
CMB Spectral Distortion Computations using the 
Green’s function package of CosmoTherm
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Physical mechanisms that lead to spectral distortions

• Cooling by adiabatically expanding ordinary matter                                                                     

(JC, 2005; JC & Sunyaev 2011; Khatri, Sunyaev & JC, 2011) 

• Heating by decaying or annihilating relic particles                                                       
(Kawasaki et al., 1987; Hu & Silk, 1993; McDonald et al., 2001; JC, 2005; JC & Sunyaev, 2011; JC, 2013; JC & Jeong, 2013) 

• Evaporation of primordial black holes & superconducting strings                                                                            
(Carr et al.  2010; Ostriker & Thompson, 1987; Tashiro et al. 2012; Pani & Loeb, 2013) 

• Dissipation of primordial acoustic modes & magnetic fields                                                                
(Sunyaev & Zeldovich, 1970; Daly 1991; Hu et al. 1994; JC & Sunyaev, 2011; JC et al. 2012 - Jedamzik et al. 2000; Kunze & Komatsu, 2013) 

• Cosmological recombination radiation                                                                     
(Zeldovich et al., 1968; Peebles, 1968; Dubrovich, 1977; Rubino-Martin et al., 2006; JC & Sunyaev, 2006; Sunyaev & JC, 2009) 

•                                                                                   

• Signatures due to first supernovae and their remnants                                        
(Oh, Cooray & Kamionkowski, 2003) 

• Shock waves arising due to large-scale structure formation                                    
(Sunyaev & Zeldovich, 1972; Cen & Ostriker, 1999) 

• SZ-effect from clusters; effects of reionization                                                              
(Refregier et al., 2003; Zhang et al. 2004; Trac et al. 2008) 

• more exotic processes                                                                                          
(Lochan et al. 2012; Bull & Kamionkowski, 2013; Brax et al., 2013; Tashiro et al. 2013)
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Average CMB spectral distortions in ΛCDM
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ḡ↵(xe) ⇡
(p

3
⇡

ln

⇣
2.25
xe

⌘
for xe  0.37

1 otherwise

, gdc ⇡
1 +

3
2x+

29
24x

2
+

11
16x

3
+

5
12x

4

1 + 19.739✓

�

� 5.5797✓e
.

x =
h⌫

kT�
✓e =

kTe

mec2



CosmoTherm: a new flexible thermalization code

• Solve the thermalization problem for a wide range of energy release histories 
• several scenarios already implemented (decaying particles, damping of acoustic modes) 
• first explicit solution of time-dependent energy release scenarios 
• open source code 
• will be available at www.Chluba.de/CosmoTherm/ 

• Main reference: JC & Sunyaev, MNRAS, 2012 (arXiv:1109.6552)CMB spectral distortions 1305
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Figure 3. CMB spectral distortion at z = 200 caused by the continuous
cooling from electrons. Neglecting the spectral distortion in the computa-
tion of the electron temperature leads to an underestimation of the final
distortion at low frequencies. We also show a simple analytical fit according
to equation (36) with parameters µ∞ = −2.22 × 10−9, xc = 1.5 × 10−2,
φf − 1 = −8.0 × 10−10, ye = −4.3 × 10−10 and yff = −4.17 × 10−12.

CMB distortion (cf. Fig. 3), implying a smaller effective tempera-
ture. These aspects of the problem are difficult to include before the
computation is done. When considering cases in which the heating
ends well before recombination and is much larger than the cooling
by adiabatic expansion of the medium, this no longer is a problem,
since bulk of the heat truly ends up in the photon field.

We also confirmed this statement by first computing the global
energy balance problem (see Section 2.4), only neglecting the dis-
tortions introduced. This allowed us to define the initial temperature
for the run of COSMOTHERM more precisely, such that we obtained
T ∗

γ ∼ TCMB to within 0.1 per cent at ze = 200. We conclude that
COSMOTHERM conserves energy at a level well below 1 per cent.

3.3.2 Associated spectral distortion

In Fig. 3 we show the corresponding CMB spectral distortion in the
two cases discussed above. Here two aspects are very important:
first, the amplitude of the distortion is strongly underestimated when
one assumes that the Compton equilibrium temperature is just Tz,
i.e. enforces ρeq = 1. In this case, the distortions do not build up
in the full way, as the difference of the electron temperature is
artificially reduced. Since the electron temperature appears in the
exponential factor of the DC and BR emission and absorption term,
this leads to a crucial difference at low frequencies.

Secondly, the distortions at both very low and very high frequen-
cies are rather large. This is connected mainly with the low-redshift
evolution of the distortion. Once the Universe enters the recombina-
tion epochs, the temperature of the electrons can drop significantly
below the temperature of the photon field (cf. Fig. 2). This implies
significant absorption by BR at low frequencies, and also a sizeable
down-scattering of CMB photons at high frequencies, in an attempt
to reheat the electrons. Interestingly, the high- and low-frequency
distortion is very similar in the two cases considered. This also sug-
gests that this part of the distortion is introduced at low redshifts,
where the electron temperature in both cases is practically the same
(cf. Fig. 2).
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Figure 4. Evolution of the CMB spectral distortion caused by the con-
tinuous cooling from electrons. At low redshifts one can see the effect of
electrons starting to cool significantly below the temperature of the photons,
which leads to strong free–free absorption at very low frequencies.

To illustrate this aspect of the problem, in Fig. 4 we present a
sequence of spectra starting at redshifts during which distortions are
quickly thermalized (z ∼ 106), passing through the epoch of µ-type
distortions (z ∼ 105), followed by the y-type era (z ∼ 104), and
ending well after recombination. Close to the initial time, one can
observe the slightly higher temperature at both low and very high
frequencies, which is the result of the consistent initial condition.
At the final redshift the distortion is neither a pure µ-type nor a pure
y-type distortion. At high frequencies it has some characteristics of
a negative y-type distortion, while around ∼1 GHz it looks like a
negative µ-type distortion. At very low frequencies the free–free
distortion dominates, as explained above. One can see from Fig. 4
that the free–free distortion indeed starts to appear at rather late
times, when the electron temperature departs by more than $T/T ∼
10−8 from the photons. We found that nx according to equation (36)
with parameters µ∞ = −2.22 × 10−9, xc = 1.5 × 10−2, φf − 1
= −8.0 × 10−10, ye = −4.3 × 10−10 and yff = −4.17 × 10−12

represents the total spectral distortion rather well (cf. Fig. 3). These
effective values for µ∞ and ye are several times below the limits
that might be achieved with PIXIE, implying that measuring this
effect will be very difficult.

With the values of µ∞ and ye one can estimate the amount of
energy that was released during the µ-era (50 000 ! z ! 2 × 106)
and y-era (z ! 50 000), using the simple expressions (Sunyaev &
Zeldovich 1970c) µ∞ ≈ 1.4$ργ /ργ and ye ≈ 1

4 $ργ /ργ , resulting
in $ργ /ργ |µ ≈ 1.6 × 10−9 and $ργ /ργ |µ ≈ 1.7 × 10−9. This
is consistent with the simple estimates carried out in Section 2.5.1,
supporting the precision of the code regarding energy conservation.

3.4 Dissipation of energy from acoustic waves

As next example we computed the distortions arising from the
dissipation of energy in acoustic waves, again starting at zs = 2 ×
107 and solving the problem down to ze = 200. In Fig. 5 we show
the evolution of the matter temperature and in Fig. 6 we present the
corresponding spectral distortions in the CMB. In both cases we
varied the value of the spectral index, nS.

C⃝ 2011 The Authors, MNRAS 419, 1294–1314
Monthly Notices of the Royal Astronomical Society C⃝ 2011 RAS
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Figure 12. CMB spectral distortion at z = 200 after energy injection from
decaying relic particles. In all cases, we fixed fdec = 2 zX eV, which cor-
responds to a total energy release of !ργ /ργ |dec ∼ 1.3 × 10−6. For the
effective temperature of the CMB, this implies !T ∗

γ /TCMB ∼ −3.2 × 10−7

at zs = 2 × 107 and at ze = 200 in all cases we found |!T ∗
γ /TCMB| ∼ 10−10.
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Figure 13. Evolution of the electron temperature for the thermal history
with decaying particles. Parameters were chosen like in Fig. 12. Red lines
indicate that the electrons are hotter than the effective CMB temperature,
while blue indicates electrons cooler than this. The black/solid line shows
the case without annihilation for comparison.

frequencies the interplay between y-type and free–free distor-
tion becomes important, leading to another positive feature at
ν ∼ 500 MHz.

To understand a little better the effect of decaying particles on the
CMB spectrum, in Fig. 13 we present the evolution of the electron
temperature for some cases of Fig. 12. One can see that for decreas-
ing values of zX at high redshifts, the electron temperature follows
the case without energy injection for a longer period. Then, once the
heating by decaying particles becomes significant, the electron tem-
perature becomes larger than Tz. After the heating stops for cases
with zX ! 105, the relative difference in the electron temperature
remains rather constant, with only slow evolution. Because of the
heating the effective temperature of the CMB also increased, and
after it ceased the electrons simply keep the temperature dictated
by the distorted CMB photon field.

In cases with zX " 105, however, one can observe an extended
period after the maximal heating at which the electrons lose some
of their heat again. Having a closer look at the cases with zX ! 105

one can find the same there, but much less pronounced. At high
redshifts the Compton interaction is extremely fast and allows the
temperature of electrons and photons to depart only slightly, even
with significant energy release. At low redshifts, Compton scattering
becomes much less efficient, so that during energy release larger
differences between electrons and photons are possible. During
these periods the electrons are notably hotter than the CMB, so that
photons become up-scattered and a y-type signature can arise.

In Fig. 14 we illustrate the evolution of the CMB spectral distor-
tion caused by the heating from decaying particles with different
lifetimes. The upper panel gives an example for a particle with
short lifetime. The distortion is clearly close to a µ-type distortion
until very late times. The only difference is because of the effect
of electrons cooling significantly below the CMB temperature at
late times, introducing a small modification because of free–free
absorption in the 100 MHz frequency band. In the central panel,
we give a case which at the end has the character of both µ- and
y-type distortions. Initially, it starts like a µ-type distortion, but
heating continues to be significant down to z ∼ 105, when electrons

C⃝ 2011 The Authors, MNRAS 419, 1294–1314
Monthly Notices of the Royal Astronomical Society C⃝ 2011 RAS
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Quasi-Exact Treatment of the Thermalization Problem

• But: distortions are small ⇒ thermalization problem becomes linear!

• Case-by-case computation of the distortion (e.g., with CosmoTherm, JC & 
Sunyaev, 2012, ArXiv:1109.6552) still rather time-consuming 

• Simple solution: compute “response function” of the thermalization 
problem ⇒ Green’s function approach (JC, 2013, ArXiv:1304.6120) 

• Final distortion for fixed energy-release history given by

�I⌫ ⇡
Z 1

0
Gth(⌫, z

0)
d(Q/⇢�)

dz0
dz0

• For real forecasts of future prospects a precise & fast method for 
computing the spectral distortion is needed!

Thermalization Green’s function

• Fast and quasi-exact! No additional approximations!

CosmoTherm available at: www.Chluba.de/CosmoTherm
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y-distortion 

µ-distortion 
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Energy release histories



Energy release histories for some cases

⇤CDM distortions 3
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Figure 1. Comparison of several CMB monopole distortion signals produced in the standard ⇤CDM cosmology. The low-redshift distortion created by
reionization and structure formation is close to a pure Compton-y distortion with y ' 2 ⇥ 10�6. Contributions from the hot gas in low mass halos give rise to a
noticeable relativistic temperature correction, which is taken from Hill et al. (2015). The damping and adiabatic cooling signals were explicitly computed using
CosmoTherm (Chluba & Sunyaev 2012). The cosmological recombination radiation (CRR) was obtained with CosmoSpec (Chluba & Ali-Haı̈moud 2016). The
estimated sensitivity (�I⌫ ⇡ 5 Jy/sr) of PIXIE is shown for comparison (dotted line). The templates will be made available at www.Chluba.de/CosmoTherm.

For As = 2.207 ⇥ 10�9, nS = 0.9645 and nrun = 0 (Planck
Collaboration et al. 2015b), we present the result in Fig. 1. The
adiabatic cooling distortion (see Sect. 2.3) was simultaneously
included. The signal is uncertain to within ' 10% in ⇤CDM
(Sect 3.3). The distortion lies between a µ and y-distortion and is
close to the detection limit of PIXIE. As we will see below (Sect. 4),
with the current design the µ-distortion part of the signal should be
seen at the level of ' 1.5�, which is in good agreement with earlier
analysis (Chluba et al. 2012b; Chluba & Jeong 2014). A clear 5�
detection of this signal should be possible with ' 3.4 times higher
sensitivity (Sect. 4). We will discuss di↵erent approximation for
the damping signal below (Sect. 3), but simply performing a best-
fit using µ, y and temperature shift (see Chluba & Jeong 2014, for
explicit definitions of these spectral shapes), � = �T/T0, we find
µfit ⇡ 1.984 ⇥ 10�8, yfit ⇡ 3.554 ⇥ 10�9 and �fit ⇡ �0.586 ⇥ 10�9

with a non-vanishing residual at the level of 20% � 30%.

2.3 Adiabatic cooling for baryons

The adiabatic cooling of ordinary matter continuously extracts en-
ergy from the CMB photon bath by Compton scattering leading to
another small but guaranteed distortion that directly depends on the

baryon density and helium abundance. The distortion is character-
ized by negative µ- and y-parameters at the level of ' few ⇥ 10�9

(Chluba 2005; Chluba & Sunyaev 2012; Khatri et al. 2012). The
e↵ective energy extraction history is given by

d(Q/⇢�)
dz

= �3
2

NtotkT�
⇢�(1 + z)

⇡ �5.71 ⇥ 10�10

(1 + z)

"
(1 � Yp)
0.7533

#"
⌦bh2

0.02225

#

⇥
"
(1 + fHe + Xe)

2.246

#  T0

2.726 K

��3

(2)

where Ntot = NH(1+ fHe+Xe) is the number density of all thermally
coupled baryons and electrons; NH ⇡ 1.881 ⇥ 10�6 (1 + z)3 cm�3

is the number density of hydrogen nuclei; fHe ⇡ Yp/4(1 � Yp) ⇡
0.0819 and Xe = Ne/NH is the free electron fraction, which can
be computed accurately with CosmoRec (Chluba & Thomas 2011).
For Planck 2015 parameters, the signal is shown in Fig. 1. It is
uncertain at the ' 1% level in ⇤CDM (Sect 3.3) and cancels part of
the damping signal; however, it is roughly one order of magnitude
weaker and cannot be separated at the currently expected level of
sensitivity of next generation CMB spectrometers.

c� 0000 RAS, MNRAS 000, 000–000
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and electrons is required ($ Thomson limit) and 2/3 of the energy
stored by the original temperature fluctuations causes an increase
for the average blackbody temperature. Thus, for a y-distortion cre-
ated through the superposition of blackbodies one also finds an av-
erage temperature shift �T/T̄ = 2ysup (Chluba et al. 2012b, 2015b;
Inogamov & Sunyaev 2015). For the e↵ect of the dipole this im-
plies �Td/T0 = �2/3 caused by the superposition. However, an-
other correction, �TD/T0 ⇡ ��2/2, arises from the Lorentz boost,
so that the total temperature shift is �T = �Td+�TD = �T0 �2/6 ⇡
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d(Q/⇢�)
dz

= fann
NH(z)(1 + z)2+�

H(z) ⇢�(z)
(6)

where � = 0 for s-wave annihilation. Here, H denotes the Hub-
ble factor and ⇢� the CMB photon energy density. The annihila-
tion e�ciency, fann, captures all details related to the dark mat-
ter physics (e.g., annihilation cross section, mass, decay channels,
etc.) and can be roughly taken as constant. For existing upper lim-
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(Chluba & Sunyaev 2012; Chluba 2013a; Chluba & Jeong 2014).
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and not only limited to around last scattering. Thus, searches for
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distortion power spectrum has already been measured directly by
Planck (Planck Collaboration et al. 2014e, 2015d) and encodes
valuable information about the atmospheres of clusters (e.g., Re-
fregier et al. 2000; Komatsu & Seljak 2002; Diego & Majumdar
2004; Battaglia et al. 2010; Shaw et al. 2010; Munshi et al. 2013;
Dolag et al. 2015). Similarly, the warm hot intergalactic medium
contributes (Zhang et al. 2004; Dolag et al. 2015).

In the primordial Universe, anisotropies in the µ and y distor-
tion are expected to be tiny (relative perturbations . 10�4, e.g., see
Pitrou et al. 2010) unless strong spatial variations in the primordial
heating mechanism are expected (Chluba et al. 2012b). This could
in principle be caused by non-Gaussianity of perturbations in the
ultra-squeezed limit (Pajer & Zaldarriaga 2012; Ganc & Komatsu
2012; Biagetti et al. 2013; Emami et al. 2015), however, this is be-
yond ⇤CDM cosmology and will not be considered further.

Another guaranteed anisotropic signal is due to Rayleigh scat-
tering of CMB photons in the Lyman-series resonances of hydro-
gen around the recombination era (Yu et al. 2001; Lewis 2013). The
signal is strongly frequency-dependent, can be modeled precisely
and may be detectable with future CMB imagers (e.g., COrE+)
or possibly PIXIE at large angular scales (Lewis 2013). In a very
similar manner, the resonant scattering of CMB photons by metals
appearing in the dark ages (Loeb 2001; Zaldarriaga & Loeb 2002;
Basu et al. 2004; Hernández-Monteagudo et al. 2007) or scattering
in the excited levels of hydrogen during recombination (Rubiño-
Martı́n et al. 2005; Hernández-Monteagudo et al. 2007) can lead to
anisotropic distortions. To measure these signals, precise channel
cross-calibration and foreground rejection is required.

Due to our motion relative to the CMB rest frame, the spec-
trum of the CMB dipole should also be distorted simply because
the CMB monopole has a distortion (Danese & de Zotti 1981; Bal-
ashev et al. 2015). The signal associated with the large late-time
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3 APPROXIMATIONS FOR THE DISTORTION SIGNALS

The primordial distortion signals that are caused by early energy
release can be precisely computed using CosmoTherm (Chluba &
Sunyaev 2012). However, for parameter estimation we will use
Green’s function method developed by Chluba (2013b). The results
for di↵erent scenarios will be compared with more approximate but
very simple estimates summarized in the next section.
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The case for spectral distortions as a new independent probe
of inflation has also been made several times (e.g., Hu & Silk
1993a; Chluba et al. 2012b,a; Dent et al. 2012; Pajer & Zaldarriaga
2013; Khatri & Sunyaev 2013; Chluba & Grin 2013; Chluba 2013a;
Clesse et al. 2014), most recently by Cabass et al. (2016), who em-
phasized that, given the constraints from Planck, an improvement
in the sensitivity by a factor of ' 3 over PIXIE guarantees either a
detection of µ or of negative running (& 95% c.l.). Here we add a
few aspects to the discussion related to the interpretation of future
distortion measurements carried out with an instrument similar to
PIXIE. For real distortion parameter estimation, one has to simulta-
neously determine the average CMB temperature, µ, y and residual
(r-type) distortion parameters, as well as several foreground pa-
rameters from measurements in di↵erent spectral bands (Chluba &
Jeong 2014). In this case, estimates for µ and y based on simple
scattering physics arguments (Sect. 3.1) underestimate the experi-
mentally recovered ($measured) parameters, as we illustrate here.

We also briefly illustrate how well a PIXIE-like experiment
may be able to constrain power spectrum parameters through the
associated µ-distortion, when combined with existing constraints
from Planck (Planck Collaboration et al. 2015b). We find that an
experiment with ' 3.4 times the sensitivity of PIXIE in it current
design (Kogut et al. 2011) could allow tightening the constraint on
the running of the spectral index by ' 40% � 50% when combined
with existing data. This would also deliver a ' 5� detection of the
µ-distortion from CMB distortions alone. A ' 10 times enhanced
sensitivity over PIXIE would furthermore allow a marginal detec-
tion of the first residual distortion parameter, which could be crucial
when it comes to distinguishing di↵erent sources of distortions.

These forecasts are very idealized, assuming that the e↵ec-
tive channel sensitivity already includes the penalty payed for fore-
ground separation. Clearly, a more detailed foreground modeling
for the monopole is required to demonstrate the full potential of fu-
ture spectroscopic CMB missions, as we briefly discuss in Sect. 4.1.
However, we argue that a combination of di↵erent data sets and ex-
ploitation of the many spectral channels of PIXIE will hopefully
put us into the position to tackle this big challenge in the future.

2 SPECTRAL DISTORTIONS WITHIN ⇤CDM

Several exhaustive overviews on various spectral distortion scenar-
ios exist (Chluba & Sunyaev 2012; Sunyaev & Khatri 2013; Chluba
2013a; Tashiro 2014; De Zotti et al. 2015), covering both stan-
dard and non-standard processes. Here we only focus on sources
of distortions in the standard ⇤CDM cosmology. For the numbers
given in the text, we use the best-fit parameters from Planck for
the TT,TE,EE + lowP dataset (Planck Collaboration et al. 2015b).
Specifically, we use a flat model with T0 = 2.726 K, h = 0.6727,
⌦ch2 = 0.1198, ⌦bh2 = 0.02225, Yp = 0.2467 and Ne↵ = 3.046,
with their standard meaning (Planck Collaboration et al. 2015b).

2.1 Reionization and structure formation

The first sources of radiation during reionization (Hu et al. 1994b),
supernova feedback (Oh et al. 2003) and structure formation shocks
(Sunyaev & Zeldovich 1972; Cen & Ostriker 1999; Refregier et al.
2000; Miniati et al. 2000) heat the intergalactic medium at low red-
shifts (z . 10), leading to a partial up-scattering of CMB photons,
causing a Compton y-distortion (Zeldovich & Sunyaev 1969). Al-
though this is the largest expected average distortion of the CMB
caused within⇤CDM, it’s amplitude is quite uncertain and depends
on the detailed structure and temperature of the medium, as well as

scaling relations (e.g., between halo mass and temperature). Sev-
eral estimates for this contribution were obtained, yielding values
for the total y-parameter at the level y ' few⇥10�6 (Refregier et al.
2000; Zhang et al. 2004; Hill et al. 2015; Dolag et al. 2015; De
Zotti et al. 2015).

Following Hill et al. (2015), we will use a fiducial value of
yre = 2 ⇥ 10�6. This is dominated by the low mass end of the halo
function and the signal should be detectable with PIXIE at more
than 103 �. At this enormous significance, small corrections due to
the high temperature (kTe ' 1 keV) of the gas become noticeable
(Hill et al. 2015). The relativistic correction can be computed using
the temperature moment method of SZpack (Chluba et al. 2012c,
2013) and it di↵ers from the distortions produced in the early Uni-
verse. This correction should be detectable with PIXIE at ' 30�
(Hill et al. 2015) and could teach us about the average temperature
of the intergalactic medium, promising a way to solve the missing
baryon problem. Both distortion signals are illustrated in Fig. 1.

2.2 Damping of primordial small-scale perturbations

The damping of small-scale fluctuations of the CMB temperature
set up by inflation at wavelength � < 1 Mpc causes another in-
evitable distortion of the CMB spectrum (Sunyaev & Zeldovich
1970a; Daly 1991; Barrow & Coles 1991; Hu et al. 1994a; Hu &
Sugiyama 1994). While the idea behind this mechanism is quite
simple, it was only recently rigorously described (Chluba et al.
2012b), allowing us to perform detailed computations of the asso-
ciated distortion signal for di↵erent early universe models (Chluba
et al. 2012b,a; Dent et al. 2012; Pajer & Zaldarriaga 2013; Khatri
& Sunyaev 2013; Chluba & Grin 2013; Chluba 2013a; Clesse et al.
2014; Cabass et al. 2016). The distortion is sensitive to the ampli-
tude and shape of the power spectrum at small scales (wavenumbers
1 Mpc�1 . k . 2 ⇥ 104 Mpc�1) and thus provides a promising new
way to constrain inflation.

For a given initial power spectrum of perturbations, the e↵ec-
tive heating rate in general has to be computed numerically. How-
ever, at high redshifts the tight coupling approximation can be used
to simplify the calculation. An excellent approximation for the ef-
fective heating rate is obtained with1 (Chluba et al. 2012b; Chluba
& Grin 2013)

d(Q/⇢�)
dz

⇡ 4A2@zk�2
D

Z 1

kmin

k4 dk
2⇡2 P⇣(k) e�2k2/k2

D , (1)

where P⇣(k) = 2⇡2 As k�3 (k/k0)nS�1+ 1
2 nrun ln(k/k0) defines the usual

curvature power spectrum of scalar perturbations and kD is the pho-
ton damping scale (Weinberg 1971; Kaiser 1983), which scales as
kD ⇡ 4.048 ⇥ 10 (1 + z)3/2Mpc�1 early on. For adiabatic modes,
we have a heating e�ciency A2 ⇡ (1 + 4R⌫/15)�2 ⇡ 0.813, where
R⌫ ⇡ 0.409 for Ne↵ = 3.046. The k-space integral is truncated at
kmin ⇡ 0.12 Mpc�1, which reproduces the full heating rate across
the recombination era quite well (Chluba 2013a). With this we
can directly compute the associated distortion using CosmoTherm
(Chluba & Sunyaev 2012). The various isocurvature perturbations
can be treated in a similar manner (e.g., Chluba & Grin 2013), how-
ever, in the standard inflation model these should be small. Tensor
perturbations also contribute to the dissipation process, however,
the associated heating rate is orders of magnitudes lower than for
adiabatic modes even for very blue tensor power spectra and thus
can be neglected (Ota et al. 2014; Chluba et al. 2015a).

1 Here, we define the heating rate such that
R 1

z
d(Q/⇢�)

dz dz > 0.
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kD ⇡ 4.048 ⇥ 10 (1 + z)3/2Mpc�1 early on. For adiabatic modes,
we have a heating e�ciency A2 ⇡ (1 + 4R⌫/15)�2 ⇡ 0.813, where
R⌫ ⇡ 0.409 for Ne↵ = 3.046. The k-space integral is truncated at
kmin ⇡ 0.12 Mpc�1, which reproduces the full heating rate across
the recombination era quite well (Chluba 2013a). With this we
can directly compute the associated distortion using CosmoTherm
(Chluba & Sunyaev 2012). The various isocurvature perturbations
can be treated in a similar manner (e.g., Chluba & Grin 2013), how-
ever, in the standard inflation model these should be small. Tensor
perturbations also contribute to the dissipation process, however,
the associated heating rate is orders of magnitudes lower than for
adiabatic modes even for very blue tensor power spectra and thus
can be neglected (Ota et al. 2014; Chluba et al. 2015a).

1 Here, we define the heating rate such that
R 1

z
d(Q/⇢�)

dz dz > 0.
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The case for spectral distortions as a new independent probe
of inflation has also been made several times (e.g., Hu & Silk
1993a; Chluba et al. 2012b,a; Dent et al. 2012; Pajer & Zaldarriaga
2013; Khatri & Sunyaev 2013; Chluba & Grin 2013; Chluba 2013a;
Clesse et al. 2014), most recently by Cabass et al. (2016), who em-
phasized that, given the constraints from Planck, an improvement
in the sensitivity by a factor of ' 3 over PIXIE guarantees either a
detection of µ or of negative running (& 95% c.l.). Here we add a
few aspects to the discussion related to the interpretation of future
distortion measurements carried out with an instrument similar to
PIXIE. For real distortion parameter estimation, one has to simulta-
neously determine the average CMB temperature, µ, y and residual
(r-type) distortion parameters, as well as several foreground pa-
rameters from measurements in di↵erent spectral bands (Chluba &
Jeong 2014). In this case, estimates for µ and y based on simple
scattering physics arguments (Sect. 3.1) underestimate the experi-
mentally recovered ($measured) parameters, as we illustrate here.

We also briefly illustrate how well a PIXIE-like experiment
may be able to constrain power spectrum parameters through the
associated µ-distortion, when combined with existing constraints
from Planck (Planck Collaboration et al. 2015b). We find that an
experiment with ' 3.4 times the sensitivity of PIXIE in it current
design (Kogut et al. 2011) could allow tightening the constraint on
the running of the spectral index by ' 40% � 50% when combined
with existing data. This would also deliver a ' 5� detection of the
µ-distortion from CMB distortions alone. A ' 10 times enhanced
sensitivity over PIXIE would furthermore allow a marginal detec-
tion of the first residual distortion parameter, which could be crucial
when it comes to distinguishing di↵erent sources of distortions.

These forecasts are very idealized, assuming that the e↵ec-
tive channel sensitivity already includes the penalty payed for fore-
ground separation. Clearly, a more detailed foreground modeling
for the monopole is required to demonstrate the full potential of fu-
ture spectroscopic CMB missions, as we briefly discuss in Sect. 4.1.
However, we argue that a combination of di↵erent data sets and ex-
ploitation of the many spectral channels of PIXIE will hopefully
put us into the position to tackle this big challenge in the future.

2 SPECTRAL DISTORTIONS WITHIN ⇤CDM

Several exhaustive overviews on various spectral distortion scenar-
ios exist (Chluba & Sunyaev 2012; Sunyaev & Khatri 2013; Chluba
2013a; Tashiro 2014; De Zotti et al. 2015), covering both stan-
dard and non-standard processes. Here we only focus on sources
of distortions in the standard ⇤CDM cosmology. For the numbers
given in the text, we use the best-fit parameters from Planck for
the TT,TE,EE + lowP dataset (Planck Collaboration et al. 2015b).
Specifically, we use a flat model with T0 = 2.726 K, h = 0.6727,
⌦ch2 = 0.1198, ⌦bh2 = 0.02225, Yp = 0.2467 and Ne↵ = 3.046,
with their standard meaning (Planck Collaboration et al. 2015b).

2.1 Reionization and structure formation

The first sources of radiation during reionization (Hu et al. 1994b),
supernova feedback (Oh et al. 2003) and structure formation shocks
(Sunyaev & Zeldovich 1972; Cen & Ostriker 1999; Refregier et al.
2000; Miniati et al. 2000) heat the intergalactic medium at low red-
shifts (z . 10), leading to a partial up-scattering of CMB photons,
causing a Compton y-distortion (Zeldovich & Sunyaev 1969). Al-
though this is the largest expected average distortion of the CMB
caused within⇤CDM, it’s amplitude is quite uncertain and depends
on the detailed structure and temperature of the medium, as well as

scaling relations (e.g., between halo mass and temperature). Sev-
eral estimates for this contribution were obtained, yielding values
for the total y-parameter at the level y ' few⇥10�6 (Refregier et al.
2000; Zhang et al. 2004; Hill et al. 2015; Dolag et al. 2015; De
Zotti et al. 2015).

Following Hill et al. (2015), we will use a fiducial value of
yre = 2 ⇥ 10�6. This is dominated by the low mass end of the halo
function and the signal should be detectable with PIXIE at more
than 103 �. At this enormous significance, small corrections due to
the high temperature (kTe ' 1 keV) of the gas become noticeable
(Hill et al. 2015). The relativistic correction can be computed using
the temperature moment method of SZpack (Chluba et al. 2012c,
2013) and it di↵ers from the distortions produced in the early Uni-
verse. This correction should be detectable with PIXIE at ' 30�
(Hill et al. 2015) and could teach us about the average temperature
of the intergalactic medium, promising a way to solve the missing
baryon problem. Both distortion signals are illustrated in Fig. 1.

2.2 Damping of primordial small-scale perturbations

The damping of small-scale fluctuations of the CMB temperature
set up by inflation at wavelength � < 1 Mpc causes another in-
evitable distortion of the CMB spectrum (Sunyaev & Zeldovich
1970a; Daly 1991; Barrow & Coles 1991; Hu et al. 1994a; Hu &
Sugiyama 1994). While the idea behind this mechanism is quite
simple, it was only recently rigorously described (Chluba et al.
2012b), allowing us to perform detailed computations of the asso-
ciated distortion signal for di↵erent early universe models (Chluba
et al. 2012b,a; Dent et al. 2012; Pajer & Zaldarriaga 2013; Khatri
& Sunyaev 2013; Chluba & Grin 2013; Chluba 2013a; Clesse et al.
2014; Cabass et al. 2016). The distortion is sensitive to the ampli-
tude and shape of the power spectrum at small scales (wavenumbers
1 Mpc�1 . k . 2 ⇥ 104 Mpc�1) and thus provides a promising new
way to constrain inflation.

For a given initial power spectrum of perturbations, the e↵ec-
tive heating rate in general has to be computed numerically. How-
ever, at high redshifts the tight coupling approximation can be used
to simplify the calculation. An excellent approximation for the ef-
fective heating rate is obtained with1 (Chluba et al. 2012b; Chluba
& Grin 2013)

d(Q/⇢�)
dz

⇡ 4A2@zk�2
D

Z 1

kmin

k4 dk
2⇡2 P⇣(k) e�2k2/k2

D , (1)

where P⇣(k) = 2⇡2 As k�3 (k/k0)nS�1+ 1
2 nrun ln(k/k0) defines the usual

curvature power spectrum of scalar perturbations and kD is the pho-
ton damping scale (Weinberg 1971; Kaiser 1983), which scales as
kD ⇡ 4.048 ⇥ 10 (1 + z)3/2Mpc�1 early on. For adiabatic modes,
we have a heating e�ciency A2 ⇡ (1 + 4R⌫/15)�2 ⇡ 0.813, where
R⌫ ⇡ 0.409 for Ne↵ = 3.046. The k-space integral is truncated at
kmin ⇡ 0.12 Mpc�1, which reproduces the full heating rate across
the recombination era quite well (Chluba 2013a). With this we
can directly compute the associated distortion using CosmoTherm
(Chluba & Sunyaev 2012). The various isocurvature perturbations
can be treated in a similar manner (e.g., Chluba & Grin 2013), how-
ever, in the standard inflation model these should be small. Tensor
perturbations also contribute to the dissipation process, however,
the associated heating rate is orders of magnitudes lower than for
adiabatic modes even for very blue tensor power spectra and thus
can be neglected (Ota et al. 2014; Chluba et al. 2015a).

1 Here, we define the heating rate such that
R 1

z
d(Q/⇢�)

dz dz > 0.
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Table 2. Eigenspectra for different energy-release scenarios. The mode amplitudes were scaled by the variable A, as indicated. An asterisk (∗) indicates
that the parameter can be detected at more than 1σ with PIXIE-like sensitivity, while a dagger (†) shows that five times the sensitivity is required for a 1σ

detection. The last few rows are ρk = [µk/#µk]/[µ/#µ], which give a representation that shows how the difficulty of a measurement relative to µ increases.
Also, by comparing the numbers between models one can directly estimate how hard it is to distinguish them experimentally.

Dissipation Dissipation Annihilation Annihilation Decay Decay Decay

Shape nS = 1 nS = 0.96 <σv > =const <σv > ∝ (1 + z) zX = 2 × 104 zX = 5 × 104 zX = 105

parameters nrun = 0 nrun = −0.02 (s-wave) (p-wave, rel.) (tX = 5.8 × 1010 s) (tX = 9.2 × 109 s) (tX = 2.3 × 109 s)

A Aζ

2.2×10−9
Aζ

2.2×10−9
fann,s

2×10−23 eV s−1
fann,p

10−27 eV s−1
fX/zX
1 eV

fX/zX
1 eV

fX/zX
1 eV

y/A 4.70 × 10−9 ∗ 3.52 × 10−9 ∗ 5.18 × 10−10 † 4.84 × 10−10 † 1.41 × 10−7 ∗ 8.47 × 10−8 ∗ 2.96 × 10−8 ∗

µ/A 3.11 × 10−8 ∗ 1.16 × 10−8 † 3.99 × 10−9 † 8.35 × 10−8 ∗ 2.27 × 10−7 ∗ 7.07 × 10−7 ∗ 1.01 × 10−6 ∗

µ1/A 5.42 × 10−8 † 2.95 × 10−8 6.84 × 10−9 2.10 × 10−8 1.59 × 10−6 ∗ 3.34 × 10−6 ∗ 2.36 × 10−6 ∗

µ2/A 1.01 × 10−9 −5.19 × 10−9 2.61 × 10−10 2.03 × 10−8 −1.74 × 10−6 ∗ −4.95 × 10−7 † 2.47 × 10−6 ∗

µ3/A 3.53 × 10−8 1.91 × 10−8 4.39 × 10−9 3.04 × 10−8 1.66 × 10−6 † −3.83 × 10−7 7.1 × 10−7 †
µ4/A 2.26 × 10−9 −5.13 × 10−9 4.39 × 10−10 3.71 × 10−8 −1.38 × 10−6 6.85 × 10−7 −1.23 × 10−8

y/A 3.9 σ ∗ 2.9 σ ∗ 0.43 σ † 0.40 σ † 117 σ ∗ 70.6 σ ∗ 24.7 σ ∗

µ/A 2.3 σ ∗ 0.85 σ † 0.29 σ † 6.1 σ ∗ 16.6 σ ∗ 51.6 σ ∗ 73.8 σ ∗

ρ1 0.161 † 0.235 0.159 2.33 × 10−2 0.648 ∗ 0.437 ∗ 0.216 ∗

ρ2 5.86 × 10−4 −8.07 × 10−3 1.18 × 10−3 4.37 × 10−3 −0.138 ∗ −1.26 × 10−2 † 4.41 × 10−2 ∗

ρ3 4.31 × 10−3 6.25 × 10−3 4.17 × 10−3 1.38 × 10−3 2.78 × 10−2 † −2.06 × 10−3 2.66 × 10−3 †
ρ4 5.72 × 10−5 −3.49 × 10−4 8.66 × 10−5 3.49 × 10−4 −4.79 × 10−3 7.63 × 10−4 −9.55 × 10−6

Thermally produced dark matter particles are expected to have s-
wave annihilation cross-section with possible amplification due to
Sommerfeld-enhancement (e.g. see Hannestad & Tram 2011). The
p-wave scenario corresponds to a Majorana particle which either
is still relativistic after freeze out [e.g. a sterile neutrino with low
abundance (Ho & Scherrer 2013)], or shows v−1 ∝ (1 + z)−1

Sommerfeld-enhanced annihilation cross-section (e.g. see Chen &
Zhou 2013). For the non-relativistic case the cross-section drops
even faster towards lower redshifts, ⟨σv⟩ ≃ (1 + z)2, causing prac-
tically no energy release at late times. The annihilation efficiency,
fann, parametrizes all the dependences of the energy-release rate
on the mass of the particle, its abundance and overall annihila-
tion cross-section. We have Qann,s ≃ const and Qann,p ∝ (1 + z).
Fixing the redshift dependence of the annihilation cross-section
(more elaborate scenarios are possible but beyond the scope of this
work), the distortion is a one parameter family that only depends
on fann.

Finally, in Table 2 we consider three decaying particle scenarios.
The total energy release in all these cases is #ργ /ργ ≃ 6.4 × 10−7

and the energy-release rate is parametrized as (cf. Chluba & Sunyaev
2012)

d(Q/ργ )
dz

!!!!
dec

≈ ϵX
NH(z)(1 + zX)'X

H (z)ργ (z) (1 + z)
exp (−'X t) (15)

with ϵX = fX/zX parametrizing the energy-release efficiency and
'X ≃ 2H(zX) denoting the particle decay rate. The efficiency factor
fX depends on the mass and abundance of the decaying particle
and the efficiency of energy transfer to the baryons. In the radia-
tion dominated era one has Qdec ∝ ϵX z−3 exp(−[zX/z]2). The dis-
tortion is thus a two parameter family. Well-motivated candidates
comprise excited states of dark matter (e.g. Finkbeiner & Weiner
2007; Pospelov & Ritz 2007), or other, dynamically unimportant
relic particles (see Kawasaki, Kohri & Moroi 2005; Feng 2010;
Kohri & Takahashi 2010; Pospelov & Pradler 2010, for more refer-
ences).

5.2 Shape of the distortion signal

5.2.1 Annihilating particles

We start with the annihilation scenarios, for which the distortion has
a fixed shape and only the overall amplitude changes, depending on
the annihilation efficiency, fann. The residual distortion signals are
illustrated in Fig. 7 (upper panel). We scaled the total distortion such
that in both cases µ = 10−8. This emphasizes the differences in the
shape of the distortion rather than its overall amplitude. The residual
distortion is significantly smaller for the p-wave scenario, showing
that most of the energy is released during the µ-era (y, µ1 < µ, see
Table 2). The small difference in the phase and amplitude of the
residual distortion relative to µ in principle allows discerning the
s- and p-wave cases, however, a detection of µ1 is required to break
the degeneracy. The values of y, µ and µk given in Table 2 fully
specify the shape of the distortion for s- and p-wave annihilation
scenarios and all other cases can be obtained by rescaling the overall
amplitude appropriately.

5.2.2 Dissipation of small-scale acoustic modes

The central panel of Fig. 7 illustrates the nS-dependence of the
residual distortion for the dissipation scenario. For different values
of nS, mainly the amplitude of the distortion changes, while the
shape and phase of the residual distortion is only mildly affected. For
nS > 1, relative to the scale-invariant case more energy is released
at earlier times. This increase the value of µ relative to the µks,
implying that the amplitude of the residual distortion decreases. By
measuring µ and µ1 one can thus constrain Aζ and nS independently.
However, when allowing nrun to vary, also µ2 (which is significantly
harder to access) is required to distinguish these cases. Running
again dominantly affects the amplitude of the residual distortion,
while changes in the phase of the signal are weaker.

We can represent the dependence of the distortion on the param-
eters by specifying the amplitude of µ(Aζ , nS, nrun) and the ratios
µk/µ, which are only function of p = {nS, nrun}. To also rank the
variables in terms of the level of difficulty that is met to measure
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Simple analytic approximations for estimates
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Very simple way to estimate 
the spectral distortion for a 
given energy release history!

y ' 1

4

�⇢�
⇢�

⌘ 1

4

Z zµy

zrec

d(Q/⇢�)

dz0
dz0 µ ⇡ 1.4

Z 1

zµy

d(Q/⇢�)

dz0
Jµ(z

0)dz0

Jµ(z) ⇡ e
�
⇣

z
1.98⇥106

⌘5/2



Jy(z) ⇡
 
1 +


1 + z

6.0⇥ 104

�2.58!�1

Jµ(z) ⇡

1� e

�
h

1+z
5.8⇥104

i1.88�
e
�
h

z
2⇥106

i2.5

JC, 2013, ArXiv:1304.6120

y ' 1

4

�⇢�
⇢�

⌘ 1

4

Z zµy

zrec

d(Q/⇢�)

dz0
dz0 µ ⇡ 1.4

Z 1

zµy

d(Q/⇢�)

dz0
Jµ(z

0)dz0

→ Obtained as simple 
fits to Green’s function 

→ approximately models 
the transition era 
neglecting r-distortion



Using the Green’s function package

• Green’s function package available at www.Chluba.de/CosmoTherm/
• Depends on GSL library 
• Has python interface and python packages 
• PCA methods (not added yet…) 
• Green’s function method for photon injection too (JC 2015, ArXiv:1506.06582)

JC 2015, ArXiv:1506.06582JC 2013, ArXiv:1304.6121
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(�⇤ ⌘ � � �f )

Fiducial values:

�f = 1.2 ⇥ 10�4

yre = 4 ⇥ 10�7

fann,s = 10�22 eV sec�1

fann,p = 10�26 eV sec�1

Figure 3. Large distortion s- and p-wave annihilation scenario. Contours
and lines are as before. Degeneracies between the parameters prevent a dis-
tinction of the signatures of both particles, even for high sensitivity.

nature should be possible, the two signals are simply too similar
and strong correlations cause large uncertainties and biases in the
parameters, which only disappear at high sensitivity. This makes
the projected 2D probability distributions shown in Fig. 3 very non-
Gaussian. At ' 20 times the sensitivity of PIXIE, we find a ' 2�
detection of the s-wave annihilation signature and fann,p ' 1% from
the p-wave annihilation signal.

Considering a small distortion scenario with more compara-
ble contributions from s- and p-wave annihilations ( fann,s ' 2 ⇥
10�23 eV sec�1 and fann,p ' 10�28 eV sec�1), we find that an im-
provement of the sensitivity by a factor of ' 40 is needed to start
distinguishing the signals from both particles, rendering an analysis
along these lines more futuristic. This is because for this scenario
the signal is close to the detection limit of PIXIE, and the di↵er-
ences with respect to a pure superposition of µ- and y-distortions,
which could be used to distinguish the two cases, are only a small
correction, necessitating this large improvement of the sensitivity.

4 DECAYING PARTICLE SCENARIOS

Decaying relic particles with lifetimes ' 380 kyr (corresponding to
the time of recombination) are again tightly constrained by mea-
surement of the CMB anisotropies (Zhang et al. 2007; Giesen et al.
2012), while particles with lifetimes comparable to minutes can af-
fect the light-element abundances and bounds derived from BBN
apply (Kawasaki et al. 2005; Jedamzik 2008). However, experi-
mental constraints for particles with lifetimes ' 106 � 1012 sec are
less stringent, still leaving rather large room for extra energy re-
lease �⇢�/⇢� . 10�6 � 10�5 (e.g., Hu & Silk 1993b; Kogut et al.
2011). Large energy-release rates are especially possible for very
light particles with masses . MeV. A PIXIE-type CMB experi-
ment thus has a large potential to discover the signature of some
long-lived relic particles or at least provide complementary and in-
dependent constraints to these scenarios. If most of the energy is

(�⇤ ⌘ � � �f )

Fiducial values:

�f = 1.2 ⇥ 10�4

yre = 4 ⇥ 10�7

fX = 5 ⇥ 105 eV

zX = 5 ⇥ 104 (�X ' 1.1 ⇥ 10�8sec�1)

(�⇤ ⌘ � � �f )

Fiducial values:

�f = 1.2 ⇥ 10�4

yre = 4 ⇥ 10�7

fX = 104 eV

zX = 5 ⇥ 104 (�X ' 1.1 ⇥ 10�8sec�1)

Figure 4. Large- and small-distortion decaying particle scenario. Contours
and lines are as before. For large energy release the distortion can be easily
constrained; however, for small energy release the parameter space becomes
more complicated and higher sensitivity improves matters significantly.

released at z & 3 ⇥ 105, a pure µ-distortion is created, so that this
case is practically degenerate, e.g., with scenarios that include an
annihilating particle with p-wave annihilation cross-section. How-
ever, for energy release around z ' 5⇥ 104, the distortion can di↵er
su�ciently to become distinguishable.

In Fig. 4, we show the projected constraints for a large- and
small-distortion scenario, with energy release �⇢�/⇢� ' 6.4 ⇥ 10�6

and �⇢�/⇢� ' 1.3⇥10�7, respectively. Since the total energy release
scales as �⇢�/⇢� / fX/zX (cf. Chluba & Sunyaev 2012), it is best
to consider the variables fX/zX and zX ' 4.8 ⇥ 109 �1/2

X sec1/2 as
parameters. This reduces the parameter covariance significantly. To
accelerate the computation, we furthermore tabulate the distortion
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Some useful commands

Some other runmodes… 
./run_Greens Greens runfiles/parameters.dat    (Greens function output) 
./run_Greens Mock runfiles/parameters.dat         (band average for mock)

Execute Greens-package like 
./run_Greens runfiles/parameters.dat    (default computation)

Making and cleaning 
> make 

> make py 

> make clean 

> make tidy



Green’s function specific parameters 
./runfiles/parameters.dat

Execute Greens-package like 
./run_Greens MODE runfiles/parameters.dat


