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Main Goals of my Lectures

• Convince you that future CMB distortions science will 
be extremely exciting!

• Explain in detail how distortions evolve and thermalize

• Definition of different types of distortions

• Computations of spectral distortions (you should be able 
to do this yourself afterwards!)

• Provide an overview for different sources of primordial 
distortions

• Show you why the CMB spectrum provides a 
complementary probe of inflation and particle physics



Structure of the Lectures (at least in theory)

• Overview and motivation

• Simple blackbody radiation warm-ups

• Formulation of the thermalization problem

Lecture I:



Structure of the Lectures (at least in theory)

• Overview and motivation

• Simple blackbody radiation warm-ups

• Formulation of the thermalization problem

Lecture I:

• Analytic description of the distortions

• Distortion visibility function

• Fast computation of the distortions

Lecture II:



Structure of the Lectures (cont.)

• Overview of different sources of distortions

• Dissipation of acoustic modes

• Decaying particles

Lecture III:



Structure of the Lectures (cont.)

• Overview of different sources of distortions

• Dissipation of acoustic modes

• Decaying particles

Lecture III:

• Recombination physics and why it is important

• The cosmological recombination radiation

• Sunyaev-Zeldovich effect and what the signals could tell us

Lecture IV:



References for the Theory of Spectral Distortions

• Original works
- Zeldovich & Sunyaev, 1969, Ap&SS, 4, 301
- Sunyaev & Zeldovich, 1970, Ap&SS, 7, 20
- Illarionov & Sunyaev, 1975, Sov. Astr., 18, 413

Rashid SunyaevYakov Zeldovich
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• Original works
- Zeldovich & Sunyaev, 1969, Ap&SS, 4, 301
- Sunyaev & Zeldovich, 1970, Ap&SS, 7, 20
- Illarionov & Sunyaev, 1975, Sov. Astr., 18, 413

• Additional milestones
- Danese & de Zotti, 1982, A&A, 107, 39
- Burigana, Danese & de Zotti, 1991, ApJ, 379, 1 
- Hu & Silk, 1993, Phys. Rev. D, 48, 485
- Hu, 1995, PhD thesis

• More recent overviews
- Sunyaev & JC, 2009, AN, 330, 657
- JC & Sunyaev, 2012, MNRAS, 419, 1294
- JC, MNRAS, 436, 2232 & ArXiv:1405.6938



Overview and Motivation





Some of the Big Questions of Cosmology

• What is the Universe made of?

• What are the initial conditions?

• Where do all the structures come from?

• Why do things look the way they do?

• Dark energy & dark matter?

• Gravitational Waves?

• Physics beyond the standard model?



Planck all sky map • CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5

Cosmic Microwave Background Anisotropies 
helped us to answer these questions!



CMB Sky  Cosmology

WMAP CMB Sky

alm
Power spectraGaussianity

small scales large scales 

~1° 

TT

TE

EE

BB

(Joint) analysis

Other cosmological Dataset: 
small-scale CMB, Supernovae, large-scale structure/
BAO, Lyman-α forest, lensing, ... 

Cosmological 
Parameters
Ωtot, Ωm, Ωb, ΩΛ, 
h, τ, ns,...



Dependence of the Power Spectrum on the Main 
Cosmological Parameters

Hu & Dodelson, 2002, ARAA

• Total density (curvature)    
→ positions of peaks

• dark energy                       
→ ISW at large scales

• Baryon density                   
→ damping tail / ratio of 
peaks

• dark matter                        
→ gravitational driving / 
enhancement of third 
peak over second

• spectral index nS                        
→ tilt of the overall power 
spectrum

• Thomson optical depth !   
→ large scale E-mode 
polarization                        
→ damping tail 



Cosmic Microwave Background Anisotropies 
helped us to answer these questions!

Planck all sky map • CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5



Cosmic Microwave Background Anisotropies 
helped us to answer these questions!

Planck all sky map • CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5

Planck Collaboration, 2013, paper XV

Huge compression of 
information to a few 
hundred numbers!



e.g. Komatsu et al., 2011, ApJ, arXiv:1001.4538
  Dunkley et al., 2011, ApJ, arXiv:1009.0866

1˚ ⇔  l ~ 200

Precision cosmology Tiny error bars!

WMAP at L2

Pie-chart of the Universe

 CMB anisotropies clearly taught us a lot about 
the Universe we live in!



Calabrese et al. 2013

combined TT power spectrum

ACT

SPT

 CMB anisotropies clearly taught us a lot about 
the Universe we live in!

Amazing consistency between different experiments! 



Precision Cosmology with Planck

Planck Collaboration, 2013, paper XV

• Massive amount of 
information! (close to 30 
Planck papers in March 2013)

• Impressive consistency 
between different 
experiments!

• Amazing confirmation  
of ΛCDM
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CMB constraints on Neff and Yp  

Planck Collaboration, 2013, paper XV

=
10

5
N

D
/N

H
Yp fixed using SBBN 
relations

• Helium determination from CMB 
consistent with SBNN prediction

• CMB constraint on Neff competitive!
• Partial degeneracy with Yp and running
• Some tension between different data sets

Calabrese et al. 2013

constraints from 
metal-poor HII regions

compilation of 

quasar spectra

damped Ly-α system



All kind of fun new science with the CMB anisotropies!

Planck Collaboration, 2013, paper XVII

Power spectrum of 
the lensing potential

Planck Collaboration, 2013, paper XXIV

SZ clusters on the sky

• Non-Gaussianity (test of inflation models)

• Topology

• CMB anomalies

• CIB and Galactic science

Effect of our motion

Planck Collaboration, 2013, paper XXVII

Illustration from 
Chluba 2011



CMB anisotropies as probe of Inflation

Text

Planck Collaboration, 2013, paper XVI

Planck Collaboration: Cosmological parameters
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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• Big goal/hope: detection of B-polarization

• Plenty of progress over the next few years: 
 ground/balloon: BICEP2, SPTpol, ACTpol, Spider, ...
 space: Planck, LiteBIRD, PIXIE, COrE+, ...?



Polarization from Thomson scattering

• Thomson scattering of anisotropic 
radiation (quadrupole part) creates 
linear polarization signal 

• signal is small, since quadrupole 
part of the radiation field is 
scattering with 1/10 probability of 
the monopole

• Thomson scattering only creates 
E-mode polarization at lowest 
order in perturbation theory

• generation of polarization at 
recombination & reionization

“Divergence free” “Curl free”

Temperature 
perturbation



WMAP Polarization Measurements

WMAP 3yr, Page et al., 2007

• From TE and EE power 
spectra constraint on 
Thomson optical depth 
!~0.1 to reionization

• upper limit on B-mode 
polarization                                        

⟹ limits tensor to scalar ratio                              
⟹ energy-scale of inflation 
⟹ gravity waves

• Lots of experiments are 
trying to go for this:              
PLANCK, LITEBIRD, SPIDER, 
CLASS, BICEP2, KECKarray, 
PIXIE, COrE+, Stage IV-CMB

reionization 
bump

lensed E-m
odes

dust + sync

T/S = 0.3



r = 0.2+0.07
�0.05
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FIG. 9.— Comparison of the BICEP2 BB auto spectrum and cross spectra
taken between BICEP2 and BICEP1 combined, and BICEP2 and Keck Array
preliminary. (For clarity the cross spectrum points are offset horizontally and
the BICEP2⇥BICEP1 points are omitted at ` > 200.)

In Figure 2 we see a substantial excess of BB power in the
region where an inflationary gravitational wave (IGW) signal
would be expected to peak. We therefore proceed to find the
most likely value of the tensor-to-scalar ratio r using the “di-
rect likelihood” method introduced in B14. We first form ad-
ditional sets of simulations for many values of r by combining
the lensed-⇤CDM and scaled r = 0.2 simulations36. We then
combine the bandpowers of these and the real bandpowers
with s/n weighting where s is the IGW spectrum for a small
value of r and n is the variance of the lensed-⇤CDM+noise
simulations. Arranging the simulation pdf values as rows we
can then read off the likelihood curve for r as the columns at
the observed combined bandpower value.

The result of this process is shown in Figure 10. Defining
the confidence interval as the equal likelihood contour which
contains 68% of the total likelihood we find r = 0.20+0.07

-0.05. This
uncertainty is driven by the sample variance in our patch of
sky, and the likelihood falls off very steeply towards r = 0. The
likelihood ratio between r = 0 and the maximum is 2.9⇥10-11

equivalent to a PTE of 3.3 ⇥ 10-12 or 7.0�. The numbers
quoted above are for bins 1–5 although due to the weight-
ing step they are highly insensitive to this choice. (Absolute
calibration and beam uncertainty are included in these calcu-
lations but have a negligible effect.)

Evaluating our simple �2 statistic between bandpowers 1–
5 and the lensed-⇤CDM+noise+r = 0.2 simulations yields a
value of 1.1, which for 4 degrees of freedom has a PTE of
0.90. The model is therefore a perfectly acceptable fit to the
data.

In Figure 11 we recompute the r constraint subtracting each
of the foreground models shown in Figure 6. For the auto
spectra the range of maximum likelihood r values is 0.12–
0.19, while for the cross it is 0.16–0.21 (random fluctuations
in the cross can cause shifts up as well as down). The prob-
ability that each of these models reflects reality is hard to
assess. Presumably greatest weight should be given to the
DDM2 cross spectrum and we note that in this case the maxi-
mum likelihood value shifts down to r = 0.16+0.06

-0.05 with a like-

36 Hence we assume always nt = 0 making the value of r independent of
the pivot scale.

lihood ratio between r = 0 and maximum of 2.2⇥10-8, equiv-
alent to a PTE of 2.9⇥10-9 or 5.9�. Performing this subtrac-
tion slightly increases �2 (to 1.46) but the fit remains perfectly
acceptable (PTE 0.84).

The dust foreground is expected to have a power law spec-
trum which slopes modestly down / `⇠-0.6 in the usual
l(l + 1)Cl/2⇡ units (Dunkley et al. 2009). In Figure 6 we
see that the DDM2 model appears to do this in both auto and
cross, before the auto spectrum starts to rise again due to noise
in the polarization fraction and angle input maps. We note
that the s/n bandpower weighting scheme described above
weights the first bin very highly. Therefore if we were to
exclude it the difference between the unsubtracted and fore-
ground subtracted model lines in Figure 11 would be much
smaller; i.e. while dust may contribute significantly to our
first bandpower it definitely cannot explain bandpowers two
through five.

Computing an r constraint using the BICEP2⇥BICEP1comb
cross spectrum shown in Figure 9 yields r = 0.19+0.11

-0.08. The
likelihood ratio between r = 0 and the maximum is 2.0⇥10-3

equivalent to a PTE of 4.2⇥10-4 or 3.5�.

11.2. Scaled-lensing + Tensors
Lensing deflections of the CMB photons as they travel from

last scattering re-map the patterns slightly. In temperature this
leads to a slight smoothing of the acoustic peaks, while in po-
larization a small B-mode is introduced with a spectrum sim-
ilar to a smoothed version of the EE spectrum a factor ⇠ 100
lower in power. Using their own and other data Planck Collab-
oration XVI (2013) quote a limit on the amplitude of the lens-
ing effect versus the ⇤CDM expectation of AL = 0.99±0.05.

Figure 12 shows a joint constraint on the tensor-to-scalar
ratio r and the lensing scale factor AL using our BB bandpow-
ers 1–5. As expected there is an anti-correlation — one can
partially explain the low ` excess by scaling up the lensing
signal. However, since the lensing and IGW signals have dif-
ferent spectral shapes the degeneracy is not complete. The
maximum likelihood scaling is ⇡ 1.5. Marginalizing over r
the likelihood ratio between peak and unity is 0.75 indicat-
ing compatibility, while the likelihood ratio between peak and
zero is 0.03, equivalent to a PTE of 7.0⇥ 10-3 or a 2.7� de-
tection of lensing in the BICEP2 BB auto spectrum.

11.3. Compatibility with Temperature Data
If present at last-scattering, tensor modes will add power to

all spectra including T T . For an r value of 0.2 the contribution
to T T at the largest angular scales (` < 10) would be ⇡ 10%
of the level measured by WMAP and Planck. The theoretical
⇤CDM power level expected at these scales is dependent on
several cosmological parameters including the spectral index
of the initial scalar perturbations, ns, and the optical depth to
the last scattering surface, ⌧ . However by combining temper-
ature data taken over a wide range of angular scales indirect
limits on r have been set. Using WMAP+SPT data Story et al.
(2013) quote r < 0.18 (95% confidence) tightening to r < 0.11
when also including measurements of the Hubble constant
and baryon acoustic oscillations (BAO). More recently Planck
Collaboration XVI (2013) quote r < 0.11 using a combination
of Planck, SPT and ACT temperature data, plus WMAP po-
larization (to constrain ⌧ ).

These limits appear to be in moderately strong tension with
interpretation of our B-mode measurements as tensors. Since
we have dispensed with the possibility of significant system-
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FIG. 2.— BICEP2 power spectrum results for signal (black points) and temporal-split jackknife (blue points). The red curves show the lensed-⇤CDM theory
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FIG. 3.— Left: BICEP2 apodized E-mode and B-mode maps filtered to 50 < ` < 120. Right: The equivalent maps for the first of the lensed-⇤CDM+noise
simulations. The color scale displays the E-mode scalar and B-mode pseudoscalar patterns while the lines display the equivalent magnitude and orientation of
linear polarization. Note that excess B-mode is detected over lensing+noise with high signal-to-noise ratio in the map (s/n > 2 per map mode at `⇡ 70). (Also
note that the E-mode and B-mode maps use different color/length scales.)

“To dust or not to dust?”

BICEP2 collaboration, 2014



Cosmic Microwave Background Anisotropies

Planck all-sky 
temperature map

• CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5



Cosmic Microwave Background Anisotropies

Planck all-sky 
temperature map

• CMB has a blackbody spectrum in every direction

• tiny variations of the CMB temperature ΔT/T ~ 10-5

Let’s forget about 
this now!



CMB provides another independent piece of information!

Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen, 2003, ApJ, 594, 67
Fixsen, 2009, ApJ, 707, 916  

COBE/FIRAS

• CMB monopole is 10000 - 100000 times  
larger than the fluctuations

T0 = (2.726± 0.001)K

Absolute measurement required!
One has to go to space...



Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen et al., 2003, ApJ, 594, 67  

COBE / FIRAS (Far InfraRed Absolute Spectrophotometer)

Nobel Prize in Physics 2006!

 Error bars a small fraction 
of the line thickness!

Theory and Observations

Average spectrum



(Te >> Tγ)

thermal SZ effect

Sunyaev & Zeldovich, 1980, ARAA, 18, 537

Compton y-distortion

• also known from thSZ effect
• up-scattering of CMB photon
• important at late times (z<50000)
• scattering inefficient • important at very times (z>50000)

• scattering very efficient

Chemical potential µ-distortion

Sunyaev & Zeldovich, 1970, ApSS, 2, 66

Standard types of primordial CMB distortions

Blackbody 
restored



Mather et al., 1994, ApJ, 420, 439
Fixsen et al., 1996, ApJ, 473, 576 
Fixsen et al., 2003, ApJ, 594, 67  

COBE / FIRAS (Far InfraRed Absolute Spectrophotometer)

Nobel Prize in Physics 2006!

 Error bars a small fraction 
of the line thickness!

Theory and Observations

Only very small distortions of CMB spectrum are still allowed!

Average spectrum



ARCADE                                                      
(Absolute Radiometer for Cosmology, Astrophysics and Diffuse Emission)

• Balloon experiment flown in Texas
• Several flights (2001, 2003, 2005, 2006)
• Frequencies ! = {3, (5), 8, 10, 30, 90} GHz

Kogut et al. 2006, New Astronomy Rev., 50, 925
Kogut et al., 2011, ApJ, 734, 9 
Fixsen et al., 2011, ApJ, 734, 11
Seiffert et al., 2011, ApJ, 734, 8



ARCADE                                                      
(Absolute Radiometer for Cosmology, Astrophysics and Diffuse Emission)

Kogut et al. 2006, New Astronomy Rev., 50, 925
Kogut et al., 2011, ApJ, 734, 9 
Fixsen et al., 2011, ApJ, 734, 11
Seiffert et al., 2011, ApJ, 734, 8

|µ| < 6⇥ 10�4

|Y↵ | < 10�4

• Distortion constraints:

• No limit on y-parameter 



ARCADE                                                      
(Absolute Radiometer for Cosmology, Astrophysics and Diffuse Emission)

Kogut et al. 2006, New Astronomy Rev., 50, 925
Kogut et al., 2011, ApJ, 734, 9 
Fixsen et al., 2011, ApJ, 734, 11
Seiffert et al., 2011, ApJ, 734, 8

• Found some low frequency excess

• Spectrum:

T (⌫) = (24.1± 2.1)K(⌫/⌫0)
�2.599±0.036

• Origin of excess unclear

• New population of radio sources?

• Systematic effect?

⌫0 = 310MHz

• In tension with TRIS results? (next slide)



TRIS and Other Low Frequency Measurements

TRIS • Ground-based radio antenna
• Grand Sasso Lab, Italy
• Frequencies ! = {0.6, 0.82, 2.5} GHz

Zannoni et al. 2008, ApJ, 688, 12 
Gervasi et al., 2008, ApJ, 688, 24
Tartari et al., 2008, ApJ, 688, 32

FIRAS

• Distortion constraints:

• No new limit on y-parameter (too low !)
�6.3⇥ 10�6 < Y↵ < 1.3⇥ 10�5

|µ| < 6⇥ 10�5 (30% improvement over FIRAS)



No primordial distortion found so far!? Why are we 
at all talking about this then?



Physical mechanisms that lead to spectral distortions

• Cooling by adiabatically expanding ordinary matter                                                                     

(JC, 2005; JC & Sunyaev 2011; Khatri, Sunyaev & JC, 2011)

• Heating by decaying or annihilating relic particles                                                       
(Kawasaki et al., 1987; Hu & Silk, 1993; McDonald et al., 2001; JC, 2005; JC & Sunyaev, 2011; JC, 2013; JC & Jeong, 2013)

• Evaporation of primordial black holes & superconducting strings                                                                            
(Carr et al.  2010; Ostriker & Thompson, 1987; Tashiro et al. 2012; Pani & Loeb, 2013)

• Dissipation of primordial acoustic modes & magnetic fields                                                                
(Sunyaev & Zeldovich, 1970; Daly 1991; Hu et al. 1994; JC & Sunyaev, 2011; JC et al. 2012 - Jedamzik et al. 2000; Kunze & Komatsu, 2013)

• Cosmological recombination radiation                                                                     
(Zeldovich et al., 1968; Peebles, 1968; Dubrovich, 1977; Rubino-Martin et al., 2006; JC & Sunyaev, 2006; Sunyaev & JC, 2009)

•                                                                                  

• Signatures due to first supernovae and their remnants                                        
(Oh, Cooray & Kamionkowski, 2003)

• Shock waves arising due to large-scale structure formation                                    
(Sunyaev & Zeldovich, 1972; Cen & Ostriker, 1999)

• SZ-effect from clusters; effects of reionization                                                              
(Refregier et al., 2003; Zhang et al. 2004; Trac et al. 2008)

• more exotic processes                                                                                          
(Lochan et al. 2012; Bull & Kamionkowski, 2013; Brax et al., 2013; Tashiro et al. 2013)

„high“ redshifts

„low“   redshifts
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Standard sources 
of distortions



Dramatic improvements in angular resolution and 
sensitivity over the past decades!

~ 7 degree 
beam

~ 0.3 degree 
beam

~ 0.08 degree 
beam



Cosmic Microwave Background Anisotropies with ACT

ACT - collaboration, 148 GHz Map, Hajian et al. 2010

Point sourcesprimordial CMB

SZ cluster

~ 0.02 degree beam!



Cosmic Microwave Background Anisotropies with ACT

ACT - collaboration, 148 GHz Map, Hajian et al. 2010

Point sourcesprimordial CMB

SZ cluster

~ 0.02 degree beam!

Measurements of the CMB energy spectrum on the other 
hand are still in the same state as some ~20+ yrs ago!



PIXIE: Primordial Inflation Explorer

• 400 spectral channel in the frequency 
range 30 GHz and 6THz (Δν ~ 15GHz)

• about 1000 (!!!) times more sensitive than 
COBE/FIRAS 

• B-mode polarization from inflation (r ≈ 10-3)
• improved limits on µ and y 
• was proposed 2011 as NASA EX mission 

(i.e. cost ~ 200 M$)

Kogut et al, JCAP, 2011, arXiv:1105.2044

Average spectrum



NASA 30-yr Roadmap Study
(published Dec 2013)

How does the Universe work?

“Measure the spectrum of the 
CMB with precision several orders 
of magnitude higher than COBE 
FIRAS, from a moderate-scale 
mission or an instrument on CMB 
Polarization Surveyor.”

New call from NASA expected 
~2-3 years from now



Instruments:
• L-class ESA mission
• White paper, May 24th, 2013
• Imager:

- polarization sensitive
- 3.5m telescope [arcmin resolution 
at highest frequencies]

- 30GHz-6THz [30 broad (Δν/ν~25%) 
and 300 narrow (Δν/ν~2.5%) bands] 

• Spectrometer:
- FTS similar to PIXIE
- 30GHz-6THz (Δν~15 & 0.5 GHz) 

More info at:
http://www.prism-mission.org/

Polarized Radiation Imaging and Spectroscopy Mission 

Spokesperson: Paolo de Bernardis 
e-mail: paolo.debernardis@roma1.infn.it — tel: + 39 064 991 4271 

PRISM 
Probing cosmic structures and radiation  
with the ultimate polarimetric spectro-imaging  
of the microwave and far-infrared sky 

1

Some of the science goals:
• B-mode polarization from 

inflation (r ≈ 5x10-4)
• count all SZ clusters >1014 Msun

• CIB/large scale structure
• Galactic science
• CMB spectral distortions

http://www.prism-mission.org
http://www.prism-mission.org
http://www.prism-mission.org
http://www.prism-mission.org
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• Imager:

- polarization sensitive
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- 30GHz-6THz [30 broad (Δν/ν~25%) 
and 300 narrow (Δν/ν~2.5%) bands] 

• Spectrometer:
- FTS similar to PIXIE
- 30GHz-6THz (Δν~15 & 0.5 GHz) 

More info at:
http://www.prism-mission.org/

Polarized Radiation Imaging and Spectroscopy Mission 

Spokesperson: Paolo de Bernardis 
e-mail: paolo.debernardis@roma1.infn.it — tel: + 39 064 991 4271 

PRISM 
Probing cosmic structures and radiation  
with the ultimate polarimetric spectro-imaging  
of the microwave and far-infrared sky 

1

Some of the science goals:
• B-mode polarization from 

inflation (r ≈ 5x10-4)
• count all SZ clusters >1014 Msun

• CIB/large scale structure
• Galactic science
• CMB spectral distortions

COrE+

M4 proposal to ESA currently under 
discussion but spectrometer 

presently not part of baseline :(

http://www.prism-mission.org
http://www.prism-mission.org
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Measurements of CMB spectrum will open a new 
unexplored window to the early Universe!
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CMB spectrum adds another dimension to the problem!



Simple blackbody radiation warm-ups



8 CHAPTER 2. BLACKBODY RADIATION

2.4 Plancksches Strahlungsgesetz 13

Ab b i l d u n g 2.1: Schwarzkörperspektrum für verschiedene Temperaturen: Der kosmische Mi-
krowellenhintergrund hat das Spektrum eines schwarzen Körpers mit T � 2.7 K.

Die spektrale Intensität der Strahlung eines schwarzen Körpers ist durch

I� = c u� (2.34)

gegeben. In Abbildung 2.1 wurde I� für schwarze Körper verschiedener Temperatur
T dargestellt. Man erkennt deutlich eine Verschiebung des Maximums mit steigendem
T zu höheren Frequenzen. Diese wird durch das W i e n s c h e V e r s c h i e b u n g s g e s e t z
beschrieben:

�max = 2.821
kB

h
T . (2.35)

Dieses ergibt sich aus der Lösung der transzendenten Gleichung ex(3 � x) = 3 mit
x = h�/kBT , welche man aus der Ableitung von (2.34) nach der Frequenz erhält.

Betrachtet man nun den hoch- bzw. niederfrequenten Bereich des Spektrums eines
schwarzen Körpers, so ergeben sich aus (2.34) für h� � kBT das W i e n s c h e -Ge s e t z
und für h� � kBT das R a y l e i g h -Je a n s -Ge s e t z :

IW
� � 8�

c2
h�3e

� h�
kBT h� � kBT (2.36a)

IRJ
� � 8�

c2
kBT �2 h� � kBT . (2.36b)

Diese sind schon vor der Entdeckung der Planckschen Strahlungsformel experimentell
bestimmt worden und flossen direkt in die Herleitung von Planck ein. Im RJ-Limes ist
die Intensität proportional zur Temperatur des schwarzen Strahlers.

Figure 2.2: Blackbody spectrum for di↵erent temperatures. The intensity maximum is roughly at ⌫max ⇡ 58.8 GHz K�1 T ,
which for the CMB blackbody today is ⌫max ' 160 GHz or at 2 mm wavelength. For T ' 104 K the intensity maximum
is in the visible part of the electromagnetic spectrum.
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Figure 2.3: Blackbody spectrum and the spectrum of a temperature shift, T@T B⌫ = I0(T ) x3G(x) = �I0(T ) x4@xnPl(x). For
convenience, we plot the spectrum as a function of x = h⌫/kT and normalize the left y-axis by I0(T ) = (2h/c2)(kT/h)3 ⇡
270 MJy sr�1(T/2.725K)3 [the shown curves are basically x3/(ex � 1) and x3G(x)]. The maximum of the blackbody is at
x ⇡ 2.821 (⌘ 160GHz), while the maximum of the temperature shift is at x ' 3.830 (⌘ 217GHz). The upper x-axis and
right y-axis also gives the corresponding frequency and spectral intensity for T = 2.725 K.

Let’s check if Eq. (2.15) really plays out. We first define the integrals (we already know them from above)

GPl
2 =

Z
x2 dx
ex � 1

= 2⇣3 ⇡ 2.4041 (2.16)

GPl
3 =

Z
x3 dx
ex � 1

= 6⇣4 =
⇡4

15
⇡ 6.4939 (2.17)

and compare with �G3 =
R

x3G(x) dx = 4GPl
3 and �G2 =

R
x2G(x) dx = 3GPl

2 , implying �⇢�/⇢Pl
� = 4(�T/T )

and �N�/NPl
� = 3(�T/T ), which certainly satisfies Eq. (2.14).

Adjusting the volume but leaving the photon number unchanged Let us go back to the example in which
we just move photons upwards in energy, say by some constant fractional amount (think of a batter that hits
all the photons but is more aggressive for the energetic ones), ⌫0 = ⌫ f . The kinetic Sunyaev-Zeldovich e↵ect
[40] acts somewhat like this, resulting in Doppler boosts �⌫/⌫ ' 3p,k/c = const, but the kSZ e↵ect is not as
democratic and only a↵ect a small fraction, ⌧ ' 0.01, of the CMB photons. Let us also fix the number of
photons inside a given volume V . If we assume that the number of photons in each hit is not changed, after the
batting the new distribution (N⌫ = I⌫/[ch⌫])

V N0⌫ =
2
c3

V
f 3

⌫2

eh⌫/kT f � 1
⌘ V 0

2
c3

⌫2

eh⌫/kT 0 � 1
(2.18)

would be described by a blackbody at temperature T 0 = T f > T , if the photons are confined to a smaller
volume V 0 = V/ f 3. Without readjusting the volume, the energy density of the new distribution would be



Formulation of the thermalization problem
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Figure 3.1: Sketch of the thermal history of our Universe from the paper of Dicke et al. [14], published in the same
issue with the CMB discovery paper of Penzias & Wilson [30] in 1965. Parts of this picture were already worked out
by Gamow, Alpher and Herman years earlier, but the value of T0 ' 3.5 K fixed the energy scale for radiation. Neutrinos
decoupled at a temperature kT� ' 1.5 MeV�2 MeV, while electron-positron annihilation finished around kT� ' 0.5 MeV.
The light elements produced in the Big Bang Nucleosynthesis (BBN) era froze out at kT� . 0.1 MeV.
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both particles radiate!

no dipole moment

Figure 3.2: Photon emissivities for di↵erent Bremsstrahlung and double Compton cases [42].

3.2.1 Which epochs do we need to worry about?

A sketch of the standard thermal history is shown in Fig. 3.1. We are already far after the inflation epoch and
also past the time of reheating and the quark-gluon phase transition, which all happen at much higher redshifts.
We all know that the light elements were cooked in the BBN era, when the Universe was around 3 minutes
old. Just before that, electron-positron pairs became non-relativistic and dropped out of equilibrium with the
photon field, causing a di↵erence between the temperature of the neutrino background (T⌫ ' 1.9 K today) and
the CMB due to entropy production.

Electron-positron annihilation was certainly associated with plenty of energy release, and it is actually
not trivial to really compute the possible residual distortion from this era! The big problem is that with all
these electron-positron pairs one has to deal with several Bremsstrahlung processes (e.g., e�p, e+e�, e±e±) and
photons from annihilations, all transitioning from the relativistic to non-relativistic regime (e.g., see Fig. 3.2).
In the pair-dominated plasma, thermalization was definitely very e�cient! But what is important for us is that
even if you do the thermalization calculation assuming that electron-positron pairs are long gone, you find
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Figure 3.4: Comparison of the Thomson scattering time-scale with the Hubble expansion time-scale.

process allows us to constrain the small-scale power spectrum using future CMB spectral distortion measure-
ments. In this sense, perturbations can be important for the creation of an average distortion, but they only give
tiny corrections when it comes to describing the thermalization of the average distortion.

3.2.3 Electron temperature and ordinary matter distribution functions

Also the electron and ordinary matter distributions functions turn out to be simple, so that one need not worry
about departures from equilibrium, describing all the matter using thermal Maxwell-Boltzmann distribution at
one common temperature, T = Te. This approximation works very well even until very late stages z ' 10!
To understand this a little better let us look at some characteristic time-scales. One useful time-scale is the
Thomson scattering time-scale, tT = (�TNec)�1. It will appear many times and describes on what time-scale
photons scatter with electrons. For the standard cosmology with 24% of helium (by mass), we have

tT = (�TNec)�1 ' 2.7 ⇥ 1020 X�1
e (1 + z)�3 sec ' 4.0 ⇥ 104

 Xe

0.16

��1  z
1100

��3
years, (3.1)

where Xe = Ne/NH is the free electron fraction relative to the number of hydrogen nuclei. This sounds like a
long time between scattering, ' 40 000 years at recombination! To put this into perspective we have to compare
with the typical expansion time-scale given by the inverse Hubble rate:

texp = H�1 '
8>><
>>:

4.8 ⇥ 1019 (1 + z)�2 sec (radiation domination)
8.4 ⇥ 1017 (1 + z)�3/2 sec (matter domination),

(3.2)

where the transition between matter and radiation (photons + neutrinos) domination occurs around zeq ' 3400.
From Fig. 3.4 we see that the Thomson scattering rate (shorter time-scales) is much higher than the Hubble
expansion rate until after decoupling. But even then, the time-scale for scattering only exceeds the expansion
time by a factor of ' 102 � 104.
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Figure 3.5: Relaxation times-scales for relativistic thermal plasma [38]. While electrons and photons are coupled, in our
Universe we have ✓e = kTe/mec2 ' 4.6 ⇥ 10�10(1 + z) ' 5.1 ⇥ 10�7[(1 + z)/1100].

We can now turn to the question of the distribution functions for electrons and protons. For this not only the
scattering rates are important, since scattering itself just means isotropization of the medium. What you really
need is scattering events with energy exchange between the particles. Just like for thermalization of CMB
spectral distortions we need Compton scattering (rather than just Thomson scattering) to redistribute photons
in energy. Since we are already in the post-BBN era, the particle numbers are all fixed, so we have non-zero
chemical potentials which fix the normalization of the distribution functions.

To estimate the e�ciency of energy exchange one has to compute the energy transfer from the di↵erential
cross sections. For two-particle interactions, this gives expressions of the form [e.g., 38]

dE1

dt
= f (T1,T2)[kT2 � kT1] ⌘ � dE2

dt
, (3.3)

where T1 could denote the temperature of the electrons and T2 the one of protons, for instance. The function
f (T1,T2) > 0 describes the details of the interaction. If T1 > T2, heat flows from particles N1 to N2. To
get a time-scale over which things equilibrate we just look at the total out-of-equilibrium thermal energy,
�E = (3/2)N(kT2 � kT1) (non-relativistic limit and N ⌘ N1 = N2), and compute

t12 =

�����
�E

dE1/ dt

����� =
(3/2)N

f (T1,T2)
. (3.4)

In Fig. 3.5, we can see the comparison of di↵erent relaxation time-scales up to the relativistic regime. The
results are all expressed in terms of the Thomson time-scale, tT. The slowest process is the electron-proton
relaxation, but even that is orders of magnitudes faster than Thomson scattering, in particular for the non-
relativistic regime (kTe ⌧ mec2) that is relevant to us.
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No. 1, 2000 NARROW LINE AFTER SINGLE SCATTERING 43

FIG. 12.ÈSame as Fig. 11 (hl \ 50 keV), but for a higher electron temperature, keVkT
e
\ 25

First, let us compare the line proÐle as calculated from equation (19) with the usual Gaussian proÐle that, e.g., may result
from Doppler broadening of an emission line in the presence of thermal or turbulent motions of ions. To simplify this
comparison, let us assume that For a given plasma temperature, it is natural to adopt for thehl > kT

e
. *lD \ l(2g)1@2

Doppler shift,1 i.e., The mean (rms) frequency shift, S(*l)2T1@2, is lg1@2 for the Doppler proÐle. TheN D exp [[(l@ [ l)2/*lD2].
corresponding value for the Compton-scattered line is l[2g(1 ] 23.5g)]1@2 (as results from the value of the second moment
given by eq. [25]). The width of the single-scattering proÐle at half-maximum (FWHM) is approximately equal to
2l( ln 2g)1@2 \ 1.66lg1@2. The corresponding value for the Doppler proÐle is 2l( ln 2g)1@2, i.e., times more, which is oppositeJ2
to the situation with the rms shift. Thus, in the case of the line forming by Compton scattering, relatively few photons appear
in the upper part of the proÐle (above half-maximum), and an accordingly large fraction of the scattered radiation emerges in
the wings of the line. It is also worth noting that the Doppler proÐle is symmetric, while the proÐle due to Compton scattering
is not.

1 Note that the width used, is times the thermal width of lines of an ion of mass M.*lD, (M/m
e
)1@2 \ 43(M/m

p
)1@2

FIG. 13.ÈSpectra resulting from the single scattering of isotropic monochromatic radiation of energy hl \ 6.7 keV on low-temperature (hl [ 4kT
e
)

thermal electrons, for di†erent values of In this case, the Compton-recoil shift is larger than the Doppler shift. The results of Monte Carlo simulationskT
e
.

(solid lines) are compared with the results of the calculation by the approximate eq. (31) for the mildly relativistic kernel P@ (dashed lines). For the casekT
e
\ 0

(cold electrons), only the Monte Carlo result (double-peaked proÐle) is shown, since our approximation for the kernel is not valid in this case.
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FIG. 14.ÈSame as Fig. 13 (hl \ 6.7 keV), but for high-temperature electrons, In this case, the Doppler shift is larger than the recoil shift.hl \ 4kT
e
.

Now let us consider the peak of the single-scattering proÐle, a detail that makes it so peculiar. In the vicinity of the
maximum ( o l@ [ l o > lg1@2), the spectrum is well approximated by the following expression, which results from equation (19) :

P(l ] l@)
`,~ \ l~1 11

20
S2

n g~1@2AG1 ]C[ 1091
616

[ 23
154

A hl
kT

e

B2Dg
H] l@/l [ 1

g1@2

]
C

<
15
22
Sn

2
] 1

2
A

1 [ hl
kT

e

B
g1@2 ] ...

D] ...
B

, (35)

where the indices plus and minus signs correspond to the right and left wings, respectively.
We see that the spectrum has a cusp at l@ \ l (a break in the derivative occurs there). Near the cusp, on both sides, the

spectrum can be approximated as a power law, the slopes in the right and left wings [the coefficient at (l@/l [ 1) in eq. (35)]

FIG. 15.ÈSpectra resulting from the single scattering of isotropic monochromatic radiation on weakly relativistic electrons, keV, for di†erentkT
e
\ 10

photon energies. The results of Monte Carlo simulations (solid lines) are compared with the results of the calculation by the approximate eq. (31) for the
mildly relativistic kernel P@ (dashed lines). One can observe how the e†ect of Compton recoil on the spectrum increases as the photon energy becomes higher.
The case of the 122 keV nuclear line produced by 57Co is beyond the scope of our analytical approximation for the isotropic kernel.

Figure 3.7: Compton scattering kernel for E = h⌫ = 6.7 keV photons. The left panel shows cases for cold (h⌫ � kTe)
electrons. In this case the redistribution process has significant contributions from recoil, although even for kTe ' 0.01h⌫
the Doppler broadening already becomes important. The right panel shows examples for hot (h⌫ ⌧ kTe) electrons, where
the redistribution is dominated by Doppler broadening and boosting. Dashed lines show analytic approximations for the
kernel. The figure was taken from Sazonov & Sunyaev [36].

Recoil dominated scattering event (Compton e↵ect). Assuming that the scattering electron is at rest (� = 0
and � = 1) from Eq. (3.17) we have the relation

⌫0

⌫
⇡ 1

1 + h⌫
mec2 (1 � µsc)

h⌫⌧mec2

#⇡ 1 � h⌫
mec2 (1 � µsc). (3.18)

If the photon scatters in the forward direction (µsc = 1) there is no change in the incoming photon energy, while
for backward scattering (µsc = �1), the e↵ect is largest giving �⌫

0
⌫ ' �2 h⌫

mec2 , with the photon giving a significant
kick (recoil e↵ect) to the electron. While the incoming photon looses energy, the initially resting electron is
now moving in the forward direction, with kinetic energy E0e = 2(h⌫)2/(mec2) or at a velocity �0 ⇡ 2h⌫/mec2.
On average the photon looses

D
�⌫0
⌫

E
' � h⌫

mec2 for all possible scattering angles.

Doppler dominated scattering. If we are in the regime when h⌫ ⌧ mec2 but electrons are moving fast, then
from Eq. (3.17) we have the other extreme

⌫0

⌫
⇡ 1 � �µ

1 � �µ0
�⌧1
#⇡ 1 � �(µ � µ0) � �2(µ � µ0)µ0 + O(�3). (3.19)

In this regime, photons can both loose energy in the scattering event but also gain energy (Doppler boost).
At lowest order in �, no net e↵ect remains when you average over all possible angles and assume that the
electron distribution is isotropic, but at second order in � one finds

D
�⌫0
⌫

E
' h�

2i
3 . Assuming a normal

Maxwell-Boltzmann distribution for the electron velocity distribution, one has
D
�2
E
= 3kTe/mec2, so thatD

�⌫0
⌫

E
' kTe/mec2 ⌘ ✓e. While for the recoil dominated case this simple procedure gave the correct result, for

the Doppler dominated case one also has to include the dependence of the scattering probably (scattering cross
section) on the angles and electron velocity, so that the net gain do to Doppler boosting in fact is

D
�⌫0
⌫

E
' 4✓e.

In addition, we will see that an initially narrow photon distribution broadens due to electron scattering. These
two e↵ects can be described using a di↵usion approximation.

Compton Kernel for different temperatures
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Figure 3.8: Comparison of the Comptonization and Compton cooling time-scale with the Hubble expansion time-scale.

at lowest order in ✓e = kTe/mec2 and h⌫/mec2. These expressions are per �⌧ = c�TNe�t, which defines the
Thomson optical depth, ⌧. Inserting this into Eq. (3.25), with x = h⌫/kT� we obtain [Exercise 2]

@ f
@⌧

�����
CS
⇡ ✓e

x2
e

@

@xe
x4

e

"
@

@xe
f + f (1 + f )

#
⌘ ✓e

x2
@

@x
x4
"
@

@x
f +

T�
Te

f (1 + f )
#
, (3.28)

which is the famous Kompaneets equation [27]. It can be used to describe the repeated scattering of photons
by thermal electrons in the isotropic medium. The first term in the brackets describes Doppler broadening
and Doppler boosting and the last term accounts for the recoil e↵ect and stimulated recoil. These terms are
especially important for reaching full equilibrium in the limit of many scatterings.

We will discuss various analytic solutions of the Kompaneets equation in Chapter 4. Here, a couple of
words about limitations of this equation. First of all, we assumed that the change in the energy of the photon
by the scattering is small. For hot electrons this is no longer correct and one has to go beyond the lowest orders
in �. This is for example important for the Sunyaev-Zeldovich e↵ect of very hot clusters [21, 35, 3], but this
procedure only converges asymptotically [e.g., 9, 12]. The second limitation is that if the photon distribution
has very sharp features (more narrow than the width of the scattering kernel) then the shape of the scattered
photon distribution is not well represented with the di↵usion approximation. In this case, a scattering kernel
approach can be used to describe the scattering problem [e.g., 36], although e�cient numerical scheme for
many scatterings are cumbersome.
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exact Gaunt factor at low temperatures. Therefore, they will
not be relevant to the intracluster plasma. However, for the
sake of completeness, we will replace some of the tables in
Nozawa et al. (1998) with the revised ones. In particular, we
replace the tables on pages 541, 551, and 552 of Nozawa et
al. (1998) with Tables 1È3. In Tables 1È3, c2 is deÐned by

c2 \ Z
j
2 Ry

kB T
\ Z

j
2 1.579 ] 105 K

T
. (3)

At sufficiently high temperatures, we adopt the relativistic
Gaunt factor. At sufficiently low temperatures, we adopt the
nonrelativistic exact Gaunt factor. At intermediate tem-
peratures, these two Gaunt factors coincide with each other
for small values of For larger values of the twoZ

j
. Z

j
,

Gaunt factors show small discrepancies even at interme-
diate temperatures. Therefore, we generally interpolate
between the two Gaunt factors smoothly at intermediate
temperatures. To be more precise, we Ðnd the point at
which the discrepancy between the two Gaunt factors (for
Ðxed values of and u) is the smallest as a function of theZ

jtemperature. Then we interpolate between the two Gaunt
factors smoothly using a sine function. The temperature
range for the interpolation is * log T \ ^0.1 to ^0.5 with
respect to the central temperature at which the discrepancy
is the smallest depending on the minimum value of the
discrepancy.

We give analytic Ðtting formulae for TheZ
j
\ 1È28.

range of the Ðtting is 6.0 ¹ log T ¹ 8.5, [4.0 ¹ log u ¹
1.0. We express the Gaunt factor by

g
Zj

\ ;
i,j/0

10
a
ij

tiUj , (4)

t 4
1

1.25
(log T [ 7.25) , (5)

U 4
1

2.5
(log u ] 1.5) . (6)

The coefficients for are presented in Table 4.a
ij

Z
j
\ 1È28

The accuracy of the Ðtting is generally better than 0.1%.

3. ANALYTIC FITTING FORMULA FOR THE

NONRELATIVISTIC EXACT GAUNT FACTOR

The thermal bremsstrahlung emissivity in the nonrelativ-
istic limit is expressed in terms of the nonrelativistic exact
Gaunt factor (Nozawa et al. 1998) bygNR

SW (u)TNR du \ 1.426 ] 10~27gNR(c2, u)n
e
n
j
Z

j
2 T 1@2

] e~u du ergs s~1 cm~3 , (7)

u 4
+u

kB T
, (8)

c2 4
Z

j
2 Ry

kB T
\ Z

j
2 1.579 ] 105 K

T
, (9)

where u is the angular frequency of the emitted photon, T is
the temperature of the electrons (in kelvins), is then

enumber density of the electrons (in cm~3), and is then
jnumber density of the ions with charge (in cm~3). ItZ

jshould be noted that the thermal bremsstrahlung emissivity
in the nonrelativistic limit is a function of c2 and u only. It
does not depend on and T separately, but on the ratioZ

jThis is a remarkable fact for nonrelativistic electrons.Z
j
2/T .

In Figure 1 we show the nonrelativistic Gaunt factor as a
function of u for various values of c2. In Figure 2 we show
the nonrelativistic Gaunt factor as a function of c2 for
various values of u.

We give an analytic Ðtting formula for the nonrelativis-
tic exact Gaunt factor. The range of the Ðtting is [3.0 ¹
log c2 ¹ 2.0, [4.0 ¹ log u ¹ 1.0. We express the Gaunt

FIG. 1.ÈNonrelativistic exact Gaunt factor as a function of u for
various values of c2.

FIG. 2.ÈNonrelativistic exact Gaunt factor as a function of c2 for
various values of u.

Figure 3.10: Thermally averaged Gaunt factor in the non-relativistic limit. Here, u = h⌫
kTe

and �2 = Z21.579⇥105K
Te

. The figure
is taken from Itoh et al. [22] and a modern version of computations by Karzas & Latter [24].

With Eq. (3.36) the problem is already solved (at least approximately)! To write down the change of the
photon distribution function due to BR emission, we only need to convert from change in the energy density
to photon occupation, which gives a factor of ⌘ c3

8⇡h⌫3 . Here, we assumed that the BR emission process is
isotropic. Since photons are social, we also need to multiply by (1 + f ) to account for stimulated emission.
Then the change in the photon occupation number due to BR emission is

@ f
@t

�����
em
⇡ 8⇡

3
e6

meh⌫3
Z2NeNip
6⇡mekTe

e�
h⌫

kTe ḡ↵(Te, ⌫) [1 + f (⌫)] = ✏↵(⌫,Te)[1 + f (⌫)]. (3.37)

For the inverse process (BR absorption) we can use the detailed balance argument: in full equilibrium there
should be not net emission and absorption. The absorption term has the form @ f /@t|abs = NeNi ↵(Te, ⌫) f and
by setting @ f /@t|abs ⌘ @ f /@t|em for f (⌫) = (exe � 1)�1 we find @ f /@t|abs ⌘ ✏↵(⌫,Te) exe f (⌫). In total this gives

@ f
@t

�����
BR
⇡ ✏↵(⌫,Te)

⇥
1 � f (exe � 1)

⇤
=

8⇡
3

e6h2

me(kTe)3
Z2NeNip
6⇡mekTe

e�xe ḡ↵(Te, ⌫)
x3

e

⇥
1 � f (exe � 1)

⇤
. (3.38)

We cheated, since nobody actually told us that away from equilibrium one should have a factor ' exe for
the absorption term instead of ex! However, the argument is that the emission and absorption are driven
energetically by the thermal electrons, so that the BR emission and absorption are driven into equilibrium
at the electron temperature Te. Even if T� , Te, at (very) low frequencies equilibrium will still be reached
and it is controlled by the electrons and ions, so we actually need exe rather than ex. Notice also, that in the
approximation the energy required to produce the photon comes solely from the electron! The energy of the
ion does not change (it only carries away momentum but no energy) by the process.

Bremsstrahlung Gaunt factors (Itoh et al 2000)
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Final Set of evolution equations (sneak preview)


