ ρb x (1+z) / 925 ~ 0.26 eV cm-3 (1+z)4



Perturbing full equilibrium by 

• Energy injection  (interaction matter !" photons)
• Production of (energetic) photons and/or particles (i.e. change of entropy)

! CMB spectrum deviates from a pure blackbody
! thermalization process (partially) erases distortions            

(Compton scattering, double Compton and Bremsstrahlung in the expanding Universe)
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Why should one expect some spectral distortion?

Full thermodynamic equilibrium (certainly valid at very high redshift)

• CMB has a blackbody spectrum at every time (not affected by expansion)

• Photon number density and energy density determined by temperature Tγ

 Tγ  ~ 2.726 (1+z) K
  Nγ ~ 411 cm-3 (1+z)3 ~ 2×109 Nb   (entropy density dominated by photons)

 ργ  ~ 5.1×10-7 mec² cm-3 (1+z)4 ~ ρb x (1+z) / 925 ~ 0.26 eV cm-3 (1+z)4

Measurements of CMB spectrum place very tight 
constraints on the thermal history of our Universe!
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• This is a necessary condition if you do not want to distort the CMB!

• Energy release inevitably creates distortions (need additional photons)
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The thermalization problem really is about redistributing 
photons over energy and adjusting their number!
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Another simple example: δ-function photon injection

⌫c ' 3.6 kT�/h ' 204.5 (1 + z)GHz

• Injection at                         only need to redistribute photons over energy                       ⌫ = ⌫c =)

• Injection at                         need more energy / absorb photons⌫ < ⌫c =)

⌫ > ⌫c =)• Injection at                         need to add photon / cool photon field

The thermalization problem really is about redistributing 
photons over energy and adjusting their number!

Question: Is there enough time to restore full equilibrium?

=) h⌫c
kT�

⇡ 3.6=
h⌫0

2.7kT�

�N�

Nbb
�

• Assume: �N⌫ =
�N�

4⇡
�(⌫ � ⌫0) =) �⇢� = h⌫0 �N��N⌫ =

c�N�

4⇡
�(⌫ � ⌫0)



How does the thermalization process work?



• Plasma fully ionized before recombination (z~1000)

" free electrons, protons and helium nuclei
" photon dominated (~2 Billion photons per baryon)

• Coulomb scattering 
"  electrons in full thermal equilibrium with baryons 

"  electrons follow thermal Maxwell-Boltzmann distribution

"  efficient down to very low redshifts (z ~ 10-100)

• Medium homogeneous and isotropic on large scales
  

"  thermalization problem rather simple!
"  in principle allows very precise computations

• Hubble expansion
  

"  adiabatic cooling of photons [Tγ ~ (1+z)] and ordinary matter [Tm ~ (1+z)2]      
"  redshifting of photons 

Some important conditions and assumptions
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Photon Boltzmann Equation for Average Spectrum
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Compton scattering



• Reaction:
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• Reaction: 

 " no energy exchange ⇒ Thomson limit           

                              ⇒ important for anisotropies

Redistribution of photons by Compton scattering

d�

d⌦
=

3�T

16⇡

h
1 + (�̂ · �̂0)

2
i

� + e ! �0 + e0



• Reaction: 

 " no energy exchange ⇒ Thomson limit           

                              ⇒ important for anisotropies
 

" energy exchange included

• up-scattering due to the Doppler effect for 
 

• down-scattering because of recoil                                        
(and stimulated recoil) for

• Doppler broadening 

Redistribution of photons by Compton scattering
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Compton Collision Term / Kompaneets Equation
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Compton Collision Term / Kompaneets Equation
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Important Timescales for Compton Process
• Thomson scattering

Expansion time

Thomson scattering

Last scattering surface 
& CMB anisotropies
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Compton Collision Term / Kompaneets Equation

Scattering Kernel Stimulated scattering
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• Initially developed to describe repeated scattering of thermal neutrons
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Important Timescales for Compton Process
• Thomson scattering

Expansion time
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Important Timescales for Compton Process
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Something is missing? How do you fix Te and µ0?



N� = Nbb
� (T�) and ⇢� = ⇢bb� (T�)• initial condition:

Final definition of µ-type distortion



⇡ 1.111

⇢bb� (T�) +�⇢� = ⇢BE
� (Te, µ0) ⇡ ⇢bb� (T�)

✓
1 + 4

�T

T�
� 90⇣(3)

⇡4
µ0

◆

N� = Nbb
� (T�) and ⇢� = ⇢bb� (T�)• initial condition:

Nbb
� (T�) = NBE

� (Te, µ0) ⇡ Nbb
� (T�)

✓
1 + 3

�T

T�
� ⇡2

6⇣(3)
µ0

◆⇡ 1.368• after energy release  ⇒  

Final definition of µ-type distortion



⇡ 1.111

⇢bb� (T�) +�⇢� = ⇢BE
� (Te, µ0) ⇡ ⇢bb� (T�)

✓
1 + 4

�T

T�
� 90⇣(3)

⇡4
µ0

◆

• Solution:                                                  and 
�T

T�
⇡ ⇡2

18⇣(3)
µ0 ⇡ 0.456µ0 µ0 ⇡ 1.401

�⇢�
⇢�

N� = Nbb
� (T�) and ⇢� = ⇢bb� (T�)• initial condition:

Nbb
� (T�) = NBE

� (Te, µ0) ⇡ Nbb
� (T�)

✓
1 + 3

�T

T�
� ⇡2

6⇣(3)
µ0

◆⇡ 1.368• after energy release  ⇒  

Final definition of µ-type distortion



⇡ 1.111

⇢bb� (T�) +�⇢� = ⇢BE
� (Te, µ0) ⇡ ⇢bb� (T�)

✓
1 + 4

�T

T�
� 90⇣(3)

⇡4
µ0

◆

• Solution:                                                  and 
�T

T�
⇡ ⇡2

18⇣(3)
µ0 ⇡ 0.456µ0 µ0 ⇡ 1.401

�⇢�
⇢�

N� = Nbb
� (T�) and ⇢� = ⇢bb� (T�)• initial condition:

Nbb
� (T�) = NBE

� (Te, µ0) ⇡ Nbb
� (T�)

✓
1 + 3

�T

T�
� ⇡2

6⇣(3)
µ0

◆⇡ 1.368• after energy release  ⇒  

Final definition of µ-type distortion

M(x) = G(x)


⇡

2

18⇣(3)
� 1

x

�
       ⟹ µ-distortion spectrum

(photon number conserved)



⇡ 1.111

⇢bb� (T�) +�⇢� = ⇢BE
� (Te, µ0) ⇡ ⇢bb� (T�)

✓
1 + 4

�T

T�
� 90⇣(3)

⇡4
µ0

◆

• Solution:                                                  and 
�T

T�
⇡ ⇡2

18⇣(3)
µ0 ⇡ 0.456µ0 µ0 ⇡ 1.401

�⇢�
⇢�

•              ⇒  too few photons / too much energy µ0 > 0

µ0 < 0•              ⇒  too many photons / too little energy 

�⇢�
⇢bb�

⇡ 4

3

�N�

Nbb
�

N� = Nbb
� (T�) and ⇢� = ⇢bb� (T�)• initial condition:

Nbb
� (T�) = NBE

� (Te, µ0) ⇡ Nbb
� (T�)

✓
1 + 3

�T

T�
� ⇡2

6⇣(3)
µ0

◆⇡ 1.368• after energy release  ⇒  

Final definition of µ-type distortion

M(x) = G(x)


⇡

2

18⇣(3)
� 1

x

�
       ⟹ µ-distortion spectrum

(photon number conserved)



0.01 0.1 1 10 30 50

x = hν / kT

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
In

te
ns

ity
 in

 u
ni

ts
 o

f I
0(T

)

Blackbody spectrum
Temperature shift x 1/4
y-distortion x 1/4

1 10 100 1000

ν [ GHz ]

-300

-200

-100

0

100

200

300

400

In
te

ns
ity

 [ 
M

Jy
 sr

-1
]

I0 = (2h/c2)(kT0/h)
3 ⇡ 270MJy sr�1

Simplest spectral shapes



0.01 0.1 1 10 30 50

x = hν / kT

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
In

te
ns

ity
 in

 u
ni

ts
 o

f I
0(T

)

Blackbody spectrum
Temperature shift x 1/4
y-distortion x 1/4
µ-distortion x 1.401

1 10 100 1000

ν [ GHz ]

-300

-200

-100

0

100

200

300

400

In
te

ns
ity

 [ 
M

Jy
 sr

-1
]

I0 = (2h/c2)(kT0/h)
3 ⇡ 270MJy sr�1

x

3
M(x) = x

3
G(x)


⇡

2

18⇣(3)
� 1

x

�

⇡ 0.4561

Simplest spectral shapes



102 103 104 105 106 107

redshift z

0

0.2

0.4

0.6

0.8

1

V
is

ib
ili

ty
µ - distortiony - distortion µ<y transition

La
st

 S
ca

tte
rin

g 
Su

rf
ac

e

t  
   

   
   

 



102 103 104 105 106 107

redshift z

0

0.2

0.4

0.6

0.8

1

V
is

ib
ili

ty
µ - distortiony - distortion µ<y transition

La
st

 S
ca

tte
rin

g 
Su

rf
ac

e

CMB anisotropies

t  
   

   
   

 



102 103 104 105 106 107

redshift z

0

0.2

0.4

0.6

0.8

1

V
is

ib
ili

ty
µ - distortiony - distortion µ<y transition

La
st

 S
ca

tte
rin

g 
Su

rf
ac

e

CMB anisotropies  t
K

' t
exp

t  
   

   
   

 



102 103 104 105 106 107

redshift z

0

0.2

0.4

0.6

0.8

1

V
is

ib
ili

ty
µ - distortiony - distortion µ<y transition

La
st

 S
ca

tte
rin

g 
Su

rf
ac

e

0.1 1 10 20
x= h ν / k T

γ

-4

-2

0

2

4

6

In
te

ns
ity

 (~
 x

3
n)

y-distortion Y(x)

10 100 103
ν  [GHz]

t  
   

   
   

 

 t K
'

t e
x
p

Scattering `inefficient’



102 103 104 105 106 107

redshift z

0

0.2

0.4

0.6

0.8

1

V
is

ib
ili

ty
µ - distortiony - distortion µ<y transition

La
st

 S
ca

tte
rin

g 
Su

rf
ac

e

0.1 1 10 20
x= h ν / k T

γ

-4

-2

0

2

4

6

In
te

ns
ity

 (~
 x

3
n)

µ distortion M(x)

10 100 103
ν  [GHz]

0.1 1 10 20
x= h ν / k T

γ

-4

-2

0

2

4

6

In
te

ns
ity

 (~
 x

3
n)

y-distortion Y(x)

10 100 103
ν  [GHz]

t  
   

   
   

 

 t K
'

t e
x
p

Scattering `inefficient’ Scattering `efficient’



What about photon production processes?



• Bremsstrahlung  
" 1. order α correction to Coulomb scattering

" production of low frequency photons

" important for the evolution of the distortion at  
low frequencies and late times (z< 2 x 105)

 

• Double Compton scattering                 
(Lightman 1981; Thorne, 1981)

" 1. order α correction to Compton scattering

" was only included later (Danese & De Zotti, 1982)

" production of low frequency photons

" very important at high redshifts (z > 2 x 105)

Illarionov & Sunyaev, 1975, Sov. Astr, 18, pp.413

Adjusting the photon number

Comptonization & 
free-free emission

DC emission not 
yet included



Example: Energy release by decaying relict particle

Computation carried out with CosmoTherm      
(JC & Sunyaev 2012)

• initial condition: full 
equilibrium 

• total energy release:       
    Δρ/ρ~1.3x10-6

• most of energy 
release around:

    zX~2x106

• positive µ-distortion 

• high frequency 
distortion frozen 
around z≃5x105

• late (z<103) free-free 
absorption at very 
low frequencies 
(Te<Tγ) 

redshift

difference between 
electron and photon 
temperature 

today x=2 x 10-2 means ν~1GHz
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Is there a simple way to include the effect of 
photon production at low frequencies?
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Last step: How does µ0(z) depend on z?
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=) µ0 ⇡ 1.4
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• µ-distortion visibility function:                                    withJµ(z) ⇡ e�(z/zµ)
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Classical approximations for µ and y
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Figure 4.9: Distortion visibility function. We compare JDC(zh), JBR(zh) and the numerical result obtained with Cos-
moTherm. DC emission significantly change the thermalization e�ciency. Deviations from the numerical result can be
captured by adding several e↵ects, as discussed in Sect. 4.6.
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Figure 4.10: Improved picture for the formation of primordial distortions. At low redshifts (z . zK ' 5 ⇥ 104), a y-
distortion is formed with distortion visibility close to unity, while at high redshifts a µ-distortion appears. The energy
release has to be weighted with distortion visibility function which drops exponentially at zdc & 2⇥ 106, leading to a pure
temperature shift in that regime from inside the cosmic photosphere.

Distortion visibility for BR and DC

• Original estimates 
only included the 
effect of BR

• Double Compton 
emission was first 
included by Danese 
& de Zotti, 1982

• DC changes the 
distortion visibility 
quite strongly
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Figure 7. Changes of Σ = Iµ̂−1 for different approximations of µ̂ discussed
in Sect. 5.3.2. For the lowest order solution, we used µ̂ = A(xc) e−xc/x with
A(xc) = 1 and A(xc) = A0(xc) defined by Eq. (57). For the dashed red line,
we used µ̂ = A(xc)e−xc/x+ ln(x/xc ) e−xc/x∂y ln µ(0)

∞ , while for the solid black
line we used the full first-order expression, Eq. (54), each with their corre-
sponding normalization constants, A(xc). The double-dash dotted curve also
gives the result using Eq. (54), but when neglecting the contribution from
∂y ln xc, which becomes large at low redshifts. The shaded region indicates
where the high-frequency photon number freezes out.
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curve shows JDC = e−(z/zdc)5/2 with zdc = 1.98 × 106. The solid black line
gives our approximation based on Eq. (54), with all terms included. The
numerical result was obtained using CosmoTherm.
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Figure 9. Corrections to the distortion visibility function at different red-
shifts. For all curves, the numerical result obtained using CosmoTherm
was used as reference. The dashed red line shows JDC = e−(z/zdc)5/2 with
zdc = 1.98×106. When only including the BR correction to the optical depth
(Sect. 5.2), we obtain the dotted blue line. Only adding the ln(x/xc )e−xc/x

term, we improve the agreement at early times. The solid black line gives
our approximation based on Eq. (54), with all terms included, showing pre-
cision below the level expected in terms of perturbation order $ xc.

without any matching with the numerical solution being carried out.
Also, evaluation of the simple integrals over the emission term and
the optical depth integrals take no more than a few seconds as op-
posed to a couple of hours for the full numerical calculation, giving
a huge improvement of the performance. We note that the full ef-
fect of the distortion visibility function and the full shape of the dis-
tortion are also captured by the efficient Green’s function method
introduced earlier (Chluba 2013b).

In Fig. 9, we illustrate more clearly which terms actually mat-
ter most. The simplest approximation, JDC = e−(z/zdc)5/2 , shows
excellent agreement with the numerical result until z $ 2 × 105,
when low-frequency photons produced by BR start reaching the
high-frequency domain. In particular at z ! 106, the visibility is
significantly lower than estimated with JDC. Adding the BR cor-
rection to the optical depth, significantly improves the solution be-
low z " 106 even to the sub-0.1% level. Clearly, by calculating the
full optical depth integral and realizing that at z $ 2 × 105 photon
transport to high frequencies shuts down, one can improve the ap-
proximation significantly. All the physics of this correction were
already included by the early treatments (Sunyaev & Zeldovich
1970; Burigana et al. 1991; Hu & Silk 1993), but since at z " 106,
alsoJDC already has " 3% precision, it was previously not of much
interest and only added recently by KS12 in preparation for high-
precision spectral distortion measurements.

Once we also add the ln(x/xc)e−xc/x term to the expression for
µ̂, we further improve the agreement at z ! 106. The slight dis-
agreement introduced at lower redshifts is cancelled mostly when
all terms are added to the approximation. This shows, the impor-
tance of both Dµ and Dem at z ! 106; in our approach these terms
need to be included to obtain an approximations below the expected
level of precision which is comparable to $ xc.

5.4 Comparison with Khatri & Sunyaev 2012

In Fig. 10, we compare our numerical results directly with the ap-
proximations for the distortion visibility function given by KS12.

c© 0000 RAS, MNRAS 000, 000–000

Improved shape for the distortion visibility function

visibility is off by 
a factor of ~2 with 
simplest approximation

→ correction from 
photons being stuck 
at low frequencies 
important here

Khatri & Sunyaev, 2012

JC 2014, ArXiv:1312.6030

• Approximation given in terms of 
simple integrals

• Evaluation very fast and precise

• time-dependent and relativistic 
corrections can be included

• will be available as part of the 
CosmoTherm package

simplest 
approximation

6 Chluba

3.1 Simple estimates for the µ and y-parameters

To compute estimates for the µ and y-parameters, several approx-
imations have been discussed in the literature. Given the energy
release history, d(Q/⇢�)/ dz, they can all be compactly written as
(e.g., Chluba 2013b; Chluba & Jeong 2014)

y =
1
4
�⇢�
⇢�

������
y
=

1
4

Z 1

0
Jy(z0)

d(Q/⇢�)
dz0

dz0 (7a)

µ = 1.401
�⇢�
⇢�

������
µ

= 1.401
Z 1

0
Jµ(z0)

d(Q/⇢�)
dz0

dz0 (7b)

where �⇢�/⇢�
���
y and �⇢�/⇢�

���
µ

denote the e↵ective energy release
in the y- and µ-era, respectively. The individual distortion visibility
functions,Ji(z), determine the di↵erences between various existing
approximations. The simplest approach assumes that the transition
between µ and y occurs sharply at z = zµy ' 5 ⇥ 104 and that no
distortions are created at z & zth, where zth is the thermalization
redshift, which is given by (Burigana et al. 1991; Hu & Silk 1993a)

zth ⇡ 1.98 ⇥ 106
"
(1 � Yp/2)

0.8767

#�2/5"
⌦bh2

0.02225

#�2/5 T0

2.726 K

�1/5
. (8)

In this case, we have the simple approximation (‘Method A’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(9a)

Jµ(z) =

8>><
>>:

1 for zµy  z  zth

0 otherwise.
(9b)

For the estimates of y from early energy release, we will not include
any contributions from after recombination, z . 103 = zrec. These
contributions will be attributed to the reionization y-parameter.

The next improvement is achieved by taking into account that
the thermalization e�ciency does not abruptly vanish at z ' zth, but
that even at z > zth a small µ-distortion is produced (Sunyaev &
Zeldovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991;
Hu & Silk 1993a). With this we have (‘Method B’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(10a)

Jµ(z) =

8>><
>>:
Jbb(z) for zµy  z
0 otherwise.

(10b)

where Jbb(z) ⇡ e�(z/zth)5/2 is the distortion visibility function.4

The next simple approximations also include the fact that the
transition between µ and y distortions is not abrupt at z ' zµy. The
distortion around this redshift is mostly given by a superposition of
µ and y, with a smaller correction in form of the residual (r-type)
distortion, which can be modeled numerically. By simply determin-
ing the best-fit approximation to the distortion Green’s function us-
ing only µ and y one can write (Chluba 2013b)

Jy(z) ⇡
8>>><
>>>:

✓
1 +
h

1+z
6⇥104

i2.58
◆�1

for zrec  z

0 otherwise
(11a)

Jµ(z) ⇡ Jbb(z)
2
666641 � exp

0
BBBB@�
"

1 + z
5.8 ⇥ 104

#1.881CCCCA
3
77775 . (11b)

4 Refined approximation for the distortion visibility function have been dis-
cussed (Khatri & Sunyaev 2012b; Chluba 2014), but once higher accuracy
is required it is easier to directly use the Green’s function method, such that
we do not go into more details here.
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Figure 2. Principal component decomposition for PIXIE-like setting
({⌫min, ⌫max,�⌫} = {30, 1000, 15}GHz). – Upper panel: first two residual
distortion eigenmodes, S (k), in comparison with the spectral shapes of tem-
perature shift, µ and y-distortions. We scaled the templates by convenient
factors to make them comparable in amplitude. – Lower panel: associated
energy release eigenmodes, E(k), and visibilities, Ji, of temperature shift, µ
and y-distortions. The figures were adapted from Chluba & Jeong (2014).

We shall refer to this as ‘Method C’ and only represents the exact
proportions of µ and y to ' 10%�20% precision. To ensure full en-
ergy conservation (no leakage of energy to the r-distortion), instead
one can use Jµ(z) ⇡ [1 �Jy(z)]Jbb(z) (‘Method D’).

All the above expressions give slightly di↵erent results for the
expected distortion µ and y-parameters. Below we will compare
them with the more accurate distortion principal component de-
composition (Chluba & Jeong 2014), which optimizes the repre-
sentation when simultaneously estimating µ, y and � = �T/T0. At
the same time, these approximations allow one to quickly estimate
the expected distortion signals and their dependence on di↵erent
parameters, which can be useful for order of magnitude work. We
will see that a simple interpretation of the distortion in terms of µ
and y derived in this way di↵ers slightly from what future measure-
ments will recover (Sect. 3.3). Specifically, due to the uncertainty
in the value of the CMB monopole, the projections of the distortion
signals onto µ are underestimated by ' 20% � 30% (Table 1).

c� 0000 RAS, MNRAS 000, 000–000



What about the µ-y transition regime? 
Is the transition really as abrupt?
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Transition from y-distortion → µ-distortion

Figure from Wayne Hu’s PhD thesis, 1995, but see also discussion in Burigana, 1991

increasing num
ber of scatterings 

Photon production 
neglected



Transition from y-distortion → µ-distortion

Figure from Wayne Hu’s PhD thesis, 1995, but see also discussion in Burigana, 1991

increasing num
ber of scatterings 

Photon production 
neglected

hybrid distortion is not 
just superposition of y- 
and µ- case!!!
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Thermalization from y → µ at low frequencies

Burigana, De Zotti & Danese, 1991, ApJ
Burigana, Danese & De Zotti, 1991, A&A

• amount of energy 

↔ amplitude of distortion
↔ position of ‘dip’

• Intermediate case (3x105 ≥ z ≥ 10000)   
⇒ mixture between µ & y + residual

• details at very low frequencies change



Distortion not just superposition of µ and y-distortion!

Computation carried out with CosmoTherm      
(JC & Sunyaev 2011)

Decaying particle with 
lifetime tX ~ 2.4 x 109 sec

First explicit calculation that showed that there is more!



Distortion not just superposition of µ and y-distortion!

Computation carried out with CosmoTherm      
(JC & Sunyaev 2011)

Decaying particle with 
lifetime tX ~ 2.4 x 109 sec

   Final distortion not just 
µ + y! More information!

First explicit calculation that showed that there is more!



Quasi-Exact Treatment of the Thermalization Problem

• But: distortions are small ⇒ thermalization problem becomes linear!

• Case-by-case computation of the distortion (e.g., with CosmoTherm, JC & 
Sunyaev, 2012, ArXiv:1109.6552) still rather time-consuming 

• Simple solution: compute “response function” of the thermalization 
problem ⇒ Green’s function approach (JC, 2013, ArXiv:1304.6120) 

• Final distortion for fixed energy-release history given by

�I⌫ ⇡
Z 1

0
Gth(⌫, z

0)
d(Q/⇢�)

dz0
dz0

• For real forecasts of future prospects a precise & fast method for 
computing the spectral distortion is needed!

Thermalization Green’s function

• Fast and quasi-exact! No additional approximations!

CosmoTherm available at: www.Chluba.de/CosmoTherm

http://cosmos.astro.uiuc.edu/rico
http://cosmos.astro.uiuc.edu/rico


What does the spectrum look like after energy injection?
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hybrid distortion probes 
time-dependence of 
energy-release history
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Distortion contains much more 
information than previously thought!

hybrid distortion probes 
time-dependence of 
energy-release history
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Explicitly taking out the superposition of T, µ & y distortion

JC & Sunyaev, 2012, ArXiv:1109.6552
JC, 2013, ArXiv:1304.6120; JC, 2013, ArXiv:1304.6121; JC & Jeong, 2013

Residual (non-µ/non-y) 
distortion ⟹ more info!

• Allows us to distinguish different energy release scenarios!



Is there a simple way to model µ and y during 
transition regime?



Simple estimates for the distortion µ- and y-
parameters caused by energy release

6 Chluba

3.1 Simple estimates for the µ and y-parameters

To compute estimates for the µ and y-parameters, several approx-
imations have been discussed in the literature. Given the energy
release history, d(Q/⇢�)/ dz, they can all be compactly written as
(e.g., Chluba 2013b; Chluba & Jeong 2014)

y =
1
4
�⇢�
⇢�

������
y
=

1
4

Z 1

0
Jy(z0)

d(Q/⇢�)
dz0

dz0 (7a)

µ = 1.401
�⇢�
⇢�

������
µ

= 1.401
Z 1

0
Jµ(z0)

d(Q/⇢�)
dz0

dz0 (7b)

where �⇢�/⇢�
���
y and �⇢�/⇢�

���
µ

denote the e↵ective energy release
in the y- and µ-era, respectively. The individual distortion visibility
functions,Ji(z), determine the di↵erences between various existing
approximations. The simplest approach assumes that the transition
between µ and y occurs sharply at z = zµy ' 5 ⇥ 104 and that no
distortions are created at z & zth, where zth is the thermalization
redshift, which is given by (Burigana et al. 1991; Hu & Silk 1993a)

zth ⇡ 1.98 ⇥ 106
"
(1 � Yp/2)

0.8767

#�2/5"
⌦bh2

0.02225

#�2/5 T0

2.726 K

�1/5
. (8)

In this case, we have the simple approximation (‘Method A’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(9a)

Jµ(z) =

8>><
>>:

1 for zµy  z  zth

0 otherwise.
(9b)

For the estimates of y from early energy release, we will not include
any contributions from after recombination, z . 103 = zrec. These
contributions will be attributed to the reionization y-parameter.

The next improvement is achieved by taking into account that
the thermalization e�ciency does not abruptly vanish at z ' zth, but
that even at z > zth a small µ-distortion is produced (Sunyaev &
Zeldovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991;
Hu & Silk 1993a). With this we have (‘Method B’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(10a)

Jµ(z) =

8>><
>>:
Jbb(z) for zµy  z
0 otherwise.

(10b)

where Jbb(z) ⇡ e�(z/zth)5/2 is the distortion visibility function.4

The next simple approximations also include the fact that the
transition between µ and y distortions is not abrupt at z ' zµy. The
distortion around this redshift is mostly given by a superposition of
µ and y, with a smaller correction in form of the residual (r-type)
distortion, which can be modeled numerically. By simply determin-
ing the best-fit approximation to the distortion Green’s function us-
ing only µ and y one can write (Chluba 2013b)

Jy(z) ⇡
8>>><
>>>:

✓
1 +
h

1+z
6⇥104

i2.58
◆�1

for zrec  z

0 otherwise
(11a)

Jµ(z) ⇡ Jbb(z)
2
666641 � exp

0
BBBB@�
"

1 + z
5.8 ⇥ 104

#1.881CCCCA
3
77775 . (11b)

4 Refined approximation for the distortion visibility function have been dis-
cussed (Khatri & Sunyaev 2012b; Chluba 2014), but once higher accuracy
is required it is easier to directly use the Green’s function method, such that
we do not go into more details here.
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Figure 2. Principal component decomposition for PIXIE-like setting
({⌫min, ⌫max,�⌫} = {30, 1000, 15}GHz). – Upper panel: first two residual
distortion eigenmodes, S (k), in comparison with the spectral shapes of tem-
perature shift, µ and y-distortions. We scaled the templates by convenient
factors to make them comparable in amplitude. – Lower panel: associated
energy release eigenmodes, E(k), and visibilities, Ji, of temperature shift, µ
and y-distortions. The figures were adapted from Chluba & Jeong (2014).

We shall refer to this as ‘Method C’ and only represents the exact
proportions of µ and y to ' 10%�20% precision. To ensure full en-
ergy conservation (no leakage of energy to the r-distortion), instead
one can use Jµ(z) ⇡ [1 �Jy(z)]Jbb(z) (‘Method D’).

All the above expressions give slightly di↵erent results for the
expected distortion µ and y-parameters. Below we will compare
them with the more accurate distortion principal component de-
composition (Chluba & Jeong 2014), which optimizes the repre-
sentation when simultaneously estimating µ, y and � = �T/T0. At
the same time, these approximations allow one to quickly estimate
the expected distortion signals and their dependence on di↵erent
parameters, which can be useful for order of magnitude work. We
will see that a simple interpretation of the distortion in terms of µ
and y derived in this way di↵ers slightly from what future measure-
ments will recover (Sect. 3.3). Specifically, due to the uncertainty
in the value of the CMB monopole, the projections of the distortion
signals onto µ are underestimated by ' 20% � 30% (Table 1).

c� 0000 RAS, MNRAS 000, 000–000

• Generalization of classical approximations:

Energy release history
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parameters caused by energy release
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3.1 Simple estimates for the µ and y-parameters

To compute estimates for the µ and y-parameters, several approx-
imations have been discussed in the literature. Given the energy
release history, d(Q/⇢�)/ dz, they can all be compactly written as
(e.g., Chluba 2013b; Chluba & Jeong 2014)

y =
1
4
�⇢�
⇢�

������
y
=

1
4

Z 1

0
Jy(z0)

d(Q/⇢�)
dz0

dz0 (7a)

µ = 1.401
�⇢�
⇢�

������
µ

= 1.401
Z 1

0
Jµ(z0)

d(Q/⇢�)
dz0

dz0 (7b)
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µ

denote the e↵ective energy release
in the y- and µ-era, respectively. The individual distortion visibility
functions,Ji(z), determine the di↵erences between various existing
approximations. The simplest approach assumes that the transition
between µ and y occurs sharply at z = zµy ' 5 ⇥ 104 and that no
distortions are created at z & zth, where zth is the thermalization
redshift, which is given by (Burigana et al. 1991; Hu & Silk 1993a)
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In this case, we have the simple approximation (‘Method A’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(9a)

Jµ(z) =

8>><
>>:

1 for zµy  z  zth

0 otherwise.
(9b)

For the estimates of y from early energy release, we will not include
any contributions from after recombination, z . 103 = zrec. These
contributions will be attributed to the reionization y-parameter.

The next improvement is achieved by taking into account that
the thermalization e�ciency does not abruptly vanish at z ' zth, but
that even at z > zth a small µ-distortion is produced (Sunyaev &
Zeldovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991;
Hu & Silk 1993a). With this we have (‘Method B’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(10a)

Jµ(z) =

8>><
>>:
Jbb(z) for zµy  z
0 otherwise.

(10b)

where Jbb(z) ⇡ e�(z/zth)5/2 is the distortion visibility function.4

The next simple approximations also include the fact that the
transition between µ and y distortions is not abrupt at z ' zµy. The
distortion around this redshift is mostly given by a superposition of
µ and y, with a smaller correction in form of the residual (r-type)
distortion, which can be modeled numerically. By simply determin-
ing the best-fit approximation to the distortion Green’s function us-
ing only µ and y one can write (Chluba 2013b)

Jy(z) ⇡
8>>><
>>>:
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4 Refined approximation for the distortion visibility function have been dis-
cussed (Khatri & Sunyaev 2012b; Chluba 2014), but once higher accuracy
is required it is easier to directly use the Green’s function method, such that
we do not go into more details here.
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Figure 2. Principal component decomposition for PIXIE-like setting
({⌫min, ⌫max,�⌫} = {30, 1000, 15}GHz). – Upper panel: first two residual
distortion eigenmodes, S (k), in comparison with the spectral shapes of tem-
perature shift, µ and y-distortions. We scaled the templates by convenient
factors to make them comparable in amplitude. – Lower panel: associated
energy release eigenmodes, E(k), and visibilities, Ji, of temperature shift, µ
and y-distortions. The figures were adapted from Chluba & Jeong (2014).

We shall refer to this as ‘Method C’ and only represents the exact
proportions of µ and y to ' 10%�20% precision. To ensure full en-
ergy conservation (no leakage of energy to the r-distortion), instead
one can use Jµ(z) ⇡ [1 �Jy(z)]Jbb(z) (‘Method D’).

All the above expressions give slightly di↵erent results for the
expected distortion µ and y-parameters. Below we will compare
them with the more accurate distortion principal component de-
composition (Chluba & Jeong 2014), which optimizes the repre-
sentation when simultaneously estimating µ, y and � = �T/T0. At
the same time, these approximations allow one to quickly estimate
the expected distortion signals and their dependence on di↵erent
parameters, which can be useful for order of magnitude work. We
will see that a simple interpretation of the distortion in terms of µ
and y derived in this way di↵ers slightly from what future measure-
ments will recover (Sect. 3.3). Specifically, due to the uncertainty
in the value of the CMB monopole, the projections of the distortion
signals onto µ are underestimated by ' 20% � 30% (Table 1).

c� 0000 RAS, MNRAS 000, 000–000

• Generalization of classical approximations:

• Differences in the approximations are due to visibility functions 

Energy release history

• An overview can be found in ArXiv:1603.02496
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3.1 Simple estimates for the µ and y-parameters

To compute estimates for the µ and y-parameters, several approx-
imations have been discussed in the literature. Given the energy
release history, d(Q/⇢�)/ dz, they can all be compactly written as
(e.g., Chluba 2013b; Chluba & Jeong 2014)
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denote the e↵ective energy release
in the y- and µ-era, respectively. The individual distortion visibility
functions,Ji(z), determine the di↵erences between various existing
approximations. The simplest approach assumes that the transition
between µ and y occurs sharply at z = zµy ' 5 ⇥ 104 and that no
distortions are created at z & zth, where zth is the thermalization
redshift, which is given by (Burigana et al. 1991; Hu & Silk 1993a)
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In this case, we have the simple approximation (‘Method A’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(9a)

Jµ(z) =

8>><
>>:

1 for zµy  z  zth

0 otherwise.
(9b)

For the estimates of y from early energy release, we will not include
any contributions from after recombination, z . 103 = zrec. These
contributions will be attributed to the reionization y-parameter.

The next improvement is achieved by taking into account that
the thermalization e�ciency does not abruptly vanish at z ' zth, but
that even at z > zth a small µ-distortion is produced (Sunyaev &
Zeldovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991;
Hu & Silk 1993a). With this we have (‘Method B’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(10a)

Jµ(z) =

8>><
>>:
Jbb(z) for zµy  z
0 otherwise.

(10b)

where Jbb(z) ⇡ e�(z/zth)5/2 is the distortion visibility function.4

The next simple approximations also include the fact that the
transition between µ and y distortions is not abrupt at z ' zµy. The
distortion around this redshift is mostly given by a superposition of
µ and y, with a smaller correction in form of the residual (r-type)
distortion, which can be modeled numerically. By simply determin-
ing the best-fit approximation to the distortion Green’s function us-
ing only µ and y one can write (Chluba 2013b)

Jy(z) ⇡
8>>><
>>>:
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4 Refined approximation for the distortion visibility function have been dis-
cussed (Khatri & Sunyaev 2012b; Chluba 2014), but once higher accuracy
is required it is easier to directly use the Green’s function method, such that
we do not go into more details here.
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Figure 2. Principal component decomposition for PIXIE-like setting
({⌫min, ⌫max,�⌫} = {30, 1000, 15}GHz). – Upper panel: first two residual
distortion eigenmodes, S (k), in comparison with the spectral shapes of tem-
perature shift, µ and y-distortions. We scaled the templates by convenient
factors to make them comparable in amplitude. – Lower panel: associated
energy release eigenmodes, E(k), and visibilities, Ji, of temperature shift, µ
and y-distortions. The figures were adapted from Chluba & Jeong (2014).

We shall refer to this as ‘Method C’ and only represents the exact
proportions of µ and y to ' 10%�20% precision. To ensure full en-
ergy conservation (no leakage of energy to the r-distortion), instead
one can use Jµ(z) ⇡ [1 �Jy(z)]Jbb(z) (‘Method D’).

All the above expressions give slightly di↵erent results for the
expected distortion µ and y-parameters. Below we will compare
them with the more accurate distortion principal component de-
composition (Chluba & Jeong 2014), which optimizes the repre-
sentation when simultaneously estimating µ, y and � = �T/T0. At
the same time, these approximations allow one to quickly estimate
the expected distortion signals and their dependence on di↵erent
parameters, which can be useful for order of magnitude work. We
will see that a simple interpretation of the distortion in terms of µ
and y derived in this way di↵ers slightly from what future measure-
ments will recover (Sect. 3.3). Specifically, due to the uncertainty
in the value of the CMB monopole, the projections of the distortion
signals onto µ are underestimated by ' 20% � 30% (Table 1).
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• Differences in the approximations are due to visibility functions 

Energy release history

• An overview can be found in ArXiv:1603.02496

• One commonly used approximation (e.g., see Hu&Silk, 1993):

6 Chluba

3.1 Simple estimates for the µ and y-parameters

To compute estimates for the µ and y-parameters, several approx-
imations have been discussed in the literature. Given the energy
release history, d(Q/⇢�)/ dz, they can all be compactly written as
(e.g., Chluba 2013b; Chluba & Jeong 2014)

y =
1
4
�⇢�
⇢�

������
y
=

1
4

Z 1

0
Jy(z0)

d(Q/⇢�)
dz0

dz0 (7a)

µ = 1.401
�⇢�
⇢�

������
µ

= 1.401
Z 1

0
Jµ(z0)

d(Q/⇢�)
dz0

dz0 (7b)

where �⇢�/⇢�
���
y and �⇢�/⇢�

���
µ

denote the e↵ective energy release
in the y- and µ-era, respectively. The individual distortion visibility
functions,Ji(z), determine the di↵erences between various existing
approximations. The simplest approach assumes that the transition
between µ and y occurs sharply at z = zµy ' 5 ⇥ 104 and that no
distortions are created at z & zth, where zth is the thermalization
redshift, which is given by (Burigana et al. 1991; Hu & Silk 1993a)

zth ⇡ 1.98 ⇥ 106
"
(1 � Yp/2)

0.8767

#�2/5"
⌦bh2

0.02225

#�2/5 T0

2.726 K

�1/5
. (8)

In this case, we have the simple approximation (‘Method A’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(9a)

Jµ(z) =

8>><
>>:

1 for zµy  z  zth

0 otherwise.
(9b)

For the estimates of y from early energy release, we will not include
any contributions from after recombination, z . 103 = zrec. These
contributions will be attributed to the reionization y-parameter.

The next improvement is achieved by taking into account that
the thermalization e�ciency does not abruptly vanish at z ' zth, but
that even at z > zth a small µ-distortion is produced (Sunyaev &
Zeldovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991;
Hu & Silk 1993a). With this we have (‘Method B’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(10a)

Jµ(z) =

8>><
>>:
Jbb(z) for zµy  z
0 otherwise.

(10b)

where Jbb(z) ⇡ e�(z/zth)5/2 is the distortion visibility function.4

The next simple approximations also include the fact that the
transition between µ and y distortions is not abrupt at z ' zµy. The
distortion around this redshift is mostly given by a superposition of
µ and y, with a smaller correction in form of the residual (r-type)
distortion, which can be modeled numerically. By simply determin-
ing the best-fit approximation to the distortion Green’s function us-
ing only µ and y one can write (Chluba 2013b)

Jy(z) ⇡
8>>><
>>>:

✓
1 +
h

1+z
6⇥104

i2.58
◆�1

for zrec  z

0 otherwise
(11a)

Jµ(z) ⇡ Jbb(z)
2
666641 � exp

0
BBBB@�
"

1 + z
5.8 ⇥ 104

#1.881CCCCA
3
77775 . (11b)

4 Refined approximation for the distortion visibility function have been dis-
cussed (Khatri & Sunyaev 2012b; Chluba 2014), but once higher accuracy
is required it is easier to directly use the Green’s function method, such that
we do not go into more details here.
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Figure 2. Principal component decomposition for PIXIE-like setting
({⌫min, ⌫max,�⌫} = {30, 1000, 15}GHz). – Upper panel: first two residual
distortion eigenmodes, S (k), in comparison with the spectral shapes of tem-
perature shift, µ and y-distortions. We scaled the templates by convenient
factors to make them comparable in amplitude. – Lower panel: associated
energy release eigenmodes, E(k), and visibilities, Ji, of temperature shift, µ
and y-distortions. The figures were adapted from Chluba & Jeong (2014).

We shall refer to this as ‘Method C’ and only represents the exact
proportions of µ and y to ' 10%�20% precision. To ensure full en-
ergy conservation (no leakage of energy to the r-distortion), instead
one can use Jµ(z) ⇡ [1 �Jy(z)]Jbb(z) (‘Method D’).

All the above expressions give slightly di↵erent results for the
expected distortion µ and y-parameters. Below we will compare
them with the more accurate distortion principal component de-
composition (Chluba & Jeong 2014), which optimizes the repre-
sentation when simultaneously estimating µ, y and � = �T/T0. At
the same time, these approximations allow one to quickly estimate
the expected distortion signals and their dependence on di↵erent
parameters, which can be useful for order of magnitude work. We
will see that a simple interpretation of the distortion in terms of µ
and y derived in this way di↵ers slightly from what future measure-
ments will recover (Sect. 3.3). Specifically, due to the uncertainty
in the value of the CMB monopole, the projections of the distortion
signals onto µ are underestimated by ' 20% � 30% (Table 1).
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3.1 Simple estimates for the µ and y-parameters

To compute estimates for the µ and y-parameters, several approx-
imations have been discussed in the literature. Given the energy
release history, d(Q/⇢�)/ dz, they can all be compactly written as
(e.g., Chluba 2013b; Chluba & Jeong 2014)

y =
1
4
�⇢�
⇢�

������
y
=

1
4

Z 1

0
Jy(z0)

d(Q/⇢�)
dz0

dz0 (7a)

µ = 1.401
�⇢�
⇢�

������
µ

= 1.401
Z 1

0
Jµ(z0)

d(Q/⇢�)
dz0

dz0 (7b)

where �⇢�/⇢�
���
y and �⇢�/⇢�

���
µ

denote the e↵ective energy release
in the y- and µ-era, respectively. The individual distortion visibility
functions,Ji(z), determine the di↵erences between various existing
approximations. The simplest approach assumes that the transition
between µ and y occurs sharply at z = zµy ' 5 ⇥ 104 and that no
distortions are created at z & zth, where zth is the thermalization
redshift, which is given by (Burigana et al. 1991; Hu & Silk 1993a)

zth ⇡ 1.98 ⇥ 106
"
(1 � Yp/2)

0.8767

#�2/5"
⌦bh2

0.02225

#�2/5 T0

2.726 K

�1/5
. (8)

In this case, we have the simple approximation (‘Method A’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(9a)

Jµ(z) =

8>><
>>:

1 for zµy  z  zth

0 otherwise.
(9b)

For the estimates of y from early energy release, we will not include
any contributions from after recombination, z . 103 = zrec. These
contributions will be attributed to the reionization y-parameter.

The next improvement is achieved by taking into account that
the thermalization e�ciency does not abruptly vanish at z ' zth, but
that even at z > zth a small µ-distortion is produced (Sunyaev &
Zeldovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991;
Hu & Silk 1993a). With this we have (‘Method B’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(10a)

Jµ(z) =

8>><
>>:
Jbb(z) for zµy  z
0 otherwise.

(10b)

where Jbb(z) ⇡ e�(z/zth)5/2 is the distortion visibility function.4

The next simple approximations also include the fact that the
transition between µ and y distortions is not abrupt at z ' zµy. The
distortion around this redshift is mostly given by a superposition of
µ and y, with a smaller correction in form of the residual (r-type)
distortion, which can be modeled numerically. By simply determin-
ing the best-fit approximation to the distortion Green’s function us-
ing only µ and y one can write (Chluba 2013b)

Jy(z) ⇡
8>>><
>>>:

✓
1 +
h

1+z
6⇥104

i2.58
◆�1

for zrec  z

0 otherwise
(11a)

Jµ(z) ⇡ Jbb(z)
2
666641 � exp

0
BBBB@�
"

1 + z
5.8 ⇥ 104

#1.881CCCCA
3
77775 . (11b)

4 Refined approximation for the distortion visibility function have been dis-
cussed (Khatri & Sunyaev 2012b; Chluba 2014), but once higher accuracy
is required it is easier to directly use the Green’s function method, such that
we do not go into more details here.
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Figure 2. Principal component decomposition for PIXIE-like setting
({⌫min, ⌫max,�⌫} = {30, 1000, 15}GHz). – Upper panel: first two residual
distortion eigenmodes, S (k), in comparison with the spectral shapes of tem-
perature shift, µ and y-distortions. We scaled the templates by convenient
factors to make them comparable in amplitude. – Lower panel: associated
energy release eigenmodes, E(k), and visibilities, Ji, of temperature shift, µ
and y-distortions. The figures were adapted from Chluba & Jeong (2014).

We shall refer to this as ‘Method C’ and only represents the exact
proportions of µ and y to ' 10%�20% precision. To ensure full en-
ergy conservation (no leakage of energy to the r-distortion), instead
one can use Jµ(z) ⇡ [1 �Jy(z)]Jbb(z) (‘Method D’).

All the above expressions give slightly di↵erent results for the
expected distortion µ and y-parameters. Below we will compare
them with the more accurate distortion principal component de-
composition (Chluba & Jeong 2014), which optimizes the repre-
sentation when simultaneously estimating µ, y and � = �T/T0. At
the same time, these approximations allow one to quickly estimate
the expected distortion signals and their dependence on di↵erent
parameters, which can be useful for order of magnitude work. We
will see that a simple interpretation of the distortion in terms of µ
and y derived in this way di↵ers slightly from what future measure-
ments will recover (Sect. 3.3). Specifically, due to the uncertainty
in the value of the CMB monopole, the projections of the distortion
signals onto µ are underestimated by ' 20% � 30% (Table 1).
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3.1 Simple estimates for the µ and y-parameters

To compute estimates for the µ and y-parameters, several approx-
imations have been discussed in the literature. Given the energy
release history, d(Q/⇢�)/ dz, they can all be compactly written as
(e.g., Chluba 2013b; Chluba & Jeong 2014)

y =
1
4
�⇢�
⇢�

������
y
=

1
4

Z 1

0
Jy(z0)

d(Q/⇢�)
dz0

dz0 (7a)

µ = 1.401
�⇢�
⇢�

������
µ

= 1.401
Z 1

0
Jµ(z0)

d(Q/⇢�)
dz0

dz0 (7b)

where �⇢�/⇢�
���
y and �⇢�/⇢�

���
µ

denote the e↵ective energy release
in the y- and µ-era, respectively. The individual distortion visibility
functions,Ji(z), determine the di↵erences between various existing
approximations. The simplest approach assumes that the transition
between µ and y occurs sharply at z = zµy ' 5 ⇥ 104 and that no
distortions are created at z & zth, where zth is the thermalization
redshift, which is given by (Burigana et al. 1991; Hu & Silk 1993a)

zth ⇡ 1.98 ⇥ 106
"
(1 � Yp/2)

0.8767

#�2/5"
⌦bh2

0.02225

#�2/5 T0

2.726 K

�1/5
. (8)

In this case, we have the simple approximation (‘Method A’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(9a)

Jµ(z) =

8>><
>>:

1 for zµy  z  zth

0 otherwise.
(9b)

For the estimates of y from early energy release, we will not include
any contributions from after recombination, z . 103 = zrec. These
contributions will be attributed to the reionization y-parameter.

The next improvement is achieved by taking into account that
the thermalization e�ciency does not abruptly vanish at z ' zth, but
that even at z > zth a small µ-distortion is produced (Sunyaev &
Zeldovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991;
Hu & Silk 1993a). With this we have (‘Method B’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(10a)

Jµ(z) =

8>><
>>:
Jbb(z) for zµy  z
0 otherwise.

(10b)

where Jbb(z) ⇡ e�(z/zth)5/2 is the distortion visibility function.4

The next simple approximations also include the fact that the
transition between µ and y distortions is not abrupt at z ' zµy. The
distortion around this redshift is mostly given by a superposition of
µ and y, with a smaller correction in form of the residual (r-type)
distortion, which can be modeled numerically. By simply determin-
ing the best-fit approximation to the distortion Green’s function us-
ing only µ and y one can write (Chluba 2013b)

Jy(z) ⇡
8>>><
>>>:

✓
1 +
h

1+z
6⇥104

i2.58
◆�1

for zrec  z

0 otherwise
(11a)

Jµ(z) ⇡ Jbb(z)
2
666641 � exp

0
BBBB@�
"

1 + z
5.8 ⇥ 104

#1.881CCCCA
3
77775 . (11b)

4 Refined approximation for the distortion visibility function have been dis-
cussed (Khatri & Sunyaev 2012b; Chluba 2014), but once higher accuracy
is required it is easier to directly use the Green’s function method, such that
we do not go into more details here.
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Figure 2. Principal component decomposition for PIXIE-like setting
({⌫min, ⌫max,�⌫} = {30, 1000, 15}GHz). – Upper panel: first two residual
distortion eigenmodes, S (k), in comparison with the spectral shapes of tem-
perature shift, µ and y-distortions. We scaled the templates by convenient
factors to make them comparable in amplitude. – Lower panel: associated
energy release eigenmodes, E(k), and visibilities, Ji, of temperature shift, µ
and y-distortions. The figures were adapted from Chluba & Jeong (2014).

We shall refer to this as ‘Method C’ and only represents the exact
proportions of µ and y to ' 10%�20% precision. To ensure full en-
ergy conservation (no leakage of energy to the r-distortion), instead
one can use Jµ(z) ⇡ [1 �Jy(z)]Jbb(z) (‘Method D’).

All the above expressions give slightly di↵erent results for the
expected distortion µ and y-parameters. Below we will compare
them with the more accurate distortion principal component de-
composition (Chluba & Jeong 2014), which optimizes the repre-
sentation when simultaneously estimating µ, y and � = �T/T0. At
the same time, these approximations allow one to quickly estimate
the expected distortion signals and their dependence on di↵erent
parameters, which can be useful for order of magnitude work. We
will see that a simple interpretation of the distortion in terms of µ
and y derived in this way di↵ers slightly from what future measure-
ments will recover (Sect. 3.3). Specifically, due to the uncertainty
in the value of the CMB monopole, the projections of the distortion
signals onto µ are underestimated by ' 20% � 30% (Table 1).
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3.1 Simple estimates for the µ and y-parameters

To compute estimates for the µ and y-parameters, several approx-
imations have been discussed in the literature. Given the energy
release history, d(Q/⇢�)/ dz, they can all be compactly written as
(e.g., Chluba 2013b; Chluba & Jeong 2014)

y =
1
4
�⇢�
⇢�

������
y
=

1
4

Z 1

0
Jy(z0)

d(Q/⇢�)
dz0

dz0 (7a)

µ = 1.401
�⇢�
⇢�

������
µ

= 1.401
Z 1

0
Jµ(z0)

d(Q/⇢�)
dz0

dz0 (7b)

where �⇢�/⇢�
���
y and �⇢�/⇢�

���
µ

denote the e↵ective energy release
in the y- and µ-era, respectively. The individual distortion visibility
functions,Ji(z), determine the di↵erences between various existing
approximations. The simplest approach assumes that the transition
between µ and y occurs sharply at z = zµy ' 5 ⇥ 104 and that no
distortions are created at z & zth, where zth is the thermalization
redshift, which is given by (Burigana et al. 1991; Hu & Silk 1993a)

zth ⇡ 1.98 ⇥ 106
"
(1 � Yp/2)

0.8767

#�2/5"
⌦bh2

0.02225

#�2/5 T0

2.726 K

�1/5
. (8)

In this case, we have the simple approximation (‘Method A’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(9a)

Jµ(z) =

8>><
>>:

1 for zµy  z  zth

0 otherwise.
(9b)

For the estimates of y from early energy release, we will not include
any contributions from after recombination, z . 103 = zrec. These
contributions will be attributed to the reionization y-parameter.

The next improvement is achieved by taking into account that
the thermalization e�ciency does not abruptly vanish at z ' zth, but
that even at z > zth a small µ-distortion is produced (Sunyaev &
Zeldovich 1970b; Danese & de Zotti 1982; Burigana et al. 1991;
Hu & Silk 1993a). With this we have (‘Method B’)

Jy(z) =

8>><
>>:

1 for zrec  z  zµy
0 otherwise

(10a)

Jµ(z) =

8>><
>>:
Jbb(z) for zµy  z
0 otherwise.

(10b)

where Jbb(z) ⇡ e�(z/zth)5/2 is the distortion visibility function.4

The next simple approximations also include the fact that the
transition between µ and y distortions is not abrupt at z ' zµy. The
distortion around this redshift is mostly given by a superposition of
µ and y, with a smaller correction in form of the residual (r-type)
distortion, which can be modeled numerically. By simply determin-
ing the best-fit approximation to the distortion Green’s function us-
ing only µ and y one can write (Chluba 2013b)

Jy(z) ⇡
8>>><
>>>:

✓
1 +
h

1+z
6⇥104

i2.58
◆�1

for zrec  z

0 otherwise
(11a)

Jµ(z) ⇡ Jbb(z)
2
666641 � exp

0
BBBB@�
"

1 + z
5.8 ⇥ 104

#1.881CCCCA
3
77775 . (11b)

4 Refined approximation for the distortion visibility function have been dis-
cussed (Khatri & Sunyaev 2012b; Chluba 2014), but once higher accuracy
is required it is easier to directly use the Green’s function method, such that
we do not go into more details here.
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Figure 2. Principal component decomposition for PIXIE-like setting
({⌫min, ⌫max,�⌫} = {30, 1000, 15}GHz). – Upper panel: first two residual
distortion eigenmodes, S (k), in comparison with the spectral shapes of tem-
perature shift, µ and y-distortions. We scaled the templates by convenient
factors to make them comparable in amplitude. – Lower panel: associated
energy release eigenmodes, E(k), and visibilities, Ji, of temperature shift, µ
and y-distortions. The figures were adapted from Chluba & Jeong (2014).

We shall refer to this as ‘Method C’ and only represents the exact
proportions of µ and y to ' 10%�20% precision. To ensure full en-
ergy conservation (no leakage of energy to the r-distortion), instead
one can use Jµ(z) ⇡ [1 �Jy(z)]Jbb(z) (‘Method D’).

All the above expressions give slightly di↵erent results for the
expected distortion µ and y-parameters. Below we will compare
them with the more accurate distortion principal component de-
composition (Chluba & Jeong 2014), which optimizes the repre-
sentation when simultaneously estimating µ, y and � = �T/T0. At
the same time, these approximations allow one to quickly estimate
the expected distortion signals and their dependence on di↵erent
parameters, which can be useful for order of magnitude work. We
will see that a simple interpretation of the distortion in terms of µ
and y derived in this way di↵ers slightly from what future measure-
ments will recover (Sect. 3.3). Specifically, due to the uncertainty
in the value of the CMB monopole, the projections of the distortion
signals onto µ are underestimated by ' 20% � 30% (Table 1).
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Distortions created by photon injection



Physical mechanisms that lead to spectral distortions

• Cooling by adiabatically expanding ordinary matter                                                                     

(JC, 2005; JC & Sunyaev 2011; Khatri, Sunyaev & JC, 2011)

• Heating by decaying or annihilating relic particles                                                       
(Kawasaki et al., 1987; Hu & Silk, 1993; McDonald et al., 2001; JC, 2005; JC & Sunyaev, 2011; JC, 2013; JC & Jeong, 2013)

• Evaporation of primordial black holes & superconducting strings                                                                            
(Carr et al.  2010; Ostriker & Thompson, 1987; Tashiro et al. 2012; Pani & Loeb, 2013)

• Dissipation of primordial acoustic modes & magnetic fields                                                                
(Sunyaev & Zeldovich, 1970; Daly 1991; Hu et al. 1994; JC & Sunyaev, 2011; JC et al. 2012 - Jedamzik et al. 2000; Kunze & Komatsu, 2013)

• Cosmological recombination radiation                                                                     
(Zeldovich et al., 1968; Peebles, 1968; Dubrovich, 1977; Rubino-Martin et al., 2006; JC & Sunyaev, 2006; Sunyaev & JC, 2009)

•                                                                                  

• Signatures due to first supernovae and their remnants                                        
(Oh, Cooray & Kamionkowski, 2003)

• Shock waves arising due to large-scale structure formation                                    
(Sunyaev & Zeldovich, 1972; Cen & Ostriker, 1999)

• SZ-effect from clusters; effects of reionization                                                              
(Refregier et al., 2003; Zhang et al. 2004; Trac et al. 2008)

• other exotic processes                                                                                          
(Lochan et al. 2012; Bull & Kamionkowski, 2013; Brax et al., 2013; Tashiro et al. 2013)
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Photon injection at later times
10 Chluba
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Figure 7. Photon injection Green’s function for injection at intermediate redshifts, 5 ⇥ 104 . zi . 3 ⇥ 105. The photon injection Green’s function shows a rich
phenomenology. We have x ' 0.017 (⌫/GHz).
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Figure 7. Photon injection Green’s function for injection at intermediate redshifts, 5 ⇥ 104 . zi . 3 ⇥ 105. The photon injection Green’s function shows a rich
phenomenology. We have x ' 0.017 (⌫/GHz).
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Figure 7. Photon injection Green’s function for injection at intermediate redshifts, 5 ⇥ 104 . zi . 3 ⇥ 105. The photon injection Green’s function shows a rich
phenomenology. We have x ' 0.017 (⌫/GHz).
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x . 0.1 (⌘ 6 GHz) at z ' 103 � 105, an aspect that, e.g., is im-
portant for the low-frequency hydrogen and helium recombination
spectrum (Chluba et al. 2007a).

2.3.2 Photon injection at 103 . z . 104 and x . 1

At redshifts 103 . z . 104, the total y-parameter can reach the
percent level (see Fig. 1). In this case, line-broadening through the
Doppler e↵ect can be as large as ' 10%, but no significant comp-
tonization of the injected photon distribution occurs for xi ⌧ 1/y�.
Thus, the Green’s function for this regime has two parts, one that is
sourced by the absorption of photons at low frequencies, where BR
is e�cient and causes a small y-distortion, and the other part related
to the slightly scattered and broadened injected photon distribution
plus a y-distortion due to energy exchange. Both of these aspects
can be approximately treated independently.

At low frequencies, BR absorption e↵ectively destroys pho-
tons, and the photon survival probability is given by

Ps(x, z) ⇡ e�⌧↵ (x,z), (32)

with ⌧↵(x, z) ⇡ F(z) ln(2.25/x) x�2 from Eq. (29b). It is straight-
forward to determine the frequency at which most (⌘ 99%) of the
injected photon energy is absorbed and converted to a y-distortion.
At 103 . z . 104, we find this for x ' few⇥10�3 in agreement with
our detailed computations.

At slightly higher frequencies (0.01 . x . 1), we can use
the solution Eq. (21) to account for the e↵ects of electron scatter-
ing (Doppler broadening, Doppler boosting and stimulated scatter-
ings). In this regime, the average energy of the photon distribution
increases like �⇢�(y�)/⇢� = (�⇢�/⇢�) e2y� . The energy required for
this increase is extracted from the thermal plasma, which leads to a
small negative y-distortion with e↵ective y-parameter

yup(xi, zi) ⇡
↵⇢
4

xi

h
1 � e2y�(zi)

i �N�
N�
⇡ �↵⇢

2
xiy�(zi)

�N�
N�
. (33)

This counteracts the heating y-parameter

yh(xi, zi) ⇡
↵⇢
4

xi

h
1 � e�⌧↵ (x,z)

i �N�
N�

(34)

caused by the BR absorption process. To fully include the e↵ect of
BR absorption, we simply need to multiply the scattering solution
and yup by the survival probability given in Eq. (32). For x . 1, we
thus have the Green’s function

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�(z) x0

exp
 
� [ln(x/x0) � y�(z)]2

4y�(z)

!

+
⇣
1 � e2y�(z)e�⌧↵ (x0 ,z)

⌘ Y(⌫)
4

#
x0↵⇢. (35)

We find this approximation to work very well as long as corrections
to the absorption optical depth caused by Doppler broadening are
small (see Fig. 5). In particular, for xi ' 0.1 � 1 the solution works
extremely well even until zi ' 3 ⇥ 104.

The solution in Eq. (35) shows that, like in the µ-era, if pho-
ton are injected only at very low frequencies, a high-frequency y-
distortion appears through the net competition of heating (by BR
absorption) and cooling (by low-frequency photon up-scattering).
While at su�ciently low frequencies BR absorption can extract al-
most all the injected photon energy, the cooling caused by scat-
tering is limited to a small fraction / y� ⌧ 1. The transition fre-
quency separating the regions of net heating to net cooling can be
estimated with the condition 2y�(z) ⇡ ⌧↵(xh, z), as long as y�(z) is
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Figure 6. Comparison of the approximation in Eq. (38) with the full nu-
merical results for xi = 5 and several injection redshifts. We also show the
classical solution, Eq. (36) for zi = 3 ⇥ 104, which clearly demonstrates the
improvement of the new approximation.

not too large. For 103 . z . 104, we find xh ' 0.01 � 0.1 (see
Fig. 10), in very good agreement with our numerical calculations.
At 0.01 . xi . 1, the y-type contribution to the distortion caused
by energy exchange and absorption remains relatively small.

2.3.3 Photon injection at 103 . z . 104 and 1 < x < 30

To describe the solution at higher frequencies (1 < x < 30), we
generally need to resort to numerical solutions. Neglecting recoil,
one can use the classical solution (Zeldovich & Sunyaev 1969)

�n(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y]2/4y

x3 , (36)

which di↵ers from the low-frequency solution, Eq. (21), only by
the net drift term (Chluba & Sunyaev 2008). The solution for pure
recoil (neglecting any line-broadening through recoil) simply is
�n(x, y) = A x�2 �[x� xi(y)], with xi(y) = xi/(1+ xiy), which gives a
drift �⌫/⌫ ' �xiy towards lower frequencies. One simple improved
approximation, valid for xiy ⌧ 1, thus is

�n⇤(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y+ln(1+xiy)]2
/4y

x3 . (37)

This solution gives �⇢�(y�)/⇢� = (�⇢�/⇢�) e4y�/(1 + xiy�), which
captures the aforementioned e↵ects.

We compared the numerical solution from simple di↵usion
calculations with this approximation and found that for larger val-
ues of y and xi, the position of the line was too low and the
width a bit too large. Replacing the dispersion of the Gaussian
by y ! y/(1 + xiy) reproduced the width extremely well, even
for larger values of y and xi. The match in the position of the
line was further improved by replacing �3y ! �3y/

p
1 + xiy.

To improve the match for xi ' 1, we need to transition from
�3y ! �y around xi ' 1. After several attempts, we found
�3y ! �y[3 � 2 f (xi)] with f (xi) = e�xi (1 + x2

i /2) to work very
well. The match for the dispersion of the line was further improved
by replacing y! y/[1 + xiy(1 � f (xi))].
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x . 0.1 (⌘ 6 GHz) at z ' 103 � 105, an aspect that, e.g., is im-
portant for the low-frequency hydrogen and helium recombination
spectrum (Chluba et al. 2007a).

2.3.2 Photon injection at 103 . z . 104 and x . 1

At redshifts 103 . z . 104, the total y-parameter can reach the
percent level (see Fig. 1). In this case, line-broadening through the
Doppler e↵ect can be as large as ' 10%, but no significant comp-
tonization of the injected photon distribution occurs for xi ⌧ 1/y�.
Thus, the Green’s function for this regime has two parts, one that is
sourced by the absorption of photons at low frequencies, where BR
is e�cient and causes a small y-distortion, and the other part related
to the slightly scattered and broadened injected photon distribution
plus a y-distortion due to energy exchange. Both of these aspects
can be approximately treated independently.

At low frequencies, BR absorption e↵ectively destroys pho-
tons, and the photon survival probability is given by

Ps(x, z) ⇡ e�⌧↵ (x,z), (32)

with ⌧↵(x, z) ⇡ F(z) ln(2.25/x) x�2 from Eq. (29b). It is straight-
forward to determine the frequency at which most (⌘ 99%) of the
injected photon energy is absorbed and converted to a y-distortion.
At 103 . z . 104, we find this for x ' few⇥10�3 in agreement with
our detailed computations.

At slightly higher frequencies (0.01 . x . 1), we can use
the solution Eq. (21) to account for the e↵ects of electron scatter-
ing (Doppler broadening, Doppler boosting and stimulated scatter-
ings). In this regime, the average energy of the photon distribution
increases like �⇢�(y�)/⇢� = (�⇢�/⇢�) e2y� . The energy required for
this increase is extracted from the thermal plasma, which leads to a
small negative y-distortion with e↵ective y-parameter

yup(xi, zi) ⇡
↵⇢
4

xi

h
1 � e2y�(zi)

i �N�
N�
⇡ �↵⇢
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xiy�(zi)
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This counteracts the heating y-parameter

yh(xi, zi) ⇡
↵⇢
4

xi

h
1 � e�⌧↵ (x,z)

i �N�
N�

(34)

caused by the BR absorption process. To fully include the e↵ect of
BR absorption, we simply need to multiply the scattering solution
and yup by the survival probability given in Eq. (32). For x . 1, we
thus have the Green’s function

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�(z) x0

exp
 
� [ln(x/x0) � y�(z)]2

4y�(z)

!

+
⇣
1 � e2y�(z)e�⌧↵ (x0 ,z)

⌘ Y(⌫)
4

#
x0↵⇢. (35)

We find this approximation to work very well as long as corrections
to the absorption optical depth caused by Doppler broadening are
small (see Fig. 5). In particular, for xi ' 0.1 � 1 the solution works
extremely well even until zi ' 3 ⇥ 104.

The solution in Eq. (35) shows that, like in the µ-era, if pho-
ton are injected only at very low frequencies, a high-frequency y-
distortion appears through the net competition of heating (by BR
absorption) and cooling (by low-frequency photon up-scattering).
While at su�ciently low frequencies BR absorption can extract al-
most all the injected photon energy, the cooling caused by scat-
tering is limited to a small fraction / y� ⌧ 1. The transition fre-
quency separating the regions of net heating to net cooling can be
estimated with the condition 2y�(z) ⇡ ⌧↵(xh, z), as long as y�(z) is
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Figure 6. Comparison of the approximation in Eq. (38) with the full nu-
merical results for xi = 5 and several injection redshifts. We also show the
classical solution, Eq. (36) for zi = 3 ⇥ 104, which clearly demonstrates the
improvement of the new approximation.

not too large. For 103 . z . 104, we find xh ' 0.01 � 0.1 (see
Fig. 10), in very good agreement with our numerical calculations.
At 0.01 . xi . 1, the y-type contribution to the distortion caused
by energy exchange and absorption remains relatively small.

2.3.3 Photon injection at 103 . z . 104 and 1 < x < 30

To describe the solution at higher frequencies (1 < x < 30), we
generally need to resort to numerical solutions. Neglecting recoil,
one can use the classical solution (Zeldovich & Sunyaev 1969)

�n(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y]2/4y

x3 , (36)

which di↵ers from the low-frequency solution, Eq. (21), only by
the net drift term (Chluba & Sunyaev 2008). The solution for pure
recoil (neglecting any line-broadening through recoil) simply is
�n(x, y) = A x�2 �[x� xi(y)], with xi(y) = xi/(1+ xiy), which gives a
drift �⌫/⌫ ' �xiy towards lower frequencies. One simple improved
approximation, valid for xiy ⌧ 1, thus is

�n⇤(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y+ln(1+xiy)]2
/4y

x3 . (37)

This solution gives �⇢�(y�)/⇢� = (�⇢�/⇢�) e4y�/(1 + xiy�), which
captures the aforementioned e↵ects.

We compared the numerical solution from simple di↵usion
calculations with this approximation and found that for larger val-
ues of y and xi, the position of the line was too low and the
width a bit too large. Replacing the dispersion of the Gaussian
by y ! y/(1 + xiy) reproduced the width extremely well, even
for larger values of y and xi. The match in the position of the
line was further improved by replacing �3y ! �3y/

p
1 + xiy.

To improve the match for xi ' 1, we need to transition from
�3y ! �y around xi ' 1. After several attempts, we found
�3y ! �y[3 � 2 f (xi)] with f (xi) = e�xi (1 + x2

i /2) to work very
well. The match for the dispersion of the line was further improved
by replacing y! y/[1 + xiy(1 � f (xi))].
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These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�� x0

e�[ln(x/x0)�↵y�+ln(1+x0y�)]2
/4y��

+

 
1 � e4y�(↵+�)e�⌧↵ (x0 ,z)

1 + x0y�

!
Y(⌫)

4

#
x0↵⇢, (39)

where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).
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Figure 8. Survival probability for di↵erent injection frequencies and red-
shifts after the µ-era. The curves were computed using CosmoTherm. At
low redshifts (zi . 5⇥104), Compton scattering becomes ine�cient, so that
the survival probability steepens from Ps ⇡ e�xc/x to Ps ⇡ e�(x⇤c/x)2

, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�� x0

e�[ln(x/x0)�↵y�+ln(1+x0y�)]2
/4y��

+

 
1 � e4y�(↵+�)e�⌧↵ (x0 ,z)

1 + x0y�

!
Y(⌫)

4

#
x0↵⇢, (39)

where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).
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Figure 8. Survival probability for di↵erent injection frequencies and red-
shifts after the µ-era. The curves were computed using CosmoTherm. At
low redshifts (zi . 5⇥104), Compton scattering becomes ine�cient, so that
the survival probability steepens from Ps ⇡ e�xc/x to Ps ⇡ e�(x⇤c/x)2

, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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These considerations lead to the refined scattering solution

�n⇤(x, y) =
A

p
4⇡y �(xi, y)

e�[ln(x/xi)�↵(xi ,y) y+ln(1+xiy)]2
/4y �(xi ,y)

x3 , (38)

with ↵ = [3 � 2 f (xi)]/
p

1 + xiy and � = 1/[1 + xiy(1 � f (xi))].
The average energy density of the injected photons thus scales as
�⇢�(y�)/⇢� = (�⇢�/⇢�) ey�(↵+�)/(1 + xiy�). Following similar argu-
ments as above, for x & 1 we then find

Gin(⌫, ⌫0, z) ⇡
2
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where ↵ and � are evaluated at x0 and y�(z). A comparison with
the numerical results for xi = 5 and several injection redshifts is
shown in Fig. 6. Clearly, the new approximation represents the full
numerical results very well.

Over a wider range of injection energies, Eq. (39) works very
well until zi ' 3 ⇥ 105 (see Fig. 5). For xi ' 1 � 5 we found this
solution to work even better, reaching up to zi ' 5 ⇥ 104. At high
frequencies, photon absorption is already negligible and we can see
from Fig. 5 that the net heating/cooling, which gives rise to a y-type
contribution, can usually be neglected unless we inject at xi & 1/y�,
for which recoil becomes significant.

At zi & 3⇥104, the evolved line (omitting the y-part) no longer
is well approximated by a simple Gaussian, with third moments
becoming important (see Fig. 5). Improved approximations that in-
clude higher order moments and frequency-dependent dispersion
terms may be possible, but we leave this question to future work.
In addition, closer to zi ' 5⇥104, corrections to the y-type contribu-
tion due to the r-type (non-µ/non-y) distortion become significant.
This could be captured by computing the e↵ective heating rate from
the evolution of the line as a function of redshift and then feeding it
into the thermalization Green’s function of energy release to threat
the heating contribution more precisely.

2.4 The µ-y transition era

The signatures of photon injection during the µ-y transition era
(104 . z . 3 ⇥ 105) show the richest phenomology. In this regime,
direct information about the initial distribution of photons can in
principle be regained, since comptonization is no longer able to
smear photons out over the whole CMB energy spectrum like dur-
ing the µ-era. This is also the regime where heating of the matter
by the injected photons becomes incomplete, so that the distortion
starts to be dominated by the evolution of the injected photons when
approaching zi ! 104 and later (Sect. 2.3).

In Fig. 5 and 7, we illustrate the numerical results for several
cases. In particular, for injection at high frequencies (xi & 1) and
zi & 5 ⇥ 104, the distortion shows large similarities with the dis-
tortions from pure energy release. However, due to the addition of
photons, the Green’s function for photon injection has a significant
contribution / G(⌫), especially when zi ! 3 ⇥ 105. This is be-
cause the injected photons are smeared out over the whole CMB
frequency range via Compton scattering without being strongly at-
tenuated by photon absorption, with photon survival probability
close to unity (see Fig. 8). We can also see that for xi = 1, a nega-
tive y-type contribution arises because on average the plasma cools
while smearing the injected photons out over the CMB spectrum.
We find the transition between net heating and net cooling to occur
at xi ' 3.6� 3.83, depending on the injection redshift (see Fig. 10).
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Figure 8. Survival probability for di↵erent injection frequencies and red-
shifts after the µ-era. The curves were computed using CosmoTherm. At
low redshifts (zi . 5⇥104), Compton scattering becomes ine�cient, so that
the survival probability steepens from Ps ⇡ e�xc/x to Ps ⇡ e�(x⇤c/x)2

, where
x⇤c can be deduced from Eq. (32).

For injection at lower frequencies, in Fig. 7 one can still di-
rectly identify the broadened and partially up-scattered photon line
until the y-parameter exceeds unity significantly (zi & 2⇥105). This
is because low-frequency photon have to comptonize significantly
until reaching the maximum of the CMB spectrum, a process that
requires many scatterings. For xi = 10�3, focusing on the high-
frequency distortion, one can also see the transition from net heat-
ing to net cooling, which occurs around zi ' 2 ⇥ 105 (see Fig. 10).

In summary, the signals created by photon injection show a
richer phenomenology than those caused by single energy release,
in particular at zi . 3 ⇥ 105, where the final spectrum is found in
a partially comptonized state. If photons are injected at several fre-
quencies, a superposition of di↵erent distortion shapes can leave
even richer signatures in the CMB spectrum. However, this also
makes it harder to interpret the constraints on individual scenar-
ios in a model-independent way, a problem that will be considered
more carefully in a subsequent paper.

3 PHOTON INJECTION AT HIGH ENERGIES

The discussion of the preceding sections was limited to photon in-
jection at xi . 30. Here, we consider injection higher energies at
zi & 103. For energies below the pair creation threshold with a soft
background photon, xp ⇡ 2mec2/kT� ' 4.3⇥109/(1+z), the injected
photons mainly transfer their energy to the medium via electron re-
coil. In the expanding Universe, we have xi(y) = xi/(1 + xiy), so
that the injected photon energy density is roughly given by

�⇢�(y)
⇢�

⇡ ↵⇢xi

1 + xiy
�N�
N�
. (40)

This approximation neglects any line broadening though electron
recoil and Doppler terms, which are discussed in Sazonov & Sun-
yaev (2000), but this should only lead to a correction. Equation (40)
implies an energy release history

d(Q/⇢�)
dz

⇡ ↵⇢x2
i

(1 + xiy)2

�N�
N�

kT�
mec2

�TNec
H(1 + z)

, (41)

which can be directly used with the energy release Green’s func-
tion to compute the distortion signal. Depending on the injection
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x . 0.1 (⌘ 6 GHz) at z ' 103 � 105, an aspect that, e.g., is im-
portant for the low-frequency hydrogen and helium recombination
spectrum (Chluba et al. 2007a).

2.3.2 Photon injection at 103 . z . 104 and x . 1

At redshifts 103 . z . 104, the total y-parameter can reach the
percent level (see Fig. 1). In this case, line-broadening through the
Doppler e↵ect can be as large as ' 10%, but no significant comp-
tonization of the injected photon distribution occurs for xi ⌧ 1/y�.
Thus, the Green’s function for this regime has two parts, one that is
sourced by the absorption of photons at low frequencies, where BR
is e�cient and causes a small y-distortion, and the other part related
to the slightly scattered and broadened injected photon distribution
plus a y-distortion due to energy exchange. Both of these aspects
can be approximately treated independently.

At low frequencies, BR absorption e↵ectively destroys pho-
tons, and the photon survival probability is given by

Ps(x, z) ⇡ e�⌧↵ (x,z), (32)

with ⌧↵(x, z) ⇡ F(z) ln(2.25/x) x�2 from Eq. (29b). It is straight-
forward to determine the frequency at which most (⌘ 99%) of the
injected photon energy is absorbed and converted to a y-distortion.
At 103 . z . 104, we find this for x ' few⇥10�3 in agreement with
our detailed computations.

At slightly higher frequencies (0.01 . x . 1), we can use
the solution Eq. (21) to account for the e↵ects of electron scatter-
ing (Doppler broadening, Doppler boosting and stimulated scatter-
ings). In this regime, the average energy of the photon distribution
increases like �⇢�(y�)/⇢� = (�⇢�/⇢�) e2y� . The energy required for
this increase is extracted from the thermal plasma, which leads to a
small negative y-distortion with e↵ective y-parameter

yup(xi, zi) ⇡
↵⇢
4

xi

h
1 � e2y�(zi)

i �N�
N�
⇡ �↵⇢

2
xiy�(zi)

�N�
N�
. (33)

This counteracts the heating y-parameter

yh(xi, zi) ⇡
↵⇢
4

xi

h
1 � e�⌧↵ (x,z)

i �N�
N�

(34)

caused by the BR absorption process. To fully include the e↵ect of
BR absorption, we simply need to multiply the scattering solution
and yup by the survival probability given in Eq. (32). For x . 1, we
thus have the Green’s function

Gin(⌫, ⌫0, z) ⇡
2
666664
c⇢�(T0)

4⇡
e�⌧↵ (x0 ,z)

p
4⇡y�(z) x0

exp
 
� [ln(x/x0) � y�(z)]2

4y�(z)

!

+
⇣
1 � e2y�(z)e�⌧↵ (x0 ,z)

⌘ Y(⌫)
4

#
x0↵⇢. (35)

We find this approximation to work very well as long as corrections
to the absorption optical depth caused by Doppler broadening are
small (see Fig. 5). In particular, for xi ' 0.1 � 1 the solution works
extremely well even until zi ' 3 ⇥ 104.

The solution in Eq. (35) shows that, like in the µ-era, if pho-
ton are injected only at very low frequencies, a high-frequency y-
distortion appears through the net competition of heating (by BR
absorption) and cooling (by low-frequency photon up-scattering).
While at su�ciently low frequencies BR absorption can extract al-
most all the injected photon energy, the cooling caused by scat-
tering is limited to a small fraction / y� ⌧ 1. The transition fre-
quency separating the regions of net heating to net cooling can be
estimated with the condition 2y�(z) ⇡ ⌧↵(xh, z), as long as y�(z) is
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Figure 6. Comparison of the approximation in Eq. (38) with the full nu-
merical results for xi = 5 and several injection redshifts. We also show the
classical solution, Eq. (36) for zi = 3 ⇥ 104, which clearly demonstrates the
improvement of the new approximation.

not too large. For 103 . z . 104, we find xh ' 0.01 � 0.1 (see
Fig. 10), in very good agreement with our numerical calculations.
At 0.01 . xi . 1, the y-type contribution to the distortion caused
by energy exchange and absorption remains relatively small.

2.3.3 Photon injection at 103 . z . 104 and 1 < x < 30

To describe the solution at higher frequencies (1 < x < 30), we
generally need to resort to numerical solutions. Neglecting recoil,
one can use the classical solution (Zeldovich & Sunyaev 1969)

�n(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y]2/4y

x3 , (36)

which di↵ers from the low-frequency solution, Eq. (21), only by
the net drift term (Chluba & Sunyaev 2008). The solution for pure
recoil (neglecting any line-broadening through recoil) simply is
�n(x, y) = A x�2 �[x� xi(y)], with xi(y) = xi/(1+ xiy), which gives a
drift �⌫/⌫ ' �xiy towards lower frequencies. One simple improved
approximation, valid for xiy ⌧ 1, thus is

�n⇤(x, y) =
A

p
4⇡y

e�[ln(x/xi)�3y+ln(1+xiy)]2
/4y

x3 . (37)

This solution gives �⇢�(y�)/⇢� = (�⇢�/⇢�) e4y�/(1 + xiy�), which
captures the aforementioned e↵ects.

We compared the numerical solution from simple di↵usion
calculations with this approximation and found that for larger val-
ues of y and xi, the position of the line was too low and the
width a bit too large. Replacing the dispersion of the Gaussian
by y ! y/(1 + xiy) reproduced the width extremely well, even
for larger values of y and xi. The match in the position of the
line was further improved by replacing �3y ! �3y/

p
1 + xiy.

To improve the match for xi ' 1, we need to transition from
�3y ! �y around xi ' 1. After several attempts, we found
�3y ! �y[3 � 2 f (xi)] with f (xi) = e�xi (1 + x2

i /2) to work very
well. The match for the dispersion of the line was further improved
by replacing y! y/[1 + xiy(1 � f (xi))].

c� 0000 RAS, MNRAS 000, 000–000



cold dilute

Redshift104 2 x 1063 x 105103

Time 2 months8 years7,000 years380,000 years

La
st

 S
ca

tte
rin

g 
Su

rfa
ce

hot dense

Photon energy

Photon energy

Photon energy

temperature shift

full thermalization

Maximum of 
CMB blackbody

Blackbody era
Distortion 
visibility

5 x 106

33
%

4% 0.
2%

0.
00

3%

Silk & Chluba, Science, 2014

Recombination era



cold dilute

Redshift104 2 x 1063 x 105103

Time 2 months8 years7,000 years380,000 years

La
st

 S
ca

tte
rin

g 
Su

rfa
ce

Photon energy

Photon energy

Photon energy
µ-distortion

scattering efficient

hot dense

Photon energy

Photon energy

Photon energy

temperature shift

full thermalization

Maximum of 
CMB blackbody

Blackbody era
Distortion 
visibility

5 x 106

33
%

4% 0.
2%

0.
00

3%

Silk & Chluba, Science, 2014

Recombination era



cold dilute

Redshift104 2 x 1063 x 105103

Time 2 months8 years7,000 years380,000 years

La
st

 S
ca

tte
rin

g 
Su

rfa
ce

Photon energy

Photon energy

Photon energy
µ-distortion

scattering efficient

Photon energy

Photon energy

Photon energy

y+µ+residual distortion

intermediate regime

hot dense

Photon energy

Photon energy

Photon energy

temperature shift

full thermalization

Maximum of 
CMB blackbody

Blackbody era
Distortion 
visibility

5 x 106

33
%

4% 0.
2%

0.
00

3%

Silk & Chluba, Science, 2014

Recombination era



cold dilute

Redshift104 2 x 1063 x 105103

Time 2 months8 years7,000 years380,000 years

La
st

 S
ca

tte
rin

g 
Su

rfa
ce

Photon energy

Photon energy

Photon energy
µ-distortion

scattering efficient

Photon energy

D
ist

or
tio

n 
Si

gn
al

Photon energy

Photon energy
y-distortion

scattering inefficient

Photon energy

Photon energy

Photon energy

y+µ+residual distortion

intermediate regime

hot dense

Photon energy

Photon energy

Photon energy

temperature shift

full thermalization

Maximum of 
CMB blackbody

Blackbody era
Distortion 
visibility

5 x 106

33
%

4% 0.
2%

0.
00

3%

Silk & Chluba, Science, 2014

Recombination era



cold dilute

Photon energy Photon energy Photon energyPhoton energy

D
ist

or
tio

n 
Si

gn
al

Photon energy Photon energy Photon energy Photon energy

Photon energyPhoton energyPhoton energyPhoton energy
y-distortion µ-distortion temperature shifty+µ+residual distortion

Redshift104 2 x 1063 x 105103

Time 2 months8 years7,000 years380,000 years

H
yd

ro
ge

n 
lin

es

N
eu

tr
al

 H
el

iu
m

 li
ne

s

Io
ni

ze
d 

H
el

iu
m

 li
ne

s

La
st

 S
ca

tte
rin

g 
Su

rfa
ce

full thermalizationscattering efficientscattering inefficient intermediate regime

hot dense

Recombination signal

Ly
m

an
-α

Ba
lm

er
-α

Pa
sc

he
n-
α

Distortion ≃10-7-10-6 
relative to blackbody

Maximum of 
CMB blackbody

Maximum of 
CMB blackbody

Blackbody era
Distortion 
visibility

5 x 106

33
%

4% 0.
2%

0.
00

3%

Silk & Chluba, Science, 2014

Recombination era



cold dilute

Photon energy Photon energy Photon energyPhoton energy

D
ist

or
tio

n 
Si

gn
al

Photon energy Photon energy Photon energy Photon energy

Photon energyPhoton energyPhoton energyPhoton energy
y-distortion µ-distortion temperature shifty+µ+residual distortion

Redshift104 2 x 1063 x 105103

Time 2 months8 years7,000 years380,000 years

H
yd

ro
ge

n 
lin

es

N
eu

tr
al

 H
el

iu
m

 li
ne

s

Io
ni

ze
d 

H
el

iu
m

 li
ne

s

La
st

 S
ca

tte
rin

g 
Su

rfa
ce

time-dependent information

full thermalizationscattering efficientscattering inefficient intermediate regime

hot dense

Recombination signal

Ly
m

an
-α

Ba
lm

er
-α

Pa
sc

he
n-
α

Distortion ≃10-7-10-6 
relative to blackbody

Maximum of 
CMB blackbody

Maximum of 
CMB blackbody

Blackbody era
Distortion 
visibility

5 x 106

33
%

4% 0.
2%

0.
00

3%

Silk & Chluba, Science, 2014

Recombination era


